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Constrained Linear Quadratic Control in Networks with Limited
Model-Information Sharing*

Iman Shames, Michael Cantoni

Abstract— The problem of finite-horizon linear quadratic
control in a network of interconnected systems is studied. A
gradient based algorithm is considered to solve the problem.
Network structures are identified where the iterations can be
calculated on a subsystem-by-subsystem basis in terms of model
information from only a local subset of nodes in the network.

I. INTRODUCTION

The study of large scale dynamical systems has gained
much attention in recent years. Power networks, water distri-
bution networks and transportation networks are examples of
such systems. Particularly, an important problem of interest is
to achieve a control objective with respect to a performance
index. Many of the available results on controlling networks
of interconnected systems do not assume any constraints on
the availability of global model information among subsys-
tems, see [?], [?], [?], [?]. However, in many cases it is
desired to achieve the same objective while the information
availability or communications among the subsystems are
restricted by the structure of the system. This might arise in
situations where the privacy of subsystems is of importance
[?]. For example, situations where subsystems are willing to
provide their model data to only a subset of other subsystems
in the network or when they are not willing to provide their
internal states to other systems, e.g. [?] can be considered as
scenarios where privacy is of essence. This paper is another
step in this direction.

We consider the problem of constrained quadratic control
in a network of heterogenous coupled linear systems with
constraints on the control variables. The coupling is modelled
by a directed graph called the interconnection graph. More-
over, we call the undirected version of the interconnection
graph, the network graph. The optimal control problem
is formulated as a static quadratic program by stacking
the variables over the finite horizon and is solved through
the implementation of a projected gradient scheme. The
corresponding iterates are structured in the sense that there
is one distinct update calculation required for each sub-
system control input sequence. The information required to
calculate the update for each sub-system is modelled by an
undirected graph called the optimisation graph. The main
contribution of the paper is to identify the required model
information and communications at each sub-system to be
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able to implement the iterations of the scheme locally for
different interconnection graphs.

Taking advantage of the structure of the problem to solve
optimisation problems is not new. However, in many of
the existing methods, the computations carried out at each
node either require some global model information about
the system, or a local version of other decision variables
need to be stored at each node. For example, the collection
of all constraints when these are heterogeneous in [?], the
collection of all decision variables from the previous iteration
in [?], [?], or local copies of the decision variables of the
neighbours [?]. This paper generalises the results presented
in [?] and considers different levels of model information
sharing between the subsystems that make up the network.
In other words, the main objective of this paper is to identify
the information exchange requirements for different inter-
connection graphs to solve problems without introducing any
new variables, e.g. variables that enforce equality constraints
along the links connecting subsystems to each other.

The outline of this paper is as follows. After introducing
the notations used in this paper, Section ?? describes the
problem of interest and provide all the required definitions.
The solution to the problem introduced in Section ?? is
presented in Section ??, where those interconnections where
iterations at each subsystem can be calculated via access to
the model information of a subset of other subsystems are
identified. Concluding remarks and future directions come in
the end.

Notations.: In this paper capital letters are used to
denote linear operators, small latin letter and greek letters
represent vectors and scalars, and capital calligraphic letters
represent sets, except for the well-known set R of real
numbers. The cardinality of a set A is denoted by |.A|. Indices
indicate a variable that is local to a sub-system with the
same index. The superscript k is used to mean the value
of the variable at the k-th iteration. Moreover, A;; is the
ij-th block of block matrix A, and a;; is the j-th entry of
vector a;. For integer variables ¢ = a : b means the same as
i=a,a+1,...,b for integers a and b. We write A > 0 if
A is symmetric positive definite, and we write AT meaning
the transpose of A. Moreover, A ® B denotes the Kronecker
product of A by B. By z(t) and z(t; : t3) we mean the
value of variable x at time ¢ and the concatenation of values
of variable x at times t = t; : to, respectively.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider n interconnected discrete-time systems in set
V = {1 : n} where each system ¢ € V is described by
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where xz(t) € RP:, ul(t) e R™i, ’Ui(lf) € R%, A;; € RPixpi,
B;; € RPi*™i_for some positive integers p;, m;, S;, ;(to) =

&, and
Z Bjju(t Z Ay (t
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where B; and A; are coupling matrices of appropriate
dimensions. The interconnection constraint (??) characterises
the directed links between system ¢ and systems in the set
N, and we assume that for any interconnection between ¢
and [ only one of B; or A; is nonzero. Additionally, let

N = {lli € N7},

Definition 1. Let C be either a directed or undirected non-
empty graph. A path is a non-empty graph Cp = (Vp,Ep) C
C of the form Vp = {i}k_, and &, = {(]Z,jl+1>};€;11 , where
{j1,-++ ,jr} is a permutation of {1,--- ,k}. The vertices
Jo,-++ ,jk—1 are the inner vertices of Cp. An undirected
(directed) graph is connected (strongly connected) if there is
a (directed) path between any pair of vertices. Furthermore,
every sequence of edges that form a closed path in C and
do not visit the same node twice, except the start/end node,
is called a (directed) cycle.

