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Analysis of difference Riccati equations via a new max-plus based
fundamental solution
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Abstract— The recently developed max-plus primal space
fundamental solution provides a new explicit representation
of solutions to the difference Riccati equation (DRE) that is
ubiquitous in system and optimal control / filtering theory.
This representation provides a new tool to explore various key
properties of the DRE. This paper presents new results on
these properties for a class of DREs via the associated max-
plus primal space fundamental solution.

I. INTRODUCTION

The difference Riccati equation (DRE) (differential Ric-
cati equation in continuous time) plays a central role in
optimal control theory. In particular, the solution of a DRE
corresponds to the Hessian of the quadratic optimal cost
/ payoff of an associated linear quadratic regulator (LQR)
problem; see e.g. [1], [2], [10] and the reference therein. As
a consequence of its fundamental importance, the DRE has
been one of the most intensively studied equations in the
field of systems and control [4], [5], [6], [14], [15], [16].
Indeed, after more than 40 years of intensive research, the
study of DREs still remains an active research topic, with
many interesting new results [3], [9], [11], [12], [13]. Of
these recent research, particular attention is paid to the study
of the fundamental properties of existence [3], convergence
[9], [12] and rate of convergence [13] of the solutions.

This paper presents a new perspective on these properties
by using a new tool that was created in applying the max-plus
based methods to optimal control problems [7], [8], [11],
[18], [19]. In particular, a new closed-form representation
of the DRE solution provided by a max-plus primal space
fundamental solution [18], [19] is exploited in the derivation
of new results on the aforementioned DRE properties. It is
known that the closed-form representation of DRE solution
via the Bernoulli substitution, e.g. Davison-Maki solution
[6], is inconvenient for studying the important properties of
the DRE such as finite escape, convergence and mechanism
for attraction [12]. In this paper, the max-plus primal space
fundamental solution [18], [19] is shown to be particularly
useful in the study of these properties.

In terms of organization, Section II introduces the class of
DREs and the max-plus primal space fundamental solution.
In Section III, the connection between the DREs and the
max-plus primal space fundamental solution is explored
which presents results on various properties of the DREs
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via the fundamental solution. Two examples demonstrating
various results in Section III are given in Section IV followed
by conclusions in Section V.

In terms of notation, R, N, Z>( denote the set of reals, nat-
ural numbers and non-negative integers. The set of extended
reals is denoted by R~ = RU{—oc0} and R = RU{oc}. R™
denotes the standard n-dimensional real Euclidean space, and
R2 = {[z1,22, - ,2,)T € R"|2; > 0,i =1,2,--- ,n}.
The set of n x n real, symmetric matrices are denoted by
Mnxn = [P ¢ R™"|P = PT}. The triple (R™,®,®)
denotes the max-plus algebra (a semiring), where & and ®
denote the max-plus addition and multiplication operations
defined by a ® b = max{a,b} and a ® b = a + b for
a,b € R™. The max-plus integral of a function f : R® — R~
is fﬂgi f(x)dx = sup,cpn{f(z)}. The spectrum of a matrix
Q € R™" is denoted by o(2), and its spectral radius
is denoted by p(2) = max{|A\||X € a(Q)} . |Q2 =
/p(QTQ) denotes the spectra norm of € R™ "™, For a
transfer function 7'(z) of a discrete time linear time invariant
system, ||T(-)|lco denotes to its Hoo-norm. The identity
operator is denoted by Z.

When the required inverses exist, the identity (1) known
as Woodbury’s lemma holds [20]:

II. CLASS OF DRES AND THEIR MAX-PLUS PRIMAL
SPACE FUNDAMENTAL SOLUTION

A. A class of DREs
Consider the following difference Riccati equation (DRE)

Poy1 =R(Py), PoeM"™™", (@)

with the operator R : M"*" — M"™*" given by

R(P) = A"PA+ A"PB(+*I1 - B"PB)"'B"PA + @.
3)

