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Abstract— The Sz.-Nagy-Foias model theory for C·0 con-
traction operators combined with the Beurling-Lax theorem
establishes a correspondence between any two of four kinds
of objects: shift-invariant subspaces of a vector-valued Hardy
space over the unit disk, operator-valued inner functions
on the unit disk, conservative discrete-time input/state/output
linear systems, and C·0 Hilbert-space contraction operators. We
discuss recent work exploring an extension of all these ideas
where the Hardy space is replaced by a weighted Bergman
space over the unit disk, the conservative linear system is
replaced by a more general discrete-time time-varying linear
system with system operators satisfying more elaborate metric
constraints, and the resulting model theory is for the class
of κ-hypercontraction operators on a Hilbert space (here κ
is a positive integer). We also discuss multivariate extensions of
these ideas to the case where the linear system evolves over a
free semigroup rather than the lattice of nonnegative integers, in
which case weighted Bergman-Fock spaces of noncommutative
formal power series come into play

I. INTRODUCTION

A. The classical case

Consider a discrete-time input/state/output linear system

Σ:

{
x(n+ 1) = Ax(n) +Bu(n)
y(n) = Cx(n) +Du(n)

(1)

where the block operator matrix

U =

[
A B
C D

]
:

[
H
U

]
→
[
H
Y

]
(2)

is unitary (U is also called a unitary colligation), where the
state space H, the input space U , and the output space Y
are all assumed to be Hilbert spaces. We also assume that
the operator A is strongly stable in the sense that

lim
n→∞

‖Anx‖H = 0 for each x ∈ H. (3)

Solving the recursion in (1) and applying the Z-transform
{x(n)}n∈Z+ 7→

∑∞
n=0 x(n)zn leads to the following relation

between the Z-transform û(z) :=
∑∞
n=0 u(n)zn of the input

signal and the Z-transform ŷ(z) :=
∑∞
n=0 y(n)zn of the

output signal:

ŷ(z) = OC,A(z)x0 + TΣ(z)û(z)

where we denote by OC,A(z) the Z-transform of the observ-
ability operator

OC,A(z) : x 7→ C(I − zA)−1x (4)
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and where TΣ is the transfer function of the system Σ (1):

TΣ(z) := D + zC(I − zA)−1B. (5)

Under the assumptions imposed here (namely, that the colli-
gation matrix U is unitary with the state operator A stable) it
can be shown that the observability operator OC,A maps the
state space H isometrically into the Hardy spaces H2

Y (the
vector-valued Hardy space H2⊗Y of Y-valued functions on
the unit disk D of the form f(z) =

∑∞
n=0 fnz

n with fn ∈ Y
and with

∑∞
n=0 ‖fn‖2Y < ∞) with image space RanOC,A

being invariant for the backward shift operator S∗Y : f(z) 7→
[f(z)− f(0)]/z on H2

Y , while the transfer function TΣ is an
inner operator-valued function on D (i.e., TΣ assumes values
in L(U ,Y) (the space of bounded linear operators from U to
Y) with boundary-value function on the unit circle T = ∂D
having isometric values a.e.). Furthermore, the multiplication
operator MTΣ

: f(z) 7→ TΣ(z)f(z) is isometric from H2
U

into H2
Y with image space M := RanMTΣ

equal to a
subspace of H2

Y which is invariant for the forward shift
operator SY : f(z) 7→ zf(z) on H2

Y , and in fact RanOC,A =
M⊥. The so-called model operator associated with the shift-
invariant subspace M is the compressed shift operator

T = PM⊥Mz|M⊥ . (6)

Conversely, given any shift-invariant subspace M of the
Hardy space H2

Y , there is a conservative linear system (1)
with stable state-dynamics operator A such that

M⊥ = RanOC,A and M = RanMTΣ .

More generally, any forward shift-invariant subspace of H2
Y

can be represented in the form Θ ·H2
U for an inner function

Θ, a result known as the Beurling-Lax theorem (see [25]).
Moreover any Hilbert space contraction operator T in the
class C·0 is unitarily equivalent to a compressed shift oper-
ator as in (6), or equivalently, to A∗ where A is the state-
dynamics operator for the conservative linear system Σ (1)
associated with M as described above. This representation
for a contraction operator T is also closely associated with
the Sz.-Nagy dilation theorem, and is the beginning of the
Sz.-Nagy-Foias model theory for a Hilbert space contraction
operator (see [25]).

