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Abstract— The automated modeling of multi-physical dynam-
ical systems is usually realized by the coupling of different
subsystems via certain interface or coupling conditions. This
approach results in large-scale high-index differential-algebraic
equations (DAEs). Since the direct numerical simulation of
these kinds of systems leads to instabilities and possibly non-
convergence of the numerical methods a regularization or
remodeling of the system is required. In many simulation
environments a kind of structural analysis based on the sparsity
pattern of the system is used to determine the index and a
reduced system model. However, this approach is not reliable
for certain problem classes, in particular not for coupled
systems of DAEs. We will present a new approach for the
remodeling of coupled dynamical systems that combines the
structural analysis, in particular the Signature Method [9],
with classical algebraic regularization techniques. This allows to
handle so-called structurally singular systems and also enables
a proper treatment of redundancies or inconsistencies in the
system.

I. INTRODUCTION

Modeling and simulation of multi-physics dynamical sys-
tems is an important issue in many industrial applica-
tions. In modern simulation packages like DYMOLA, MAT-
LAB/SIMULINK, MAPLESIM, SIMULATIONX etc., the mod-
eling of multi-physics systems is automated using a hier-
archical network of coupled subsystems. During the com-
pilation process different subsystems (for different physical
domains) are coupled together via certain interface or cou-
pling conditions. This way of modeling leads to differential-
algebraic equations (DAEs). If the resulting system of DAEs
is of high index, then the direct numerical simulation can
lead to instabilities and possibly non-convergence of the
numerical methods. Thus, often the algebraic constraints are
resolved or replaced by their derivatives (i.e., the system
is transformed to state-space form), but then the numeri-
cal solution can deviate from the constraints or interface
conditions and numerical damping or numerical dissipation
can occur. Therefore, a regularization or remodeling of the
model equations is required to guarantee stable and robust
numerical computations, see [1], [4].

In many modeling and simulation tools, the current state of
the art to deal with high index DAEs is to use some kind of
structural analysis based on the sparsity pattern of the system.
Here, generic structural information is used to identify the
constraints and interface conditions, to determine the index
of the system and to compute an index-reduced regularized
system model. However, this approach is not reliable for
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certain problem classes, in particular not for coupled systems
of DAEs as will be explained in the following.

We present a new approach for the remodeling of coupled
dynamical systems that combines the structural analysis with
classical algebraic regularization techniques. This allows to
handle so-called structurally singular systems. Moreover, the
new approach enables a proper treatment of redundancies or
inconsistencies in the system.

II. COUPLED SYSTEMS OF DAES
We consider coupled systems of DAEs where the dynam-
ics in each subsystem S; is given by a DAE in semi-explicit
form, i.e.,

Sl . { 0 = gi(t,mi,yivui)v (1)
for i = 1,..., N, with differential state variables A

R™, algebraic state variables y* : I — R™ and inputs
u' : T — R™, T C R, of subsystem S; respectively. For
each subsystem S; we assume that for a given input u’ the
subsystem is of differentiation index (d-index) vy = 1. The
d-index is defined as the minimal number of times that all
or part of the equations in the system must be differentiated
in order to obtain an explicit ordinary differential system
for all unknowns (in this case for z° and y). For details
see also [1]. This means that the Jacobian gly = gg:
nonsingular for all points (t,_:ci, y") in the set of consistency
M = {(t,z%,y") € T x R™ x R™ | g(t, 2", y’,u?) = 0}
of the corresponding subsystem S; (assuming that u® is
given). The use of these semi-explicit d-index-1 subsystems
is justified by the assumption that each subsystem has been
regularized in a pre-processing step or modeled directly in
a suitable way incorporating the special structure of each
uni-physical subcomponent.