Definition 2. The network of systems described by (??)
and (??) can be modelled as a directed interconnection
graph Z = (V,E&z), where the vertices of the graph are
the (sub)systems, an edge connects two vertices if they are
coupled, i.e. Er = {(1,i)|l,i € V,l € N}, N is the set
of in-neighbours of © and ./\/;-‘|r is the set of out-neighbours
of 1.
Definition 3. The undirected graph G(V, &) such that £ =
Ex U{(4,9)|(2,7) € E} U{(4, 1)} is called the underlying
network graph of Z. Moreover, we call the set NY C V the
¢-hop neighbour set of node i where v € N if there is a
path of length at most £ between i and v, particularly N} =
NTUNT.

Given a horizon length 7 > 1, for each system ¢ and for
t:t0+11t0+7',

’U,,j(to . to +T* 1)

zito+1:tg+7)= [Gl H; Ll] vt :to+7—1)
&i
3
where Gz = El(B“), Hz = EZ(I),
A 0 0
_ AuA A 0
Zi(A) = : Sl
ATTIA ATTZA A
A
and L; = . | - For ease of notation x;, u;, and v; are
A,

used to denote x;(to + 1 : to + 7), u;(tg : to +7 — 1), and
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vi(to : to + 7 — 1), respectively. Thus, (??) becomes
u;
X; = [Gz Hz Lz] V;
&
Consider the aforementioned interconnected systems.
Given 7 > 1, define

“4)

n to+T1
f(ulv"'v Z Z fl:r’b ))
i=1t=tp+1
n to+T1
,Z D> wi(t) " Qimi(t) +ui(t — 1) Rywa(t — 1)
1=1 t=to+1

(&)

for known @; > 0 and R; > 0. Additionally, consider the
following constraints

ul(t) Eui(t), i1=1,....n (6)
where U;(t) are convex polytopes'. Equivalently
w, e, i=1,...,n 7

Let pg > 0 be such that V2f(uy,...,u,) < pgll. Then
the following iterations converge to the minimiser of (??)
subject to the constraints (??), see [?] for more details:

uFt = [uf - pV f(uf,. .. ,u,’i)]u ®)
where
[a]u = argmin ||1_l’ - p’” (9)
s.t. uwel,

and 0 < 0 < p < 2pg — o for some positive real scalar o.
Note that choosing p requires having some global knowledge
about the cost function, namely an upper bound on the largest
eigenvalue of the hessian. This is commonly assumed in the
literature, e.g. see [?], [?].

We have the following definition.

Definition 4. Given an interconnection graph I, we denote
the -hop model information available to i at time k by

K{ (k) £{Aij, Bij, Q5, &} jenrogy LR Ui}
U{uﬁ}jej\ffu{i}'

Problem 1. Characterize the interconnection graphs 1L for
which the iterates u¥ in (??) can be computed using only
KC4(K), given values of L.

(10)

III. NETWORKED CONSTRAINED FINITE-HORIZON
OPTIMAL CONTROL

Initially in this section we consider the case where systems
are coupled through their control signals, then we shift our
focus to the case where the coupling is achieved via the state
variables.

'Note that 2/; being polytopes is not essential.
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A. Coupling Through Controls

Let the polytopic constraint u; € U; fort =to+1:tg+7

and ¢ = 1 : n be characterised by

for some known S; and ¥;, 1 =1 : n.
First, consider the scenario where the intersystem coupling
is through the control inputs of the neighbouring systems;

that is,
vi(t) = Z Biju(t).
leN

12)

In this case, the objective function (??) can be rewritten as

1
f(u) = guTHu +u'm+ec
where u = [u],...,u,}]" and the matrix II, the vector T,
and the scalar c are given by

(13)

JEN

0, =1,=G/QHB;+ >  BjH QHBy,

le{llijeNT }
hj=1:n,i#j
(14)
m= > BuH QL& + G/ QL& i=1:n
jeN;t
1 < (15)
c= §;fiTLiTQiLz‘€i7 i=1:n.

with B;; £I® B;j, Q; 21®Q;, and R; 2 I® R;.