B. The Fock-space case

The classical results on the system (1) admit nice and
meaningful extensions to a number of multivariable settings,
both commutative and non-commutative. Here we recall one
which is related to the Fock space H2

Y(Fd). Let Fd be the
free semigroup generated by the set of d letters {1, . . . , d}.
Elements of Fd are words of the form iN · · · i1 where i` ∈
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{1, . . . , d} with multiplication given by concatenation and
the empty word ∅ as the unit element. For v ∈ Fd, we let
|v| denote the number of letters in v. Let z = (z1, . . . , zd)
be a collection of d formal noncommuting variables and let

zv = ziN ziN−1
· · · zi1 if v = iN iN−1 · · · i1.

The Fock space H2
Y(Fd) is then defined as the set of formal

noncommutative series
∑
v∈Fd fvz

v with fv ∈ Y and with∑
v∈Fd ‖fv‖

2
Y < ∞. For j = 1, . . . , d, we let SR,j denote

the shift operator

SR,j : f(z) =
∑
v∈Fd

fvz
v 7→ f(z) · zj =

∑
v∈Fd

fvz
v·j (7)

on H2
Y(Fd). The d-tuple SR = (SR,1, . . . , SR,d) is called the

forward (right) shift, while the tuple S∗R = (S∗R,1, . . . , S
∗
R,d)

is called the backward (right) shift.

We now recall the noncommutative Fornasini-Marchesini
linear system (we refer to [11] where such systems were
introduced, and to [12] and [13] for further elaboration)

Σnc :


x(1v) = A1x(v) +B1u(v)

...
...

...
x(dv) = Adx(v) +Bdu(v)
y(v) = Cx(v) +Du(v)

(8)

evolving along the free semigroup Fd and with the unitary
system matrix

U =

[
A B
C D

]
=


A1 B1

...
...

Ad Bd
C D

 :

[
H
U

]
→
[
Hd
Y

]
. (9)

For the d-tuple A = (A1, . . . , Ad) of state space operators,
we use notation

Av = AiNAiN−1
· · ·Ai1 if v = iN iN−1 · · · i1 ∈ Fd,

and we will assume that this tuple is strongly stable in the
sense that

lim
N→∞

∑
v∈Fd : |v|=N

‖Avx‖2 → 0 for all x ∈ H. (10)

Solving the system (8) and applying the noncommutative Z-
transform {fv}v∈Fd 7→ f̂(z) =

∑
v∈Fd fvz

v leads to the
following relation between the Z-transforms of the input
signal and the Z-transform of the output signal:

ŷ(z) = OC,A(z)x(∅) + TΣnc(z)û(z)

where
OC,A : x 7→

∑
v∈Fd

(CAvx)zv (11)

is the observability operator of (C,A) and where

TΣnc(z) = D +
∑
v∈Fd

d∑
j=1

CAvBjz
vj (12)

is the transfer formal power series of the system (8). Making
use of notation from (9) and letting

Z(z) =
[
z1 · · · zd

]
⊗ IH, (13)

one observes that

(Z(z)A)j =

(
d∑
i=1

ziAi

)j
=

∑
v∈Fd: |v|=j

Avzv (14)

for all j ≥ 0. Therefore,

(I − Z(z)A)−1 =

∞∑
j=0

∑
v∈Fd: |v|=j

Avzv =
∑
v∈Fd

Avzv,

which allows us to write formulas (11) and (12) in realization
form very much similar to (4), (5):

OC,A : x 7→ C(I − Z(z)A)−1x,

TΣnc(z) = D + C(I − Z(z)A)−1Z(z)B.

Under the assumptions that the colligation matrix (9) is
unitary and the state space d-tuple A is strongly stable,
the observability operator OC,A maps the state space H
isometrically onto an S∗R-invariant (i.e., invariant for the
backward shift operators S∗R,j for j = 1, . . . , d) subspace
N ⊂ H2

Y(Fd) and any S∗R-invariant subspace of the Fock
space H2

Y(Fd) arises in this way (see [7] for the proofs).