In the following, we restrict to cyclic coupling of two
subsystems S and So, i.e., N = 2, via coupling conditions
given in the form

u' =Gyl y),

is

6,j=1,2,i#], )

see Figure 1. Here, the functions G;; € C'(R™ x R™, R"u)
that describe the connection of the states of subsystems &7
to the input of subsystem Ss and vice versa are assumed to
be sufficiently smooth. Then, the coupled system is given by

ft'l _ fl(taxlaylaGIQ(x27y2))
2| T[22y G (2t yh) |

0 _ 91(t73317y1,G12($2792))
0 B 92(t7x27y27G21(x15y1))
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Fig. 1. Cyclic coupling of two subsystems.

or, equivalently, by

“4)

using the notation

1 1 1 1
x:|:z2:|7y:|:52:|7f:|:§2:|ag:|:§2:|> %)

where z, f are vector-valued functions of size n, = nglc —|—ni,
and y, g are vector-valued functions of size n, = nzl/ + nf/,
respectively. Note that a cyclic coupling can easily lead to a
high index DAE, even if both subsystems S; and Ss are of
d-index-1.

Example 1: Consider two d-index-1 systems (for given

u?)
jji
s {2

with n}, = n! = n!, = 1 and smooth forcing functions b*(t),
¢*(t) and coupling conditions

=y + (1),

) : . i =1.2
=y +ui ), T

1

ul = 2?42, P

S
Then, the coupled system is given by
it =yt + (1),
% =y +0°(1),
0=2>+y' +y> + (1),
0=—a'+y" +y*+ A(¢).

(6)

This DAE is regular (i.e., uniquely solvable) and the d-index
is 3. N

In general, it holds that the coupled system (4) is regular
and of d-index 1 if and only if the Jacobian

1
9o

1
, 9 G12,y2
2 2
w2 G21,y1

0 (7

9yt z,y) =
is nonsingular for all points (¢,z,y) € M = {(¢t,z,y) €
I x R"™ x R™ | g(t,z,y) = 0}. If this condition is not
satisfied, then either an increase in the index occurs (that can
be arbitrary high), or equations of the form 0 = 0+ ~(¢) are
present in the system. In the second case, y(t) = 0 leads
to redundancies, i.e., algebraic variables are not uniquely
determined, or () # 0 leads to inconsistencies, i.e., the
DAE is not solvable anymore. Note that in the last two cases
the d-index is not defined anymore and one has to apply
more general index concepts as, e.g., the strangeness-index

concept, see [4].

III. REGULARIZATION FOR COUPLED SYSTEMS

Regarding the previous discussion regularization tech-
niques for coupled systems of DAEs are an important issue.
Classical regularization techniques for DAEs usually consist
of algebraic manipulations, including differentiations, of the
system to obtain a reduced system model. These algebraic
approaches, e.g., the derivative array approach [2], [4],
usually require numerical rank computations and projections
onto certain subspaces and thus are computational expensive
unless specific structural information can be used. However,
algebraic approaches, as the strangeness-index concept [4],
allow to deal with over- and underdetermined systems and
thus can also be applied to control problems. On the other
hand, in many simulation environments often structural ap-
proaches are used to reduce the index relying on the sparsity
structure of the system. There are various versions and
extensions of Pantelides algorithm in combination with the
dummy derivative approach [5], [8], or the Signature Method
[7], [9]. For these structural approaches fast and efficient
algorithms based on graph theoretical concepts exist and in
addition the methods provide structural information like a
block lower triangular (BLT) form that is useful for further
numerical treatments. For regular systems and for many
important structures the structural approach usually works
well, see [9]. However, it can happen that the approach fails
and regular (uniquely solvable) systems cannot be handled,
see Section III-A. Moreover, the structural approach usually
does not allow to deal with over- and/or underdetermined
systems.

In the following, we will present a combined structural-
algebraic approach that allows to handle structurally singular
systems, i.e., that can be applied when the structural analysis
fails, but still uses some information available through the
structural analysis. More details can also be found in [11].

A. Structural Analysis for Coupled Systems

In this section we shortly review the basic steps of the
Signature Method (X-method) introduced in [9]. For more
details on the Y:-method see also [6], [7], [9].