Here, A € R"*", B € R"™*™ n > m, & € M"*" & >
0 are real matrices, and the gain v > 0 is a real number.
This paper considers the special case where B € R™*™ is
invertible. The general case is considered in a full version.
The DRE (2) is an example of the indefinite DRE [13], [14],
) 0

0 —2I
is indefinite. When & — oo, the DRE (2) turns into the
corresponding algebraic Riccati equation (ARE)

[15], [20] as the so-called Popov matrix II =

P =R(P). )

Let C € R"™ ™ be such that CTC = ®, and T(z) =
C(21 — A)~'B be the transfer function of a discrete-time
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(Qll _ 912(922)—1921)—1 _ (Qll)—l + (Qll)—lQlQ(QZ2 _ QQI(Qll)—lQl2)—1921(Qll)—1.

(1)

linear system
Tp+1 = Az + Bwy,

{ yr = Cxp.

It is known [20] that there exist two extreme solutions
P_,P, € M™*" P_ < P, tothe ARE (4) if || T(-)/|o0 < 7-
Any other solution P € M"*™ satisfies P~ < P < P,.
Furthermore, the minimum solution P_ is stabilising and
the maximum solution P, is anti-stabilising.

The DRE (2) arises from the study of the optimal control
of the linear system (5), in which the value function W, :
R™ — R is defined by

g =x € R",

)

Wi (x) = sup  Jr(w3wok—1) (6)
wo,k—1ER™)F
with
=1 1 1
Ji(@;wo k1) = Z (555?(1):51 — Evzw;fwi> + iszoxk.

i=0
(N
It is known from the linear quadratic regulator (LQR) theory
[1] that W}, is quadratic of the form Wy (z) = 227 Py z, 2 €
R™, in which P, € M"™*™ is the solution of the DRE (2) with
initial condition Fj.
If define operators Ry :
iteratively by

M — MMk € Zsg

Ri+1 =RoRy, Ro=1, (8)

then, the solution Py to the DRE (2) at time k is P, =
Ri(Pp). That is, Ry is the operator that propagates the
solution of the DRE (2) from initial condition Py € M"™*™,
To study the existence of a solution P}, to the DRE (2), define
the domain of the operator R, to be

dom(Ry) = {P e Mnx" 71— B"Ri(P)B >0,
©)

i=1,2,-,k—1

)

By inspection, dom(Ry+1) C dom(Ry) for k € N.

B. Max-plus primal space fundamental solution

This paper employs a new representation of the solution
P, = Ry(P) via a max-plus primal space fundamental
solution in [18] and [19] to study the various properties
of the DRE (2). In particular, it is shown that the DRE
(2) is closely related with a particular sequence of matrices
{A) € R?"*2n | ¢ N} [18], [19] that is generated iteratively
by

A=A ®A, A=A, (10

with

B (I)—’}/QAT(BBT)_lA 72AT(BBT)_1

A= +(BBT)14 —2(BBT)~1 (11)

680

Here, the operation ® on two matrices ; € R?"*2" § =1, 2

QI 12
9121 9122 such that Qz = Q;T and

022 + QI <0 is defined by [11], [18]
Q1 ® 0Ny =
[ O - 0P(Q) 107 0P ()08

o3, l0p o - 03l(Q,)log
with Q4 = Q22+ Q1. Note that, in general, the ® operation
is non-commutative. That is, 21 ® Qs £ Qo ® ¢, however,
it can be verified that Ay, ® Ax, = Ap, ® A, k1, k2 € N
for the sequence {Ay, k € N} of (10). Thus, {Ay, k € N}
of (10) maybe regarded as exponentiation

A=A = A®A® - - @A.
—_——
k

of the form ; =

12)

This particular sequence {Aj, k € N} is the max-plus primal
space fundamental solution [18], [19] in the sense that it can
be used to represent all solutions Ry (Py) when it exists and
Py + Azz <0,

Ri(Po) = AL — AJ2(Po 4+ AZ2)71AZL (13)

C. Convergence of fundamental solution

The convergence of the max-plus primal space funda-
mental solution {Aj, k € N} of (10) will be useful in the
investigation of the infinite horizon limit of the solutions
Ry, to the DRE (2) in Section III-B. It may be noted that the
sequence { Ay, k € N} is completely determined by the initial
matrix A of (11). A sufficient condition for the convergence
of {Ar,k € N} has been developed in [17], [18]. Here,
a similar but less conservative condition is proposed (see
Theorem 2.3). To this end, the convergence of a sequence
{Ak, k € N} that is generated by

Mep1 = A =oAL =, (14)

with a given pair (\, o) € R2, is presented first.