On the other hand, the transfer function TΣnc is inner in
the sense that the multiplication operator

MTΣnc
: f(z) 7→ TΣnc(z)f(z)

is isometric from H2
U (Fd) into H2

Y(Fd). Furthermore, the
subspace M := RanMTΣnc

⊂ H2
Y(Fd) is invariant for the

forward shift d-tuple SR, and any SR-invariant subspace
of H2

Y(Fd) arises in this way (we refer to [8] for the
proofs). The model d-tuple associated with the SR-invariant
subspaceM⊂ H2

Y(Fd) is constructed as follows. Define the
transpose operation on Fd: v> = i1 . . . iN if v = in . . . i1.
Define the involution τ on H2

Y(Fd):

τ :
∑
v∈Fd

fvz
v 7→

∑
v∈Fd

fv>z
v.

Finally, let SL,j denote the left shift operator

SLj : f(z) =
∑
v∈Fd

fvz
v 7→ zj · f(z) =

∑
v∈Fd

fvz
j·v (15)

whose adjoint (as an operator on H2
Y(Fd)) is given by

(SLj )∗ :
∑
v∈Fd

fvz
v 7→

∑
v∈Fd

fj·vz
v.

Then, as was shown in [8], the model d-tuple T =
(T1, . . . , Td) associated with the SR-invariant subspaceM⊂
H2
Y(Fd) is given by

Tj = Pτ(M⊥)S
∗
L,j |τ(M⊥).
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II. BERGMAN-SPACE SYSTEM THEORY

We fix a positive integer κ and consider the space Aκ,Y
consisting of functions f(z) =

∑∞
n=0 fnz

n on the unit disk
D with Aκ,Y -norm

‖f‖2Aκ,Y :=

∞∑
n=0

µκ,n · ‖fn‖2Y

finite, where µκ,n is the reciprocal binomial coefficient:

µκ,n :=
1(

n+κ−1
n

) =
n!(κ− 1)!

(n+ κ− 1)!
. (16)

Note that in case κ = 1 the space A1,Y reduces to the
familiar Hardy space H2

Y while in case κ = 2 we get
the unweighted Bergman space A2,Y consisting of func-
tions f(z) =

∑∞
n=0 fnz

n with norm given by the area
integral ‖f‖2A2,Y

= 1
π

∫
D ‖f(z)‖2dA(z). Starting in the

1970s with a spurt of progress in the 1990s, there has
been a search for Bergman-space analogs of inner functions
(particularly, of Blaschke products) and for Beurling-Lax-
type representations for subspaces M of the Bergman space
Aκ,Y invariant under the Bergman forward shift operator
Sκ,Y (or Sκ for short) given by Sκ : f(z) 7→ zf(z) for f ∈
Aκ,Y . Canonical divisors (the Bergman-space counterpart
of Blaschke products) were constructed in [18], [19], [15]
as solutions of certain extremal problems; Bergman-inner
function were introduced in [16] in a more general Lp-
setting. In the Hilbert-space setting of Aκ, Bergman-inner
functions appear as unit norm elements of a wandering
subspace E = M	 SκM for some Sκ-invariant subspace
M ∈ Aκ. In other words, G is Aκ-inner if and only if
‖G‖Aκ = 1 and 〈SnκG, G〉Aκ = 0 for all n ≥ 1. We refer
to monographs [17], [22] leading the reader through many
of these developments.

Even in the scalar-valued setting of the space A2, operator-
valued Bergman-inner functions appear as a natural object.
It is known that S2-invariant subspaces M ⊂ A2 can have
arbitrary index indM := dim (M	 zM) [3], [20], [21],
[14]. Nevertheless, the seminal work of Aleman-Richter-
Sundberg [1] with later extensions by Shimorin [29], [30]
showed that in all cases we recover M as the closed linear
span

∨
k≥0 S

k
κ(M	SκM). Moreover, it was shown that for

any shift-invariant subspaceM∈ Aκ with indM = 1, there
exists a Bergman-inner function θ such that M	 SκM =
θC. A similar representation holds for the general case if one
replaces C by an appropriate coefficient Hilbert space U and
takes θ to be operator-valued rather than scalar-valued.

It was only recently that Olofsson (see [26], [27], [28])
introduced the notion of operator-valued Bergman inner
function as an object of independent interest for study and
started the investigation of a more system-theoretic frame-
work for Bergman-space function theory. We present here the
system-theoretic approach to Bergman-space function theory
from [5], [6].

