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Real algebraic geometry studies sets of the form

K{Ql ----- Qm} = {[E € Rd | gl(x) 2 07 s 7gm(x) Z 0}7
where d € N and ¢1,...,9n € Rlzy,..., 24, and the corresponding
preorderings
Tigrgn)y =1 D Cogi' g |- €D Rloy, ...z},

e€{0,1}™

Its most fundamental result is due to Krivine and Stengle:

Theorem A. For every f,g1,...,9m € R[xq, ..., 24| we have that:

(1) Kigygmy = 0 iff =1 € Tigy... g3

(2) f(x) >0 for every x € Ky, . g,y tff there exist t,t' € Ty, . g3
such that ft =1+t

(3) f(x) >0 for every x € Kyg,, . gy iff there exist t,t' € Tyy, g3
and k € N such that ft = f2 +t'.

gm} Af there exists k € N such
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77777

,,,,,

Assertion (2) is called the Positivstellensatz, assertion (3) the Nicht-
negativstellensatz and assertion (4) the semialgebraic Nullstellensatz.

We would like to extend this theory to matrix polynomials of fixed
sizen € N, i.e. from thering R[xy, ..., z4] to the ring M, (R[xy, ..., z4])
of all n x n matrices with entries from R[zy, ..., z4]. We will consider
sets of the form

oy = {r €RY [ Gi(2) = 0,..., G(x) = 0}

where Gy, ..., G,, belong to the set S, (R[xy,...,z4]) of all symmetric
matrices from M, (R[zy,...,24]) and “> 0”7 means “is positive semi-
definite”. We will define the corresponding preordering Tig,....g,.} €
Sn(Rlzy, ..., z4]) as the smallest quadratic module in M,,(Rxy, ..., z4])
which contains Gy, ..., G, and whose intersection with with the set
Rlzy, ..., z4] I, (where L, is the identity matrix) is closed for multipli-
cation. Then we will prove the following generalization of the Krivine-
Stengle theorem:
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Theorem B. For every F,Gq,...,G,, € Sp(R[z1,...,24)) we have
that:
(1) K{G1,.-.,Gm} =0 iﬁ —I, € T{G1,...,Gm}-
(2) F(x) is positive definite for every x € Kq,,..a.} if there exist
B,B’ € Tg,...g,} such that FB = BF =1, + B’.
(3) F(xz) = 0 for every x € Kig,, .G} if there evist B,B' €
TiG,,..Gny and k € N such that FB = BF = F?* + B'.
(4) F(x) = 0 for every x € K, ,..a.} iff there exists k € N such
that —F2F c T{Gl,---7Gm}'
The element B from assertion (2) can always be chosen from the set
Rlzy,...,zq4] - I, while the element B from assertion (3) cannot.

The main step in the proof of Theorem B is the reduction to the case
where Gy, ..., Gy, belong to Rz, ..., z4] - L.
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