Lemma 2.1: Suppose that (X\,0) € R2 satisfies A >
2y/o. Then, the sequence {\r,k € N} of (14) satisfies
Ao+l < A, k€ Nand Ay — Ao, k& — o0 with

2 —
,\wiu_ (15)

Proof: 1t can be verified di%ectly that Ao of (15) is an
equilibrium of (14), that is, A\oo = A — a/\oo_l. An inductive
argument is used to show the monotonicity and convergence
of the sequence {\;, k € N}. By inspection of the definition
of Ay of (15), it is clear that A > Ao, > 0 by the assumption
(\,o) € R%; and A > 2,/0. Then, \; > A\ — o)}
A=A b= and Ay = A — oAt > A — oA = A
To apply the mathematical inductive argument, assume that
for k € N, Ay > Agy1 > Awo. Then, for k + 1, Ay =
A=oX > A= oA = Aeg2 and Mo = A — oA >
A — oA} = M. Thus, the sequence {\;, k € N} strictly
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decreases and converges to a number A > Ao, and A must
be an equilibrium point of the dynamics ng+1 = A — on,; L
But A\ is the unique equilibrium point of this dynamics on
set {n €ER|N> A} SO A = Ao [

Remark 2.2: Suppose that (X, 0, Aso) € Rio are given as
per Lemma 2.1 . Then, the sequence {0,k € N} that is
defined by

Okt1 = (O'/\;Oz) ok, 01=0 (16)

decreases and o — 0 if and only if oA;2 < 1. This is
immediate from the fact that of, = (oA )’C lo,k € N.

The next theorem provides sufficient conditions for
the monotonicity properties of the fundamental solution
{Ak, ke N}

Theorem 2.3: Suppose that there exists (A, o) € R% such
that A > 2y/0 and oA 2 < 1 with A\, given by (15), and
that the matrix A of (11) satisfies

{ AP+ A2 <N

AZA2L < o1 AZIA2 < o], a7

Then, the fundamental solution {Aj, k € N} of (10) satisfies
for all k € N

Mg 28 Mz (s)
A+ A< =M d, AT+ AP <=\
and
AT S A, LA <SR

Here, the sequence {\x, 0y }7° ; is generated from (14) and
(16), respectively.
Proof: From (10) and the ® operation of (12),

All A12
Ry
All _A12(A ) 1A21 AlQ(A ) 1A12
= [ _Azl(Adk) 1p21 A A21(Adk) 1A12 ]
All A12(A2 ) 1A21 _A12(A2 ) 1A12
= [ —AQI(AQ_ ) 1A21 A22 A21(A2 ) 1p12 ]

with A}, = A2+ At and A7, = A7? + A

An inductive argument is used to prove (18) and (19). In
order to show (18), let & = 1. From (20), A3t = A}l —
AP2(A2 + AJ)7IAZL > Al since A = A, A2 + A <
Al = =\ I < 0, and A2 = (A21)T. The inequality
(18) for A22 > A?2 can be shown similarly. Applying the
argument of mathematical induction, suppose that (18) holds
for k, then (18) needs to be shown for k£ + 1. From (20),

ARy = A = AZAR + AT TIAG > AL
Also,
A22 +Ak+1 _ A22 +A11 —A12(A22 +A]1€1)—1A21
< AT = A=A T DA
<—A=Alto) I < —Apyr TA

The inequalities of A7% | > A2 and AM + A7 < =Ny ]
can be shown by a similar argument.