For κ a fixed positive integer, we consider the time-varying

input/state/output linear system

Σκ :

{
x(n+ 1) = n+κ

n+1Ax(n) +
(
n+κ
n+1

)
Bnu(n)

y(n) = Cx(n) +
(
n+κ−1
n

)
Dnu(n)

(17)
where the embedded colligation matrices Un :=

[
A Bn
C Dn

]
are

assumed to have the form[
A Bn
C Dn

]
:

[
H
Un

]
→
[
H
Y

]
where H is a state space, Y is an output space, and Un is the
input space at time n (n = 0, 1, 2, . . . ), all taken to be Hilbert
spaces. If we impose an initial condition x(0) = x0 and
apply the Z-transform to the system equations, a calculation
analogous to the standard calculation for the time-invariant
case as described in the Introduction gives us

ŷ(z) = Oκ,C,A(z)x0 +

∞∑
n=0

TΣκ,n(z)u(n)

where the κ-observability operator Oκ,C,A is given by

Oκ,C,A(z) =

∞∑
n=0

(( κ+n−1
n )CAn) zn = C(I − zA)−κ

and where the n-th transfer function of the κ-family of
transfer functions {TΣκ,n}n∈Z+ is given by

TΣκ,n(z) = ( n+κ−1
n )Dn + zCRκ,n+1(zA)Bn,

where the shifted resolvent function Rκ,k is given by

Rκ,k(z) =

∞∑
j=0

(
κ+j+k−1
j+k

)
zj

=

n∑
`=1

(
`+k−2
`−1

)
(1− z)κ−`+1, (18)

where the second formula follows from the first with the aid
of the Chu-Vandermonde identity for binomial coefficients(

κ+j+k−1
j+k

)
=

κ∑
`=1

(
`+k−2
`−1

)
·
(
κ+j−`
j

)
.

More symbolically, the shifted resolvent function
Rκ,k(z) is obtained from the unshifted resolvent
function Rκ(z) formally by applying the 1-backward-
shift operator S∗1 :

∑∞
n=0 fnz

n 7→
∑∞
n=0 fn+1z

n to
Rκ(z) := (1 − z)−κ =

∑∞
n=0

(
κ+n−1
n

)
zn k times:

Rκ,k(z) = (S∗1 )k[Rκ(z)].

We shall need a similar calculus applied to gramian
operators as follows. The κ-observability gramian associated
with the output pair (C,A) is defined to be

Gκ,C,A = (Oκ,C,A)∗Oκ,C,A

=

∞∑
j=0

(
j+κ−1
j

)
A∗jC∗CAj .

If we introduce the completely positive map BA by BA[X] =
A∗XA, then we may write Gκ,C,A = Rκ(BA)[C∗C]. We
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shall have use for the shifted versions of this object, namely,
the k-shifted κ-Gramian

Gκ,k,C,A = Rκ,k(BA)[C∗C]

=

∞∑
j=0

(
κ+j+k−1
j+k

)
A∗jC∗CAj .

We now impose metric constraints on the colligation matrices[
A Bk
C Dk

]
appearing in the system equations (17):[

A∗ C∗

B∗k D∗k

] [
Gκ,k+1,C,A 0

0
(
κ+k−1
k

)
· IY

] [
A Bk
C Dk

]
=

[
Gκ,k,C,A 0

0 IUk

]
, (19)

as well as[
A Bk
C Dk

] [
G−1
κ,k,C,A 0

0 IUk

] [
A∗ C∗

B∗k D∗k

]
=

[
G−1
κ,k+1,C,A 0

0 µκ,jIY

]
. (20)

We can now state the following theorem, one of the central
results from [5].

Theorem 1. Assume that the collection of colligation
matrices

{[
A Bk
C Dk

]}
k=0,1,2,...

satisfies the metric conditions
(19) and (20) with A is strongly stable in the sense of (3).
Then:

(i) The κ-observability operator Oκ,C,A maps the state
spaceH isometrically onto an (Sκ)∗-invariant subspace
N ⊂ Aκ,Y and any (Sκ)∗-invariant subspace of Aκ,Y
arises in this way.

(ii) The input-output map of the time-varying system (17)
maps the time-varying Hardy space

⊕∞
n=0 z

nUn iso-
metrically onto an Sκ-invariant subspace M ⊂ Aκ,Y ,
i.e.,

M =

{ ∞∑
n=0

TΣκ,n(z)znun : un ∈ Un

with
∞∑
n=0

‖un‖2Un <∞

}
and furthermore∥∥∥∥∥

∞∑
n=0

TΣκ,n(z)znun

∥∥∥∥∥
2

Aκ,Y

=

∞∑
n=0

‖u(n)‖2Un .