The Y¥-method is usually formulated for general nonlinear
DAEs of the form

F(t z,2) =0, ®)

with sufficiently smooth function F': I C R x R® x R™ —
R™. We denote by F; the components of the vector-valued
function F' and by z; the components of the vector-valued
function z : I — R™. Then, the >-method consists of the
following steps:

1) Built the signature matrix ¥ = [0;5]; j=1,....n With

highest order k of derivatives z](k) in Fj,
i =
Y —o0 if z; does not occur in Fj.
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2) Find a highest value transversal (HVT) of %, ie., a
transversal T' of 3 of the form

T = {(17j1)7 (2aj2)7 sy (n7jn)}7
where (j1,...,Jn) is a permutation of (1,...,n), with
maximal value Val(T) :=>_; e 0ij-
3) Compute the offset vectors ¢ and d with ¢; > 0, d; > 0
such that
dj—Ci Za'ij for all i,j: 1,...,n,
dj — Cj = 0jj for all (’L,]) eT.
4) Form the X-Jacobian J = [Jijli j=1,...n, With
OF;

~ (a45)
0z;

Jij 1=

if dj — C; = 044,
0 otherwise.

5) Built a reduced derivative array F(t,Z) = 0 consist-

ing of
d* )
WFi(tazvz) =0
forall {=0,...,¢; and for all i =1,...,n with
Z= [21,21,...,25611),..., Zny By ey 20T

6) Success check: if the algebraic system F(t*, Z*) = 0
has a solution (t*,2*) € T x R**Xi=1di and J is
nonsingular at (t*, Z*), then the Y-method succeeds.

Note that we call J the Y¥-Jacobian since it is in general
not the analytical Jacobian, but defined by the offset vectors.
Systems for which the 3-Jacobian is singular are called
structurally singular systems. The HVT as well as the offset
vectors can be computed by solving a linear assignment
problem and the corresponding dual problem, see [9]. For
regular systems there always exists an HVT. If no HVT
exists, then either some state variables are undetermined or
equations of the form (¢) = 0 are contained in the system. If
the X-method succeeds, it allows to determine the structural
index of the DAE as

{0 if all d; > 0,
Vg = maxc¢; + 1

The structural index gives an upper bound for the d-index of
the system, i.e., v4 < vg. Equality of the two indices can in
general only be shown for specially structured systems, as,
e.g., systems in Hessenberg form, see [9].

if some d; = 0.

Example 2: If we apply the X-method to the coupled
system (6) of Example 1, we get the signature matrix

1 - o0 -
-1 - o

= 9
-0 o o ©
0 - 0 [0

with marked HVT on the diagonal and canonical (i.e., small-
est possible) offset vectors ¢ = [0,0,0,0] and d = [1, 1,0, 0].
Here, the entries — stand for —oo. The corresponding -

Jacobian is given by

10 -1 0

o1 o0 1

=10 0 -1 —1 (10)
00 -1 -1

and J is singular, i.e., the success check of the »-method
fails. If we determine the structural index despite the fact
that the success check fails we would get vg = 1. However,
we have seen that system (6) is a regular system of d-index
Vg = 3. <

The same observations as in Example 2 can be made for
general coupled systems of the form

jjl - fl(taxlay17G12(x27y
jj2 - fQ(ta'r27y27 G21(:C17y
gt at,yt, Gia(a®, y?))
92(t7$2>y2,G21($1ay1))
Since the Jacobians giyi, for 1 = 1,2 are assumed to be

nonsingular, we can always reorder the algebraic variables
y* such that the signature matrix is in the form

f))
N (11)

1 <0 <0
<0 <0
: <0
< <
s | =0 0 1 7
0 <0 <0
<0 <0
: <0
i <0 <0 0 |
(12)

with HVT on the main diagonal and canonical offset vectors
¢ =10,...,0], and d = [1,...,1,0,...,0]. Here, < 0
denotes entries that are either 0 or —oo. The corresponding
Y.-Jacobian is given by

1 0 0 ]
R : 0
I=19 0 1 ; (13)
)
0 o

and J is nonsingular if and only if g—g is nonsingular. Thus,
the Y-method succeeds only in the case that the coupled
system (4) is again of d-index vy = 1!