A similar inductive argument is used to prove (19). For
k = 1, the inequality A{?2A%!' < 011 = oI is immediate
from (17). From (20), the inequality A > A, and the
assumption oA 2 < 1,

A%lA%Q _ A21(A22 4 A11)71A21A12(A22 4 A11)71A12
< 0'A21(A22 4 All)—l(AZZ 4 All)—lA12

< (GATHAPA = (0A72)AZIA}?

< (0Aae THATAP < ATIAP

The proof of the inequality AJ2A3' < A{2A3! follows
similarly. In order to use a mathematical inductive argument,
suppose that (19) holds for k£ € N, it needs to show (19) for
k + 1. From (20),

Ak+1Ak+1 — Ail(AQQ 4 A]1€1)71A21A12(A22 4 A]1€1)71A11€2
S O_Ail(AQQ +A]1€1)71(A22 +A]1€1)71A]1€2
(A DAFAR < (0hoo HAIAL

IN

21

Also by the assumption AZ'A}2 < oy I, (21) implies
Ai}HA,lj_l (oA, )ak I = ok I. The inequalities in (19)
for A}CilAiﬁrl follow similarly.
|
The monotonicity properties in Theorem 2.3 imply the
convergence of the fundamental solution {Ay, &k € N} as
shown in the next theorem.
Theorem 2.4: Suppose that the conditions as per Theorem
2.3 hold for the matrix A of (11). Then, there exists a matrix

Al
Ao = { (‘)30 A2 | € M??7*27 guch that A, — Ao as
k — oo. -

Proof:  From (19) in Theorem 2.3, AZ'A}? < oy 1,
AJ2AZY < op 1 for all k € N. That is, [|[AZHZ <
ok, IAF23 < op since A}2 = (AZY)T. Thus, A7! —
0,A}? — 0 since o, — 0. From (18), A?? + A}l <
Al < —Aood and AN 4 A2 < N T < -
for any k € N. Thus, (—(A# + A{Y)™! < AT and
(—(A{Y + A22))~1 < X! 1. From (20),

Ak+1 A22 A21 (A22 A]1€1)71A11€2
— AP (A 4 AL AR

SAZAZANZ < AP0 I

Hence, ||A72, — A7?(|3 < A20k — 0. Similarly, it can be
shown that [|A}, — A} — 0. (18) also implies that A}
and A?? are bounded from above by A}l < -\ — A%?
and Aiz < —As — Al Consequently, there exist AL, A%2 €
M™>" such that A}! — ALl and A22 — A2 as k — oo.

|

III. PROPERTIES OF THE DRES

The representation (13) of all solutions Py to the DRE
(2) via of the max-plus primal space fundamental solution
{Aj,k € N} of (10) provides a new tool to study various
properties of the DRE. This paper concerns with three
specific properties.
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@ Existence: Characterise the sets dom(Ry) for all
keN;

® Convergence: Find conditions that guarantee the
convergence of the propagation of P, = Ry (FPy) —
Roo(FPo) € M"™ "™ as k — oo

® Rate of convergence: Find bounds for the propaga-
tion error

E(Py, P§) = Ri(Py) — Ri(F5)
for admissible Pj, P € dom(Ry).

(22)

The existence property is investigated for the standard
DREs in [3], and the convergence property for standard
DREs arising from the LQR problem is an old topic with
numerous mature results [1], [4], [5], [9], [12], [20] and
the references therein. The rate of convergence of a class
of continuous-time DRE was investigated in [13].

A. Existence of solutions

The representation (13) for the solution P, = Ry (Fp) via
the max-plus primal space fundamental solution { Ay, k € N}
holds when P, = Ry (Fp) exists and Py +A3? < 0. The next
theorem shows that the existence of P}, is equivalent to the
inequality Py + A7? < 0.

Theorem 3.1: Suppose that the conditions on Theorem 2.3
holds for the matrix A of (11). Then, for any k € N,

Py €edom(Ry) <= Po+A¥?<0. (23)
Proof: In order to use an inductive argument, (23) is
demonstrated for & = 1 first. From (9) and (11), A%
—72(BBT)~!. Thus,
Py € dom(Ry) <= +?T — BTPyB > 0 <
V(BB ' - Py >0+ —A?? - P> 0=
Py + A%2 < 0.