Moreover, every Sκ-invariant subspace M ⊂ Aκ,Y
arises in this way.

(iii) If N is as in part (i) andM is as in part (ii), then N =
M⊥ and Aκ,Y = N ⊕M.

As a corollary we get a new type of Beurling-Lax theorem
for the weighted Bergman spaces. Let us say that a collection
of functions {Θk}k∈Z+ is an inner function family if the op-
erator

[
MΘ0

MΘ1
· · · MΘn · · ·

]
is an isometry from

the time-varying Hardy space
⊕∞

n=1 z
nUn into the Bergman

space Aκ,Y .

Corollary 2. LetM be an Sκ-invariant subspace of Aκ,Y .
Then there is an inner function family {Θκ,k}k∈Z+

so that
M = MΘ ·H2({Uk}k∈Z+

).
It is also possible to develop an analogue of the Sz.-

Nagy-Foias operator model theory for the class of κ-
hypercontractions on a Hilbert space. We say that the op-
erator T on a Hilbert space H is ∗-κ-hypercontractive if
(I − BT∗)

k[I] ≥ 0 for 1 ≤ k ≤ κ (or equivalently, as it
turns out, just for k = 1 and k = κ). For the following
result we also impose the hypothesis that T is in the Sz.-
Nagy-Foias class C·0 (i.e., T ∗ is stable). Then it has been
known for some time (see e.g. [2], [4]) that it follows that T
is unitarily equivalent to PNSκ|N where N is an (Sκ)∗-
invariant subspace of Aκ,Y with the coefficient space Y
having dimension equal to rank(I − BT∗)κ[I]. The search
for a Sz.-Nagy-Foias-type characteristic function for a ∗-
κ-hypercontraction was begun in [26], [28] and continued
in [6]. Here we simplify the formula from [6] as follows.
Given a ∗-κ-hypercontraction operator T , denote by Dκ,T∗

the operator

Dκ,T∗ = ((I −BT∗)κ[I])
1/2

.

We let Dκ,T∗ denote the closure of the range space Dκ,T∗ =
RanDκ,T∗ and view Dκ,T∗ as an operator from H into
Dκ,T∗ . Then it can be shown that, for each k = 0, 1, 2, . . . ,
the operator[

(Gκ,k+1,Dκ,T∗ ,T∗)
−1 0

0 µn,kIDκ,T∗

]
−
[
T ∗

Dκ,T∗

]
G−1
κ,k,Dκ,T∗ ,T∗

[
T (Dκ,T∗)

∗]
is positive semidefinite and hence has a positive semidefinite
square root which we denote by Dκ,T . We denote the closure
of the range of Dκ,T by Dκ,T and view Dκ,T as an operator
from Dκ,k,T into

[
H
Dκ,T∗

]
. We then decompose Dκ,k,T as

Dκ,k,T =
[
Bk
Dk

]
: Dκ,k,T →

[
H
Dκ,T∗

]
and we set

Uk =
[

T∗ Bk
Dκ,T∗ Dk

]
:
[ H
Dκ,k,T

]
→
[
H
Dκ,T∗

]
.

We then define

ΘT,k(z) =
(
k+κ−1
k

)
Dk + zDκ,T∗Rn,k+1(zT ∗)Bk

and declare the collection {ΘT,k(z)}k∈Z+ to be the charac-
teristic function family for the ∗-κ-hypercontraction T . We
can now state the following result, one of the main results
from [6].

Theorem 3.
1) The characteristic family for a C·0 ∗-κ-

hypercontraction is an inner function family.
2) The characteristic function-family as defined above is

a complete unitary invariant for the class of C·0 ∗-
κ-hypercontractions in the following sense: if T and
T ′ are two C·0 ∗-κ-hypercontractions, then T and T ′

are unitarily equivalent if and only if the characteristic
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function families {ΘT,k}k∈Z+
and {ΘT ′,k}k∈Z+

coin-
cide in the following sense: there are unitary operators
ik : Dκ,k,T → Dκ,k,T ′ and j : Dκ,T∗ → Dκ,T ′∗ so that

ΘT ′,k(z)ik = jΘT,k(z) for k = 0, 1, 2, . . . .