B. Combined Structural-Algebraic Approach

In order to be able to treat also structurally singular sys-
tems we propose a combined structural-algebraic approach,
i.e., we use the X-method in combination with other index
reduction techniques to obtain a regularized index-reduced
system formulation. Thus, we incorporate the basic ideas
of the index reduction by Minimal Extension [3] and the
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Dummy Derivative Method [5], that consist of the following
steps.

If the X-method succeeds for a given system (8), the
canonical offset vector c¢ gives the required information
which equations have to be differentiated and how many
times in order to be able to extract all hidden constraints.
A reduced derivative array can be obtained by adding the
derivatives of F; up to order c; to the original system.
This extended system then consists of ), ¢; + n equations
in n unknowns zi,...,z2,. More precisely, it depends on
zl,z'l,...,zﬁdl) ,zﬁd"), and we have to in-
troduce ), c; new variables to get the same number of
equations and unknowns. For each equation F;, i =1,...,n
we can select a variable z;, based on the information
provided by the HVT, i.e., we choose the unique j; such
that (4, ;) € T. Then, we introduce the new variables

sy Zny By e e

O’Ui-‘rl

(045, +1)
Ji i

replacing  z;

w .
2

(14)

Oij;+Ci

. (oij;+ei) __(dy)
s replacing  z. =27,

Ji
if ¢; > 0. We collect these new variables in the vectors
Uij'i+1
Ji

wj, = : for ¢; > 0,
Oij;+Ci

Ji

and define
wj, =[] R if¢;=0.

Note that this replacement of variables is not unique, since
it depends on the chosen HVT. In order to choose the
best suitable HVT, i.e., one that is valid in a maximal
neighborhood of a consistent point, we use a weighting of
the HVTs. We define a (local) weighting coefficient for each

possible HVT by
rro= [ 134l

(i,9)€T

If there is more than one possible HVT, we choose one with
largest value «p. In the following, we denote by 7" a HVT
of ¥ with kK« = maxyp(kr).

Theorem 3: Consider a nonlinear DAE (8) with suffi-
ciently smooth function F' : I x R® x R* — R" for
which the X-method succeeds with canonical offsets vectors
c=lc1,...,cp) and d = [dy,...,d,]. Let T* be a HVT of
the corresponding signature matrix with K+ = maxp (k7).
The augmented system

F(t,z,z2,w) =0, (15)
with r
w=[wl ... wl]
is obtained by appending the differentiated equations
dZ
WF,»(L‘,Z,Z) =0, £=1,..,¢, (16)

for each equation with ¢; > 0, ¢ = 1,...,n to the DAE (8)
and introducing new variables

oij+1
wj
wj = :
oij+ci
J
for z§0”+1), e z](-a”—m) for the unique j such that (i, 7) €
T* whenever ¢; > 0, and w; = [] for ¢; = 0. Then the

augmented system (15) is (locally) a regular system of d-
index vg = 1.
Proof: The proof is given in [11]. [ ]
Example 4: To clarify the process we consider the exam-
ple of the simple pendulum (of mass 1, length 1, and gravity
g) with system equations given by

Fi(z,2)=p1 —q =0

Fy(2,%2) = p2 — q2 =0

F3(z,2) = 41 + 2mA = (17)
Fy(2,2) = G2 +2p2A +g =

Fs(z,2) =pi+p5—1 =0

where z = [pl P2 @1 Q2 )\}T. The signature matrix is

given by
1 - o - -
_ . -0 -
=0 - 1 - @i,
-0 - W o
mo - - -
where the two possible HVTs are marked by light and
dark gray boxes, and the >-method succeeds with canonical
offsets ¢ = [1,1,0,0,2] and d = [2,2,1,1,0]. Thus, the
reduced derivative array is given by

(18)