Suppose that (23) holds for k. That is, the representation

of
Ri(Po) = Ay — M2 (P + AR)'AY (29

holds for Py € dom(Ry). It is required to show inequality
(23) for k + 1,

v*I—BTRi(P)B>0 <= Py+A#,<0. (25

Suppose first that 42 I — BT Ry, (Py)B > 0. Using (24),
v2 I — BT"Ry(Py)B

=21 — BT (A} — Af2(Py + A2)"IAZHB > 0.

Multiplying (B7)~! from the left and B~! from the right
to the righthand side of (26) yields

— 7 (BBT) TN+ A = AP(Po+ AP TTAR <0,
which is, by (11),

(26)

(AZ £ ALY = AP2(Py+ A 7IAZ <0, (27)
On the otherhand, by (20),
Py+ A2 = (Po+ AP) — AZHAP + A TIA. (28)

682

By the assumption for step k, Py + A%Q < 0. It also holds
A2+ AP < =\ I < 0 from Theorem 2.3. Using (27), the
following matrix is well defined

(Py+AZ)™ + (Po + AZ) 1A
(AP + ALY = AR(R +AP) A7)
A (Po + AR <0,

which is (Py+A7%,)~" < 0 by (28) and the matrix inverse
equality (1).

Conversely, suppose that Py + A%, < 0. That is, (P +
A22)—AZL (A2 ALY 1A% < 0 by (20). By the invertibility
of the matrices A3? + A,lc1 <M1 <0and Py + A%Q <0,
the following matrix is well defined and negative definite

(AP + AF) "+ (A 4 AR AR
— -1
(P A2) = AP+ AF) AP
AP(AZ 1 ALY <0,

which is (A% + A}Y) — AP2(Po + A22)71AZH) =1 < 0 by
the matrix inverse equality (1). This implies that 21 —
BTRy(Py)B > 0 from (26) and (27). ]

Remark 3.2: The sequence {Aj,k € N} is independent
of the initial condition Fy since it is a fundamental solution.
Theorem 3.1 provides a necessary and sufficient condition for
the existence of solutions P, = Ry (Fy), with respect to an
initial condition Py, in terms of an inequality P+ A?? < 0.
This provides a characterisation of the domain of the operator
dom(Ry) = {P € M"™*" | P < —A%?}.

Using the sequence {\x,k € N}, a sufficient condition
for the existence of a solution P, = Ry (Fp) can be derived
without computing the fundamental solution {Ay, k € N}.

Corollary 3.3: Suppose that the conditions on Theorem
2.3 hold for A of (11). Then, for k € N,k > 2,

Py <~+*(BBT)™ ' —oX\ YT = Py edom(Ry).
(29)
Proof: From (20) and Theorem 2.3,
Py AP = Py + AT = AT (A, + A1) I
= By (BBY) - AP (A, + A1) 1A}
<Py —~+*BBH) '+ A,:_llAflA}Q
<Py —~+*(BBT) ' +oN ! I

v
~2

Thus, Py < 72 (BBT)™! — o\ '\ T = Py + A?2 < 0,
which, by Theorem 3.1, implies that Py € dom(Ry). |

B. Infinite horizon limit

The investigation of the infinite horizon limit of the
solutions P, = Ry (Py) to the DRE (2) requires to identify
those matrices Py € M"™*™ such that Ry (Py) converges as
k — oo. To this end, a monotonicity property of the operator
R} is presented first.

Lemma 3.4: For any k € N, P}, P§ € dom(R)

Py < Py = Ri(Py)) < Ri(Fy). (30)
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Proof: 1t is shown in Section II-A that P,i
Ri(P),i = 1,2 are the Hessian of the value function
Wi i=1,2 of (6), that is,

Wi(z) = %xT Pix

k—1 1
1. T&, _ ~.2, T,
_ sup (2xj bz 27 wj w]) +
—
wok-1€RMF |7 1T pi
5Ty ok

It is immediate that W} () < W(z),z € R" for P} < P§.
Hence P! = Ry(Py) < P2 = Ry(P}).
|

Theorem 2.4 proposes a convergence result for the fun-
damental solution {Ag, k € N}. It is slhlown that the limit
ASO AZ2
is shown that the sequence {A}',k € N} is the minimum
solution to the DRE (2), and its limit A})}) is the minimum
solution P_ of the the ARE (4).