3) There is a canonical functional model for the operator
T constructed from its characteristic function family
as follows. Set M =

⊕∞
n=0 Θκ,n(z)znDκ,n,T ⊂

Aκ,Dκ,T∗ (where the orthogonal direct sum is taken in
the metric of the weighted Bergman space Aκ,Dκ,T∗ ).
Set T equal to T = PM⊥Sκ|M⊥ . Then the original C·0
∗-κ-hypercontraction operator T is unitarily equivalent
to the model C·0 ∗-κ-hypercontraction operator T.

III. NONCOMMUTATIVE BERGMAN-FOCK SPACE
SETTING

We now discuss a simultaneous generalization of all the
settings discussed so far, namely, a weighted Bergman-
space generalization of the Drury-Arveson noncommutative
setting discussed in the Introduction which can also be
seen as the free noncommutative extension of the single-
variable weighted Bergman-space setting discussed above.
These results are new; however full details of the proofs
are rather lengthy and technical, and so will be worked out
in a planned journal article to come; here we only survey
the needed background so as to be able to give complete
statements (without proofs) of the results and highlight the
parallels with the results for the special cases discussed
above.

Given a positive integer κ, the free semigroup Fd and
the coefficient Hilbert space Y , we define the Bergman-
Fock space Aκ,Y(Fd) as the set of Y-valued formal power
series f(z) =

∑
v∈Fd fvz

v in d noncommuting variables
with Aκ,Y(Fd)-norm

‖f‖2Aκ,Y(Fd) =
∑
v∈Fd

µn,|v| · ‖fv‖2Y (21)

finite, where according to (16), µκ,|v| = |v|!(κ−1)!
(κ+|v|−1)! . In case

κ = 1, the space Aκ,Y(Fd) reduces to the Hardy-Fock
space recalled in the introduction. The shift d-tuples Sκ,R =
(Sκ,R,1, . . . , Sκ,R,d) and Sκ,L = (Sκ,L,1, . . . , Sκ,L,d) on
Aκ,Y(Fd) are defined as in (7) and (15) and their adjoints,
as simple inner-product calculations show, are given by

S∗κ,R,j :
∑
v∈Fd

fvz
v 7→

∑
v∈Fd

µκ,|v|+1

µκ,|v|
fvjz

v,

S∗κ,L,j :
∑
v∈Fd

fvz
v 7→

∑
v∈Fd

µκ,|v|+1

µκ,|v|
fjvz

v.

We now consider the multidimensional linear system with
evolution along the free semigroup Fd:

x(1v) = n+|v|
|v|+1A1x(v) +

(
n+|v|
|v|+1

)
B1,vu(v)

...
...

...
x(dv) = n+|v|

|v|+1Adx(v) +
(
n+|v|
|v|+1

)
Bd,vu(v)

y(v) = Cx(v) +
(
n+|v|−1
|v|

)
Dvu(v)

(22)

with the d-tuple of state space operators A = (A1, . . . , Ad)
and the state-output operator C ∈ L(H,Y). Here we have a
family of colligation matrices and the family of input spaces
indexed by v ∈ Fd:

Uv =

[
A B̂v
C Dv

]
:

[
H
Uv

]
→
[
Hd
Y

]
,

where

A =

A1

...
Ad

 , B̂v =

B1v

...
Bdv

 .
Making use of notation (13) and equality (14) we observe
that

(I − Z(z)A)−κ =

∞∑
j=0

µ−1
κ,j ·

∑
v∈Fd: |v|=j

Avzv

=
∑
v∈Fd

µ−1
κ,|v|A

vzv.

Now we may define Rκ,k(Z(z)A) using identity (18) or
equivalently, via formal power series

Rκ,k(Z(z)A) =
∑
v∈Fd

µ−1
κ,|v|+kA

vzv.

Upon running the system (22) with a fixed initial condition
x(∅) = x ∈ H we get

y(v) = µ−1
κ,|v|(CA

vx+
∑

v′′jv′=v

CAv′′Bjv′u(v′) +Dvu(v)).