P1—q1
P1—q1
D2 — 2
P2 — G2
G1 + 2p1A
G2 +2p2A+g
pi+ps—1
2p1p1 + 2pape
| 2p1f1 + 2P7 + 2papa + 2p3 ]

consisting of 9 equations in 5 unknowns. We choose the HVT
T, marked by the dark gray boxes, assuming that Kk, =
4p:{ > KT, = 4p§. For the first equation, i.e., for ¢ = 1, we
have ¢; = 1 and j; = 3 with (1,j1) € Ty. Therefore, we
introduce one new variable w3 for the derivative of order
o013 + 1 = 1 of the variable z3=q1, i.e., ¢; is replaced by
wi. For i = 2, we have ¢y = 1 and j, = 2 with (2, jo) € T3,
so we introduce one new variable w3 for the derivative of
order oy + 1 = 2 of the variable zo=po, i.e., po is replaced
by w3. For i = 3 and i = 4, we have c3 = ¢4 = 0, so
new variables have to be introduced. Finally, for ¢ = 5, we
have ¢5 = 2 and js = 1 with (5,j5) € Ti. Therefore, we
introduce two new variables w] and w? for the derivative of
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order 051 +1 =1 and 051 + 2 = 2 of the variable z;=p;,
i.e., p1 is replaced by wi and f; is replaced by w?. With
these new variables we get the augmented system

[ wi —q 1

2 1
wi — ws

P2 — q2
w35 — o
wi + 2p1 A
G2 +2p2A+g
pi+ps—1
2p1wi + 2papo
_2p1w% +2(wi)? + 2paw3 + 215%_

=0 (19

with unknowns p1,p2,q1,q2, A\, wi, w?, w3, wi. Now, this
system is regular with d-index vy = 1 and the »-method
succeeds with nonsingular -Jacobian (at a consistent point)
and structural index vg = 1. N

From Theorem 3 we can obtain an d-index 1 system (15)
that is much better suited for numerical computations. In the
following, we call (15) the regularized system. Theorem 3
can also be applied if the X-method overestimates the d-
index as can be seen in the following example.

Example 5: We consider the simple RC-circuit from [10]
described by the DAE system

Cj?l — Ci’Q — X3 = 0,
—Ci'l + C(ﬁz + G.rz = 0,
X1 + V(t) = 0,

of d-index vy = 1. Here, C' and G are positive constants de-
scribing the capacitance and conductance, V (¢) is a smooth
function describing the voltage of the voltage source, x; and
9 are node potentials, and x3 described the current through
the capacitor. The X-method succeeds with ¢ = [0,0,1]
and d = [1,1,0] and structural index vg = 2 > vy = 1.
The extended system is obtained by differentiating the last
equation once and introducing wi for #; resulting in the
augmented system

—Ci9 — 23+ C’w% =0,
Ci9 — Gy — Cw% =0,
1+ V(t) =0,
wi + V(t) = 0.

This system is still regular and of d-index v; = 1, but now
the X-method succeeds with structural index vg = 1. <

The presented approach of reducing the index of a DAE
based on the structural analysis is similar to the Method of
Dummy Derivatives [5], where Pantelides Algorithm [8] is
used to determine the number of times each equation has to
be differentiated. It has been shown in [9] that Pantelides
Algorithm and the Signature Method described above are
essentially equivalent in the sense that, if they can both
be applied and they both succeed (or converge) they result
in the same structural index and the offsets ¢; correspond
to the number of differentiations for each equation Fj as
determined by Pantelides Algorithm. However, while in the

Dummy Derivative Method an algorithm (described in [5])
that is based on selecting certain columns of the Jacobian
to obtain a regular submatrix is described, and the selection
of the variables which derivatives are replaced are based on
this algorithm, in our method the selection of variables is
directly prescribed by the HVT T™ and the offset vectors.
This selection of variables is much easier to achieve and
requires no further numerical computations. As a result, the
selected variables are not necessarily the same and the two
approaches might result in different regularized d-index-1
systems.

Both approaches, the Dummy Derivative Method and The-
orem 3, only work for regular (uniquely solvable) systems.
However, the advantage of using the Signature Method as
in Theorem 3 is the direct success check (i.e., checking the
regularity of the >-Jacobian) that allows the use of the results
for further treatment. In comparison, Pantelides Algorithm
would not converge in cases where the success check of the
Signature Method fails.