Theorem 3.5: For any k € N, suppose that {A;, k € N}
of (10) exists . Then, A}!, k € N satisfies the DRE (2), and
A} < Ry (Py) for any Py € dom(Ry).

Proof: The fact that the sequence {A}', k € N} satisfies
the DRE (2) A}, = R(A}') is proved in Theorem 3.1 of
[18]. Thus, A}! = Ri_1(A}Y). Py € dom(R;) for any Py €
dom(Ry) since dom(Ry) C dom(Rq). Thus, P; = Rq(Fp)
exists. For any z € R", take w* = —B~!Ax. From the
definition of the value function Wi (z),z € R™ of (6)

is a block diagonal matrix A, = . Next, it

%$T7€Mf%)$== Mﬁ(m)
%qu):z: — %'yszw—l—
+(Az + Bw)T Py(Az + Bw)
2 %I'T(I).’L' _ %,72(,“}*)'1““}*
= 12T0x — L4%2" (AT(BBT) ' A)x

max
weR™

= %xTA%lzc.
Thus, R(P,) > All. From monotonicity property of
the Riccati operator shown in Lemma 3.4, Ry(F)) =
Ri-1(R1(Po)) = Ri—1(A}') = A L

Theorem 3.6: Suppose that the conditions of Theorem 2.3
hold for A of (11). Then, the matrix ALl in Theorem 2.4 is
the minimum solution P_ to the ARE (4).

Proof: According to Theorem 2.3, A}' — ALk — o0
and A22 + ALl < -\ T <0. Thus,

v21 - BTAL'B = —BY(—?(BBT)"' + AlY)B
=-BT(A2? +AHB >o0.

Hence, the limit ¥ — oo can be taken from both sides of
the DRE AL, = R(A}'), which is AL} = R(ALL). That is,
ALl is the solution to the ARE (4).

Suppose that P € M"*™ is a solution to the ARE (4). That
is, P = R(P) and v2 I — BT PB > 0. If take P, = P, then
Py = Ri(P) = P,k € N. From Theorem 3.1, P, +A3? < 0,
and

P = Po= Al = AR2(P, + AZ) A2 > AL

683

Thus, P > Al by sending k — oco. |
When Ay — Ao,k — oo, the matrix A%2, which is the

limit of the sequence {A?2, k € N}, specifies a condition on
the initial matrix Py € M™*" that Ry (Pp) — ALL.

Theorem 3.7: Suppose that the conditions of Theorem 2.3
hold on the matrix A of (11). Then,

Ri(Py) exists for ke N = Py +A2<0; (3l)
Conversely,
Po+A2 <0 = Rp(P)— ALL (32)

Proof: If Ry(P,) exists for k& € N, according to
Theorem 3.1, Py + A?? < 0, k € N. Taking the limit as
k — oo yields Py + A%2 < 0. Conversely, if Py + A?2 < 0,
then Py+A7? < Py+A?2 <0, k e Nby A2 > A2 keN
from Theorem 2.3. By Theorem 3.1, Ry(Py) = A}' —
AR2(Py + A22)7'A2! and AJ2 —+ 0,A2) — 0 as k — oc.
Consequently, Ry (Po) — ALl k — oo.

|

C. Rate of convergence

The following result provides an explicit upper bound for
the propagation error Ey, (P}, P?) = Ri(P}) —Ri(P3) (22)
for given P}, P} € dom(Ry,).