Applying the noncommutative Z-transform to the output
signal {y(v)}v∈Fd then gives

ŷ(z) = Oκ,C,Ax+
∑
v∈Fd

Θκ,v(z)z
vu(v),

where

Oκ,C,A : x 7→
∑
v∈Fd

(µ−1
κ,|v|CA

vx)zv = (I − Z(z)A)−κx

(23)
is the noncommutative κ-observability operator and where

Θκ,v(z) = µ−1
κ,|v|Dv + CRκ,|v|+1(Z(z)A)Z(z)B̂v (24)

is the family of transfer functions indexed by v ∈ Fd.
The system (22) is called κ-output-stable (and in this case

we will say that the pair (C,A) is κ-output-stable) if Oκ,C,A
maps H into Aκ,Y(Fd) and is bounded. If (C,A) is κ-
output-stable, one may introduce the κ-observability gramian
Gκ,C,A := O∗κ,C,AOκ,C,A and its representation in terms of
strongly converging series

Gκ,C,A =
∑
v∈Fd

µκ,|v|A
∗v>C∗CAv (25)

follows from definition (23) of OC,A and formula (21) for
the norm in An,Y(Fd). We now introduce the completely
positive map BA by

BA[X] =

d∑
i=1

A∗iXAi
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and record several results on κ-output stability.

Theorem 4. Let C ∈ L(H,Y) and A = (A1, . . . , Ad) ∈
L(H)d. Then:

1) The pair (C,A) is κ-output-stable if and only if there
exists an operator H ∈ L(H) such that

H ≥ BA[H] ≥ 0, (I −BA)κ[H] ≥ C∗C. (26)

2) If (C,A) is κ-output-stable, then the observability
gramian H = Gκ,C,A satisfies

H ≥ BA[H] ≥ 0, (I −BA)κ[H] = C∗C (27)

and is the minimal positive semidefinite solution of the
system (26).

3) There is a unique solution H of the system (27) with
H = Gκ,C,A if A is strongly stable. Moreover, in case
A is contractive in the sense that

A∗1A1 + · · ·+A∗dAd ≤ IH, (28)

the solution of the equation in (27) is unique if and only
if A is strongly stable.

The first statement in the latter theorem is supplemented
by the following result.

Lemma 5. Let H, A1, . . . , Ad ∈ L(H) be such that

H ≥
d∑
i=1

A∗iHAi ≥ 0 and (I −BA)κ[H] ≥ 0

for some integer κ ≥ 3. Then (I − BA)m[H] ≥ 0 for all
m = 1, . . . , κ− 1.

Let us recall that the tuple A = (A1, . . . , Ad) is κ-
hypercontractive if (I − BA)m[IH] ≥ 0 for 0 ≤ m ≤ κ.
Specializing Lemma 5 to the case H = IH we recover a
result from [2] (see also [23] as well as [24] for a multivari-
able version): if a κ-contractive tuple A = (A1, . . . , Ad) is
contractive in the sense of (28), then it is κ-hypercontractive.

Let us say that a pair (C,A) is κ-isometric if relations (27)
hold with H = IH. The next result is the noncommutative
extension of the first part of Theorem 1.

Theorem 6. If the pair (C,A) is κ-isometric and the d-
tuple A is strongly stable, then the κ-observability operator
Oκ,C,A maps the state spaceH isometrically onto an (Sκ,R)∗-
invariant subspaceN ⊂ Aκ,Y(Fd) and any (Sκ,R)∗-invariant
subspace of Aκ,Y arises in this way.

Making use of shifted resolvent functions (18) we intro-
duce the noncommutative k-shifted κ-gramians

Gκ,k,C,A = Rκ,k(BA)[C∗C]

=

∞∑
v∈Fd

µ−1
κ,k+|v|A

∗v>C∗CAv. (29)

Since
µ−1
κ,k+|v| = µ−1

κ,|v| ·
µκ,|v|

µκ,k+|v|
≤ µ−1

κ,|v|κ
k,

we conclude from (29) and (25) that Gκ,k,C,A ≤ κkGκ,C,A
so that the series in (29) indeed converges whenever the pair

(C,A) is κ-output stable. Making use if the k-shifted κ-
gramians (29) we impose metric constraints on the colli-
gation matrices

[
A B̂v
C Dv

]
appearing in the system equations

(22):[
A∗ C∗

B̂∗v D∗v

] [
Gκ,|v|+1,C,A ⊗ Id 0

0 µ−1
κ,|v| · IY

] [
A B̂v
C Dv

]
=

[
Gκ,|v|,C,A 0

0 IUv

]
, (30)[

A B̂v
C Dv

] [
G−1
κ,|v|,C,A 0

0 IUv

] [
A∗ C∗

B̂∗v D∗v

]
=

[
G−1
κ,|v|+1,C,A ⊗ Id 0

0 µn,|v|IY

]
. (31)

We can now state the following noncommutative analog of
the second part of Theorem 1.