Definition 5. Let the undirected optimization graph O(II) =
(V,€o0) be such that (i,5) € Eo iff IL;; # 0 in (2?).

Moreover,

Ji(k) 2{Aij, Bij, Q5. & e, | J{Ri Ui}

. (16)

U{uj }jEMi

where M; = {j: (i,j) € Eo}.

The iteration (??) can be written as
Uu;

u?"rl = uf —p Z 1__[”1.13c —+ 75 1=1: n,

{ilGi.5)€€o0}
(17)

where

Addressing Problem ?? for the case where uf is calculated

via (??) and (2?) involves identifying interconection graphs
7T such that both equations (??) and (??) can be evaluated
using KC¢(k).

The following result on the interconnection graph facili-
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tates addressing Problem ??.

Theorem 1. Consider information sets K¢ (k), J;(k), and TT
described by Definitions ??, ??, and (??), respectively. The
following statements hold
(i) For the case where { = 0, J;(k) = K!(k) coincide if
and only if the edge set £1 is empty.
(ii) For the case where { = 1, J;(k) = K!(k) coincide if
and only if for all pair (i,j) such that {i,j} C N,
I =1:n, then either (i,j) € Ez or (j,1) € &1
(iii) For the case where { > 2, Ji(k) C Ki(k) for all
interconnection graphs I.

Proof: Note that Kf(k) = J;(k) if and only if N} =
M. Now we proceed by considering each case of ¢. For
{=0, /\/'f = M, holds only in the case where M; = (). In
light of (??), this only holds where N,” = {) for all i € V.

For ¢ = 1, by definition (4, 7) and (j,4) are in o if the
corresponding block II;; is nonzero. From (??) it can be seen
that II;; is generically nonzero if and only if ¢ and j both
lie in V;~ for some [ € V. Hence, (i, j) and (j,4) belong to
Eo. On the other hand both edges (7,7) and (7,7) are in £
if and only if either (¢,j) € &z or (j,i) € Ez. Thus, Eo =&
and consequently O = G.

Now note that generically

M =N; U{l : i,j € N7 YU {i}

Moreover, for any [ € M, there are three distinct possibil-
ities: (1) there is path of length 0 if [ = 4, (2) there is path
of length 1 if [ € N;, or (3) there is a path of length 2 if
le{l : i,j€N,je N} Thus, M; C N2 On the
other hand, N? C N, for £ > 2. Hence, M; C N/ for all
¢ > 2. Tt follows immediately that 7;(k) C K¢(k) for £ > 2
and all interconnection graphs Z. (|

Next we address Problem ?? for the case where the
coupling is through control signals and only the control
signals are constrained.

Corollary 1. Consider n interconnected discrete-time sys-
tems with the interconnection graph 1 where each system
i € Vis described by (2?), (??), and (??). Each uf i=1:n,
in (2?) can be computed using K¢(k) if

(i) £ =0, and the edge set E7 is empty.

(ii) ¢ = 1, and for all pair (i,j) such that {i,5} C N;,

l=1:n, then either (i,j) € £z or (j,1) € &7.
(iii) € > 2.

Proof: Note that (??) can be evaluated by ¢ using only
U; for any u. Thus, computing the update (??) for system
¢ involves only J;(k). Hence, (??) can be computed using
KCi(k) if Kf(k) € Ji(k). Applying Theorem ?? completes
the proof. (]
For the rest of this section we consider the case where
¢ = 1. Specifically, we study the scenarios where Problem
?? can be solved using 1-hop neighbourhood information.
The following result identify well-known graph categories
where Problem ?? can be solved when ¢ = 1. Note that
the conditions for J;(k) Kl(k) are the same as the
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O—Q

(a)

(b)

Fig. 1. Examples for different interconnection graphs with satisfying the
conditions of Theorem ??.

conditions for @ = G. In what follows, some well-known
interconnection graphs that result in O = G are presented.

Remark 1. Consider graphs G and O described by Defini-
tions ?? and ??, respectively. The underlying network graph
G and the optimisation graph O coincide for the following
graphs: (1) T is any power of a rooted tree on V, (2) T is
any power of a simple directed cycle, (3) G is a complete
graph, regardless of the orientation of the edges in I, where
a rooted tree is a directed graph such that the underlying
undirected graph has no cycles and all the edges point away
Jfrom the root, that is the vertex with in-degree equal to zero.
The p-th power of a graph C is a graph with the same set of
vertices as C and an edge between two vertices if and only
if there is a path of length at most p between them in C.