Theorem 3.8: Suppose that the conditions of Theorem 2.3
hold on A of (11), and there exists € > 0 such that two
P§, P € M™" satisfy

0<Py—Pj<el, Pf+A2<0, Py +A22<0. (33)
Then, for any k£ € N,

0 < Ri(Py) = Ri(Pg) < p *(oX D) toel,  (34)

where p = p(Pg + A22) < 0, and 0, A are as per (14) and
(15),

Proof: The monotonicity of the Riccati operator Ry,
from Lemma 3.4 implies Ry (P}) — Ry (Pg) > 0. It is left to
show the upper bound of (34). Since Pj +A%* < Py +A% <
pl <0, and P} < P},

P} +AZ<pI<0, keN.

By Theorem 2.3, Ry (P)) = AL — AJ2(Pg + AP2) 1A
and Ry(P3) = A — Qi (P§ + AF?)~'A7'. by Theorem
3.1. Then,

Ey(Py — P§) = Ri(Py) — Ri(Fy)

S AR R AE - AROE PR 69)
AR (OB B (0 + B A

Using equality (1) for Q' = A + P}, 02 = (P} -

P22 = Q2 = ],

(AR? +FP5) " = (AR + Py) — (P — P)) ™ (36)

= AP+ P) AP+ P!
(Py —FB) ' = (AP +R) ) (A2 + P
Thus,
A (AR + B = (A 4+ B ) A
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= APOF + B

(P = B3)™ = (AP + P ™) (AP + P AT
S APAR + Py) T (By — B)(AR? + Py) T AR
< AT+ B + B AT
<ep PAPAY < epPon 1
=ep 2N D)o I

(37)

Here, the last inequality follows from Theorem 2.3, and the
first inequality follows from the assumption that —(A?? +
P¢)~! > 0. Then, the error bound (34) follows from equality
(35) and inequality (37). |

Remark 3.9: Theorem 3.8 implies contraction of the so-
lution Ry (Fp) to the DRE (2) with initial condition P since
oA32 < 1 from Theorem 3.8.

IV. EXAMPLES

Two examples are presented to demonstrate various results
regarding the relationship between DRE solutions and the
max-plus primal space fundamental solution. In particular,
the examples are used to show the convergence of the
sequence {Ag, k € N} of (10) as per Theorem 2.4, and the
rate of convergence from Theorem 3.8.

A. Example 1

Consider a difference Riccati Equation of (2) with data
specified by

0.1 -0.1 1.2 0
A_{—O.OS 0.1 }’B_[ 0 1.5]’
03 0
o= ]
The stabilising solution of the corresponding ARE

(4) can be obtained using MATLAB to be P_

0.3095 —0.0153 . .
L 00153 11270 |- From definition (11), the matrix
is explicitly given by
0.2597  0.0458 | 0.3472 —0.1111
A 0.0458  1.0431 | —0.3472 0.2222
n 0.3472  —0.3472 | —=3.4722  0.000
—0.1111  0.2222 0.000  —2.2222
Taking o and A to be
o = max{p(A2A%), p(A*'A1?)} = 0.2979, (38)
A = mino(—(A" + A%?)) = 1.1781,

then the condition in Theorem 2.3 are satisfied. According
to (15), Ao = )‘J”)‘2 4o — (0.8107. Figure 1 shows the
sequence o — 0 and Ak — Ao as per Lemma 2.1.
From Theorem 2.3, the sequences oy is an upper bound
of p(A;2A2') and p(A2'A}?), and the sequence )y is an
upper bound for p(A' + A?2) and p(A;! + A??). These are
verified as shown in Figure 1. The sequence {Ay, k € N} of
(10) converges to a matrix

0.3095 —0.0153 | 0.0000  0.0000
A — —0.0153  1.1270 ‘ 0.0000  0.0000
o 0.0000  0.0000 | —3.3237 —0.0821
0.0000  0.0000 ‘ —0.0821 —2.1740
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It can be observed that the upper left block Al = P_,
which confirms Theorem 3.6. Figure 2 shows an example
of propagation error as stated in Theorem 3.8. Here, P =

—-13 -01 2 6.8 0.3
[—0_1 _38 and Fj 03 —920 . For these

Pg and P, e = 5.5219 and p = —4.5996, respectively. The
propagated error E (P}, PZ) as per (22) and its upper bound
of (34) in Theorem 3.8 are shown in Figure 2.