Theorem 7. Assume that the collection of colligation ma-
trices

{[
A B̂v
C Dv

]}
v∈Fd

satisfies the metric conditions (30) and
(31) with A strongly stable. Then the input-output map of the
time-varying system (22) maps the time-varying Hardy space⊕

v∈Fd z
vUv isometrically onto an Sκ,R-invariant subspace

M⊂ Aκ,Y(Fd), i.e.,

M =

{ ∞∑
n=0

Θκ,v(z)z
vuv : uv ∈ Uv s.t.

∑
v∈Fd

‖uv‖2Uv <∞

}
where Θκ,v are given in (24), and moreover∥∥∥∥∥∑

v∈Fd

Θκ,v(z)z
vuv

∥∥∥∥∥
2

An,Y(Fd)

=
∑
v∈Fd

‖uv‖2Uv .

Moreover, every Sκ,R-invariant subspace M ⊂ An,Y(Fd)
arises in this way.

IV. CONCLUSIONS

The results presented above recover only a subset of
the results known for the classical case. There are many
questions which remain to be resolved. We mention just a
couple:

1) It remains to remove the C·0 hypothesis in Theorems
1 and 3. There already exist results in this direction
for the dilation-theoretic component of the theory (see
[2], [4]).

2) The notion of inner function family defined above
provides a good analogue of isometric multiplier, in-
cluding a good time-varying realization theory. It is
unclear what should be the proper notion of contractive
multiplier. In particular what class of functions results
if the relations (19) and (20) are relaxed to contractive
inequalities?

3) As is to be expected there are more issues to be
resolved for the multivariable setting. It is also of
interest to explore commutative multivariable Bergman
spaces (e.g., over the unit polydisk or over the unit ball
in Cd) using this system-theoretic approach, similar to
what was done in our earlier work [7], [9], [10] for the
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special case of the Drury-Arveson space. We plan to
pursue this direction once the freely noncommutative
setting is better understood.
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[4] C.-G. Ambrozie, M. Engliš, and V. Müller, Operator tuples and
analytic models over general domains in Cn, J. Operator Theory 47
(1) (2002), 245–286.

[5] J.A. Ball and V. Bolotnikov, Weighted Bergman spaces: shift-invariant
subspaces and input/state/output linear systems, Integral Equations
and Operator Theory 76 (2013), 301–356.

[6] J.A. Ball and V. Bolotnikov, Weighted Hardy spaces: shift invariant
and coinvariant subspaces, linear systems and operator model theory,
Acta Sci. Math. (Szeged), 79 (2013), 623–686.

[7] J.A. Ball, V. Bolotnikov, and Q. Fang, Multivariable backward-
shift-invariant subspaces and observability operators, Multidi-
mens. Syst. Signal Process. 18 (2007) no. 4, 191–248.

[8] J.A. Ball, V. Bolotnikov, and Q. Fang, Schur-class multipliers on
the Fock space: de Branges-Rovnyak reproducing kernel spaces and
transfer-function realizations, in: Operator Theory, Structured Matrices
and Dilations, pp. 85–114, Theta, Bucharest, 2007.

[9] J.A. Ball, V. Bolotnikov, and Q. Fang, Transfer-function realization
for multipliers of the Arveson space, J. Math. Anal. Appl. 333 (2007),
no. 1, 68–92.

[10] J.A. Ball, V. Bolotnikov, and Q. Fang, Schur-class multipliers on the
Arveson space: de Branges-Rovnyak reproducing kernel spaces and
commutative transfer-function realizations, J. Math. Anal. Appl. 341
(2008), no. 1, 519–539.

[11] J.A. Ball and V. Vinnikov, Lax-Phillips scattering and conservative
linear systems: a Cuntz-algebra multidimensional setting, Mem. Amer.
Math. Soc. 178 (2005), no. 837.

[12] J.A. Ball, G. Groenewald and T. Malakorn, Structured noncommutative
multidimensional linear system, SIAM J. Control Optim. 44 (2005),
no. 4, 1474–1528.

[13] J.A. Ball, G. Groenewald and T. Malakorn, Conservative structured
noncommutative multidimensional linear systems, in: The State Space
Method: Generalizations and Applications (Ed. D. Alpay and I.
Gohberg), pp. 179–223, Oper. Theory Adv. Appl. 161, Birkhäuser,
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