With Theorem 3 we can handle systems for which the X-
method succeeds. In case of a coupled system (4) this only
covers d-index-1 system. In the following, we will present
a new approach that can be applied in cases where the
success check of the Y-method fails, i.e., if the system (4) is
structurally singular. We assume that the -method applied
to (4) with appropriate reordering of equations and variables
yields a signature matrix of the form

S 2121 | Z. ~<01 0)
o1 | Yoo <0 | Op,
where
[ 1 <0
I, = € R™*™
| < 0 1]
" 0 <0
0, = ' € R™™,
<0 0

Thus, we have an HVT on the main diagonal with offsets
c=0and d =[1,...,1,0,...,0], and the corresponding
>.-Jacobian is given by

[311312]__[Inz * }
Jo1 [ J22 |7 | 0 Jgy |°
The Jacobian g, = {22 is assumed to be singular, i.e., the
success check fails. Singularity of the Jacobian g, means
that the system (4) is either of d-index larger than 1, or that
the system (4) is non-regular (in particular, if the Jacobian
g, vanishes identically).

Our aim now is to use as much information from the
structural analysis as possible, in order to classify the coupled
system as regular or non-regular and, consequently, to com-
pute a regularized formulation that can be used for numerical
computations. Therefore, at first we have to identify the

21
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equations (and differential variables) that are responsible
for a d-index higher than 1. In a second step, we have
to differentiate these equations and add the differentiated
equations to the original system. For this enlarged system
we can introduce new algebraic variables (for the identified
differential variables) and replace certain derivatives. If the
resulting system is still of high index, we can repeat this
process iteratively.

In order to reduce the numerical effort we first transform
the block 92 of the signature matrix (20) into block upper
triangular form, i.e., by row/column permutation we compute
a block partitioning such that

11§12 $1p
Yy a3 .- 2o
$122
= —0 X
_ 22
222 = ’
sp—1,p
222
pp
—00 —00 Yoy

with square diagonal blocks 3%, = 0. of size N; x N; with
? o Ni = n,. The blocks 27, above the block diagonal
only have entries < 0. Note, that we still have an HVT on
the diagonal after this permutation. The block Joo of the
Y-Jacobian (21) is permuted accordingly to the form

11 ~12 ~lp
Joa  Jor o oo
B 0 j22 .
X 22
J22 =
: ~p—L,p
: . T2
~Dpp
0 ... O Ja9

In the following, the coupled system permuted and parti-
tioned according to the block form of ¥ and J is denoted
by

j":f(tax7z~717"'7gp)7
Ozgl(tax7g17"'agp)a
O:.gp(t7$7g1a"'7gp)a

and 77 = [T .. g0 " = [T ... 7). Not,

that we have only permuted the algebraic variables and
algebraic equations. Now, the singularity of Jj corresponds
to the singularity of some of the diagonal blocks J%, of Jao
and we denote by

J:={ie{l,...,p}]| det(J%) = 0}

the index set of singular blocks J%,. Using this information
we can proceed as follows:

Procedure 1: Given a coupled system (4) with signature
matrix ¥ =: X0, canonical offset vectors ¢ and d, and X-
Jacobian J =: 3°, ¢ = 0.

1) Transformation to block form: We transform the
blocks ¥, and J%, to the block forms 4, and J%,
and determine the index set J? of singular blocks in
J4,. If J9 = () the X-method succeeds with vg = 1
and we proceed with Step 7.

1733

2)

3)

4)

Selection of equations: We need to identify the equa-
tions that are responsible for non-regularity or high
index. For each block (J4,)7/ with j € J? we compute
a smooth matrix function U]q (t,z,7) of pointwise full
rank such that the columns of U} (t,z, ) form a basis
of the null space of ((J%,)7/)7. Let U/(t,z,5) be of
size N; x kj, i.e., kj = dim(kernel(((3%,)77)T)).
Construction of the enlarged system: For each j €
J? we have to differentiate the equations determined
by
Ul (t,x,9)" g;(t,2,5) = 0.