Example interconnection graphs satisfying Theorem ?? are
depicted in Fig. ??. The graph of Fig. ??(a) is a rooted tree
and the one depicted in Fig. ??(b) is the square of a directed
cycle.

In light of Corollary ??, it is possible to construct an
algorithm to check if a given interconnection graph Z admits
a solution for Problem ?? under the coupling described by
(??) where each iterate (??) can be calculated at each ¢ for
¢ = 1. The worst case computational complexity of such an
algorithm based on Theorem ?? is of order n3.

Moreover, it is possible to devise a method to add new cou-
plings to a network with Z satisfying the condition of Corol-
lary ??, i.e. adding new edge to Z, without compromising the
ability to solve Problem ?? under the coupling described by
(??) distributedly. Similarly one can describe how a coupling
can be removed from a network, i.e. removing an edge from
T, such that Problem ?? under the coupling described by (2?)
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Fig. 2. Adding a system to a network under Algorithm ??.

admits a distributed solution for the resulting interconnection
graph. Such edge additions and removals are characterised
next in Algorithms ?? and ??. And example for adding one
node to a graph under Algorithm ?? is depicted in Fig. ??.

Algorithm 1 Adding a new edge (i, j) to the network graph

7.

Require: G = O, « = true {. represents the possibility of
solving the optimal control problem using local informa-
tion only.}
for [ € N;” do

if 1 ¢ N
L < false
break
end if
end for
if . = true then
Er + Er\U{(i,5)} {edge (4,7) is added.}
end if

I ¢ N;7) then

and

Algorithm 2 Removing an edge (i,j) from the network
graph 7.

Require: G = O, « = true {¢ represents the possibility of
solving the optimal control problem using local informa-
tion only. }
forl €V do

if 1 ¢ N,
¢ + false
break
end if
end for
if . = true then
Er +— E2\{(4,7)} {edge (i,7) is removed.}
end if

and

Jj ¢ N;7) then

It is possible to devise similar guidelines to connect or
remove new systems to the network, i.e. adding new vertices
to or removing vertices from Z. By applying Algorithm ??
to add edges and similar guidelines to add vertices to one of
the graphs described in Theorem ?? it is possible to construct
different Z that results in G and O coinciding.

B. Coupling Through States

Now, the case where systems are coupled through states
is considered, i.e.

vit) = Y Aqmi(t).

leEN]

19)
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The network can be described by

x(t+1) = Az(t) + Bu(t) (20)
where  z(t) = [z1(t), ..., 2o () T]T,  ul(t) =
[ui(t), ..., un(t)T]", and

All .- Aln
A= s B:diag(Bu,...,B,m)
Anl Ann

Let M(t) £ At. Then for t =to+1:t9+ 7

n t—1
L‘l(t) = Z Mij (t7t0)€j+ Z Z Mij(k‘fto)BjUj(kfto).
j=1 k=to j=1
In what follows we briefly study the structure of A and
its powers. Note that the sparsity pattern of A is the same
as the adjacency matrix of Z with each node having self
loops, i.e. the ij-th block is nonzero if (j,i) € &z or if
i = j. Consequently M (t) = A' exhibits similar properties
to those of the powers of the adjacency matrix of a graph for
generic values of Aij, 1,7 = 1 : n. Particularly, the sufficient
condition for the ij-th entry of A to nonzero is the existence
of a path of the length ¢ between systems ¢ and j.
One can again rewrite (??) in the form
= 1u—rﬁu +u'T+ c,

flw) = 3

where 11 is a positive definite matrix, 7 is a vector, and ¢ is
a scalar. However, the exact expression of II and 7 depends
on the interconnection graph and varies between networks
with different interconnection graphs.

2

Theorem 2. Consider the horizon length T, model informa-
tion sets Kt(k) and J;(k) described by Definitions ?? and
2?2 respectively, and 11 in (2?). The following statements hold

(i) For the case where { = 0, J;(k) = K!(k) coincide if
the edge set E1 is empty.

(ii) For the case where £ = 7 —1, J;(k) = Kt(k) coincide
if for all pair (i,j) such that {i,j} C W[, l=1:n,
where WY is the set of all nodes with a path of length
less than or equal to T fo I, then either (i,j) € E1 or
(4,4) € &7.