0.4

0.2

R

—+—sequence o
- sequence p(A1 14 Aiz )
- sequence p(Allcl + A=<)
—+—sequence — X K
- sequence p (A bz Ail
- sequence p(AZLATZ)

G -9--6-0 -

p -o- o -e-

J
f °

o -9--c-o--6-0-o-

NS

L
6 8 16

2 18 20

e
10 1
Time horlzon é

Fig. 1. Various sequences in Theorem 2.3 for example 1.

—+— Error bound of (34)

—+—Error B}, of 22)

|

\

N

4 6 8

}
2

: . . , N
10 12 1 16 18 20
Tiffle hofizon &

Fig. 2. The propagated error Ek(POl, Poz) of (22) and the upper bound
of (34) for example 1.

B. Example 2

To further verify various developed results, a second
example with different data is presented. Here, the data is

given by
-0.1 —-0.1 -1 0
A_[—0.15 0.3 ]’B_{ 0 —1.15}’
1.3 0
@_{ 0 2.1}’7_\ﬁ'

The stabilising solution of the ARE (4) is P_

[ _10421 3;7 _20621(;327 . The matrix A in the fundamental
solution {Ay, k € N} is
1.1109 0.1682 | —0.7000 —0.7940
A 0.1682 1.5536 ‘ —0.7000 1.5879
—0.7000 —0.7000 | —7.0000  0.0000
—0.7940  1.5879 ‘ 0.0000 —5.2930
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From A, X and o as defined in (38) can be similar computed
to be A\ = 3.7263,0 = 3.2857. Again, the convergence
conditions in Theorem 2.3 are satisfied with these )\ and o.
In particular, o, — 0 and A\, = Ao = AtVAR—do V’\22_4‘7 = 2.2939.
The convergence is of various sequences are as shown in in
Figure 3. The limit of the primal space fundamental solution
{Ay, k € N} is given by

1.4198  —0.2087 | 0.0000 0.0000
A — —0.2087  2.6183 0.0000 0.0000
| 0.0000 0.0000 | —6.7372 —0.3158
0.0000 0.0000 | —0.3158 —4.2025
Theorem 3.6 is verified again that the Al = P_. To
. 1.3 0.1
1 _ 2 _
verify Theorem 3.8, take Py = 01 08 } and Py =
[ :82 __0;) , respectively. The value of ¢ in (33) is
taken to be ¢ = p(P} — P§). The propagated error

Ey (P}, P3) as per (22) and its upper bound of (34) in
Theorem 3.8 are shown in Figure 4.

—#—sequence o,
\ -« -sequence p(AL1 4 AZ2)
W\ - o- - sequence p(A]lc1 + A 2)
—+—sequence — A kl
AN - <--sequence p(A
1k LN -+ sequence p(A

2/\21)
Paf?)

o B R G i UD U WU §

ot 4

FouruEDAINDE SR A RS S .

-3 ,fs— 4
) - 2 3 6 8 ‘ ‘ r 16 8 20
Titfe hofizon
Fig. 3. Various sequences in Theorem 2.3 for example 2.

0. T T T T T T T T T
1
0.8F \ 1
07F \\ 1
oer \ —— Error bound of (34) 1
05F —+— Error E}c of (22) |
0.4 |
0.3F 1
£
0.2 1
0.1 1
0! L - + — P " n n
2 4 5 12 1 1 1 2
° © Titfie hofizon'% e 8 0

Fig. 4. The propagated error Ek(POl, P02) of (22) and the upper bound
of (34) for example 2.
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V. CONCLUSIONS

New results for various properties of a class of difference
Riccati equations are derived by exploiting a closed-form
representation of the solution to the DRE from the max-plus
primal space fundamental solution. These results demonstrate
that the max-plus primal space fundamental solution, besides
its demonstrated advantages in computation, is a particularly
powerful tool in studying the DREs.
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