Defining
- d . . T~ _
hj (tv z,Y, $) = % (Ujl(ta x, y)ng (ta x, y))

for all j € J9 we can built up the enlarged system

T — f(t7 x, g) 0

g(t,z,7) =101, (22)
h(t,z, g, ) 0

where

h(t,z, g, &) := [hj(t,z, 7, &)]jepa

collects all added differentiated equations.
Introduction of new variables: For each j € J¢
we have to introduce k; new variables and replace
the derivatives of selected differential variables. The
differential variables are selected based on the sparsity
pattern of the signature matrix

. ho 2
Yp = ;gl 232
Yi N

of the enlarged system (22). For the block ¥, of
size Kq X ng with Ky = . _;, kj, we determine a
transversal

T, = {(17£1)a (2762% B (KQaéKq)}a

where {{1,..., 0, } is subset of {1,...,n,} with {; #
¢; fori#je{l,...,K,} and the value of T}, is

jEede

Val(Th) = Z &ij = Kq with Egl = [5'ij]i,j-
(4,J)ETH

In addition, the condition that the Jacobian
B iy, ... e, | 18 nonsingular at the considered
consistent point has to be satisfied.

If we cannot find a transversal T}, with Val(T},) =
K, and nonsingular hyml sty ] the system is non-
regular and we stop the procedure. Otherwise, each
occurrence of &y in (22) is replaced by a new variable

wy,, for m = 1,..., K, leading to the augmented
system
Fi(t, &, x,g,w) =0, w= [wgl wgm]T.
(23)
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5) Transformation to semi-explicit form: We transform
the augmented system (23) again to semi-explicit form
by permuting the remaining differential variables to the
front positions and the remaining differential equations
to the top, while replacing the (possibly occurring)
differential variables in the newly added equations.
Thus, we get a semi-explicit augmented system of the
form

z= f (ta z, g)a

0 = g(t’ ‘:%7 g)?
with reduced number of differential variables & and
increased number of algebraic variables g.

6) Application of >-method to the augmented system:
We apply the X-method to the augmented semi-explicit
system (24) and obtain the signature matrix X9*! and
Y -Jacobian J7t1. If the ¥-method succeeds with vg >
1 we proceed with Step 7. Otherwise, i.e., if the X-
method fails, we go to Step 1 and proceed iteratively
with ¢ increased by 1.

7) Index reduction: If the >-method succeeds with vg >
1 we can use the index reduction proposed in Theorem
3. If v¢ = 1 we are done and we have constructed a
regularized system.

(24)

Remark 6: 1f the ¥-Jacobian has been nonsingular in the
beginning, the Steps 2.-6. are omitted since J° = (. In
this case, the semi-explicit augmented system (24) is just
the original system (4) and the X-method can be applied
successfully. In each iterative step of Procedure 1 the newly
introduced variables are purely algebraic, i.e., the number
of differential equations is reduced after each iteration and,
thus, the procedure terminates after finitely many steps.

Theorem 7: Consider a coupled system of DAEs (4) that
is composed by coupling two semi-explicit systems of d-
index vy = 1 via the coupling condition (2). If we apply
Procedure 1, then the process terminates after finitely many
steps, either with a resulting regular system (24) for which
the > -method succeeds, or due to observed redundancies in
system (4).

Proof: The proof is given in [11]. [ ]

Example 8: We apply Procedure 1 to the system (6). Here
just one 2-by-2 block X9, is given and

- -1 -1
"32:[1 1]'

We get U} = [_1 as a basis of kernel((3%,)7). Thus, we
have to differentiate the equation

0=—a! —2? -+
yielding

0=—d"—di”—¢ 4+ ¢

Appending this equation to the original system (6) yields the

enlarged system
it =yt 0,
i =y + b7,
0=2+y' +y*+ ',
0= —a' +y' +42 4+

:1-:1_"_:1-;2:0-2 1

(25)

—c.