(iii) For the case where £ > 2(1 — 1), Ji(k) C K!(k) for
all interconnection graphs I.

Proof: Note that z; (t)Qz;(t) is equal to (??). For
ﬁij to be nonzero it is sufficient that the coefficient of the
cross term u; and u; is nonzero. This in turn is true if there
exists a ¢ where the cross term of w;(¢) and u;(¢) is nonzero.
From (??) this is true if there exists a k € {tc +1:to+ 7}
such that either (1) M,;(k —to) is nonzero, or (2) for some
I, Myi(k —to) "QiM;;(k — to) is nonzero. Now, for (1) to
be true it is enough that i € A =1 additionally, (2) holds
if there exists a node [ such that both i and j are in W/ ~*.
As a result if for all pair {,j} C W/ ™', there is an edge
between i and j then J;(k) = K¢(k).

To prove (iii) we again note that M; C ]\/f(Tfl) u {i}
and consequently M; C N2 U {i} for all £ >2(7 —1). O
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As before we address Problem ?? for the case where
the coupling is achieved via the states signals and only the
control signals are constrained.

Corollary 2. Consider n interconnected discrete-time sys-
tems with the interconnection graph I where each system
i € Visdescribed by (2?), (??), and (??). Each uf i=1:n,
in (??) can be computed using Kt (k) if

(i) For the case where { = 0, J;(k) = K!(k) coincide if
the edge set E1 is empty.

(ii) For the case where £ = 7 —1, J;(k) = K!(k) coincide
if for all pair (i,7) such that {i,j+ C Wf, 1 =1:n,
where Wf is the set of all nodes with a path of length
less than or equal to T to |, then either (i,j) € £z or
(4, 1) € &1

(iii) For the case where { > 2(1 — 1), Ji(k) C Kt(k) for
all interconnection graphs I.

For some values of 7, there are certain interconnections
where graphs G and O coincide. One of such scenarios is
when 7 = 1 for all Z graphs. Moreover, for 7 = 2 if for
all pair (¢,7) such that {¢,5} C N,7, I = 1: n, then either
(i,7) € &z or (j,i) € & then G = O. Additionally, if the
interconnection graph is a star graph regardless of the choice
of 7 then G = O. Note that this does not violate the statement
of Theorem ??, as W/ is the same for all the values of £ > 1.

The aforementioned statement alludes to the ease of cal-
culating one step-ahead policies when couplings are through
state variables.

C. Coupling Through Controls and States

We conclude this section by considering the couplings of
the form

vi(t)= > Aum(t)+ Y Baw(t). (23)
leN leN
As the previous two cases (??) can be written as
1 =~ ~ o~
f(u)=-zu'Tlu+u'7+¢ (24)

2

for II being a positive definite matrix, T being a vector,
and ¢ being a scalar. The following result characterises the
generic situations where the iterations can be calculated at
each subsystem with couplings described by (2?).

Corollary 3. Consider n interconnected discrete-time sys-
tems with the interconnection graph I where each system
i € Visdescribed by (?), (2?), and (??). Each uf i=1:n,
in (??) can be computed using K¢(k) if

(i) For the case where £ = 0, J;(k) = Kt(k) coincide if
the edge set E1 is empty.

(ii) For the case where { = 7 —1, Ji(k) = K!(k) coincide
if for all pair (i,7) such that {i,j} C Wf, l =1 :n,
where Wf is the set of all nodes with a path of length
less than or equal to T to |, then either (i,7) € £z or
(j, Z) €é&r.

(iii) For the case where £ > 2(1 — 1), Ji(k) C K¢(k) for
all interconnection graphs T.
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T

ol (DQuan(t) = | Y Mi;(t — to)g;
j=1 j=1
T

j=1

t—1 n

+ [ D0 My (k — to) Bju,(k — to)

k=to j=1

As it can be seen the characterisation is identical to the
case where couplings are only through state variables. The
reason for it is that the existence of edges in the optimisation
graph is influenced predominantly the state couplings.

IV. CONCLUDING REMARKS AND FUTURE DIRECTIONS

In this paper the problem of constrained finite-horizon
quadratic control for interconnected systems through im-
plementing a projected gradient iterative scheme has been
considered. Particularly, It was established when the itera-
tions can be calculated via having access only to the model
information of a subset of systems in the network it out to
need any extra variables. Moreover, the relationship between
such subsets and the interconnection graph of the network
was identified. Studying the case where the state variables
are constrained is a future research direction.
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