The signature matrix of this enlarged system is given by

1 —]0 -
- 1|- 0

o= - 0[]0 0 (26)
0 —[0 0
I 1]- —

and we can find the transversal T}, = {(1,1)} with h ;, =
—1 nonsingular. Thus, each occurrence of z; is replaced by
the new variable w; and we get
0=y" —w +b,
i2 =y 4+ 82,
0=a%+yt +42+c,
0=—a'+y' +92+

2= —wy + 2 —él.

27)

The augmented system (27) is again transformed to semi-
explicit form
it =y? + 17,
0=y"—w +b,
0=a? 4yt +92+c,
0=—a'+y' +92+
0=y>4+w — 4+t + b2

(28)

Now, the »-method applied to this new system yields

1/- - 0 -
— 0 — 0
S'=10 |- 0 0 -
-0 0 0 -
— 0 0
with ¢ =[0,0,0,0,0], d = [1,0,0,0,0], and the X-Jacobian
is given by
1 \ 0 0 -1 0
0/0 -1 0 1
J=]0l0 -1 -1 0
0/1 -1 -1 o0

0jo 0 -1 -1
The block form is given by

1jolo -1 o0
) 0l1] -1 -1 0
d=|0fo]-r 0o 1
0l0]-1 -1 0
0lo] 0 -1 -1
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and we have

1[-1 -1 0
1 | 0]|-=1 0 1
V2= g1 1 o
0l 0 -1 -1

with det(J3,)%2 = 0. A basis of the kernel of ((J1,)?2)7 is
given by

U21 =|-1 )
1
such that we have to differentiate the equation
0=—a?+b —ct +ét — 2 4+b2,
giving _ .
0=—22+b' —¢' +&' — & + b2
The extended system is given by
i = o2 402,
0= y1 — w1 + bl»
0=a®+y' +42+c,
0=—a'+y' +9°+
0=y>4+w — &+ + b2,
i? =t — ¢t - b

The signature matrix for the extended system is given by

1]—- — 0 -
“=— 0 — o0

T N

5= _lo 0 0 - (29)
B - 0 0
1 = — — =

and we can find the only transversal T;, = {(1,1)} with
h i, = —1 such that each occurrence of &3 is replaced by
the new variable wo and we get the purely algebraic system

0=y?—wy + b,

0=y"—wy +0',

0=2a%+y" +y2+c,
0=—2' +y' +y%+
0=1y>+w — & +¢é' +b%
0=—wy +b' — ¢ &t — &2 402

(30)

Now, for this system the ¥-method succeeds with structural
index vg = 1. N

Remark 9: In each iteration of the described procedure the
signature matrix for the augmented system can be obtained
efficiently from the signature matrix of the previous step.
Furthermore, the information on the HVT and on the offsets
can be used to speed up the structural analysis for the
augmented system. Also the regularity of Jj has to be verified
already during the success check of the X-method, thus, the
required null space information of J is already (partially)
available. Thus, the described procedure requires relatively

low additional computational effort.

For the coupled system considered in the Examples 1,2
and 8 the behavior of the simulation environments OPEN-
MODELICA, DYMOLA and MAPLESIM has been compared
in [11]. Even for this simple problem it shows that these
environments can fail to compute a numerical solution due
to the structural singularity, while the regularized formulation
(30) can be integrated successfully in all environments. For
details see [11].

IV. CONCLUSIONS

Considering simple coupled systems of semi-explicit d-
index-1 DAEs (4) has revealed that an index reduction based
only on structural information cannot reliably handle these
kind of structurally singular systems. However, these kinds
of algorithms, e.g., Pantelides Algorithm in combination
with the Dummy Derivative Method, are used inside many
simulation environments as e.g. DYMOLA, OPENMODEL-
ICA or MAPLESIM. Our new combined structural-algebraic
approach allows to handle structurally singular systems and
thus improves the treatment of high-index DAEs. Here, the
somewhat expensive computation of projections onto the
corresponding subspaces is only required if the structural
analysis cannot handle the problem. Using additional infor-
mation from the structural analysis, even if the success check
fails, allows to select equations/variables more efficiently.
Moreover, we can detect non-regularities in the system. The
application of a similar structural-algebraic approach for
more general system, in particular for quasi-linear DAEs,
is currently under investigation.
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