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Structured Singular Values versus Diagonal Scaling: the
Noncommutative Setting
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Abstract— The structured singular value (often referred to
simply as p) was introduced independently by Doyle and
Safanov as a tool for analyzing robustness of system stability
and performance in the presence of structured uncertainty in
the system parameters. While the structured singular value
provides a necessary and sufficient criterion for robustness with
respect to a structured ball of uncertainty, it is notoriously
difficult to actually compute. The method of diagonal (or simply
”D”) scaling, on the other hand, provides an easily computable
upper bound for the structured singular value, but provides
an exact evaluation of . (or even a useful upper bound for ;)
only in special cases. However it was discovered in the 1990s
that enhancement of the uncertainly structure to allow what can
be interpreted as time-varying uncertainty (equivalently, letting
the uncertainty parameters be freely noncommuting operators
on an infinite-dimensional separable Hilbert space) resulted in
the D-scaling procedure leading to an exact evaluation of y.
This report discusses recent refinements of these results.

I. INTRODUCTION

We recall the definition of the structured singular values
introduced independently by Doyle [10] and Safanov [20];
see [23] for a thorough more recent treatment. Let N be a
positive integer with a partitioning N = n; + --- + ng +
mi + --- + mp for positive integers n; (¢ = 1,..., K) and
m; (j = 1,...,F). We let A denote the set of N x N
matrices of the form

A :{diag[(sll’nm LR 5KInKa Ah RN} AF] :
(51' S (C, Aj S (ijxmj}. (1)
For an N x N matrix M € CN*N_we define the structured
singular value of M by

1
min{||Al]: A€ A, 1 €a(MA)}’

pa(M) = 2
where in general o(X) denotes the spectrum of the square
matrix X. Motivation for this notion comes from robust
control theory (see [23], [11]). In the case where K = 0
and F' = 1, the structured singular value pa (M) collapses
to the largest singular value &1 (M) of M or, equivalently,
the induced operator norm of M as an operator on CV,
where C¥ is given the standard 2-norm. A key property of
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the largest singular value from the point of view of systems
and control follows from the Small Gain Theorem.

Theorem 1.1 (Small Gain Theorem): Let M & CN*N
such that 51(M) < 1. Then I — AM is invertible for all
A with || Al < 1.

The systems and control interpretation of this result is that
o1(M) < 1 implies that perturbation of the ‘plant’ M with
a multiplicative perturbation A does not affect stability of
the closed-loop feedback as long as ||A| < 1.

There are many applications in which the uncertainty
parameter A is known to carry some structure, as in (1). In
these cases it is enough that the structured singular value
ua(M) be less than 1 to guarantee the maintenance of
stability against structured multiplicative perturbations A €
A with ||[A]| < 1.

However, it turns out that the structured singular value
ua (M) is notoriously difficult to compute in a computation-
ally efficient and reliable way. Indeed, computing the exact
structured singular value pa (M) is an NP-hard problem (see
[8D).

There is a convenient upper bound for pua (M), namely
fia(M), defined as follows. We let A’ be the commutant of
A:

A'={DecCVN.:DA=ADforall Ac A}. (3)
We then set
fa(M) =inf{|DMD™||: D € A" and D invertible}.

It turns out that ia (M) can be computed accurately and
efficiently. Indeed, to test whether fia (M) < 1 it suffices
to find a positive definite matrix P € A’ which solves the
structured Stein inequality

M*PM — P <0.

Note that the condition P € A’ is equivalent to P having
the block diagonal form

P = dlag[Plv '7PK7p1Im17"’7pFImF}7

where P; is a positive definite matrix of size n; x n; (for
t=1,...,K) and p; a positive number (for j =1,..., F).
This puts the computation of fia within the framework of
the MATLAB LMI toolbox.

While the general inequality pua (M) < fia (M) is easily
derived, actual equality holds only in very special cases. In
particular, equality holds for all M with respect to a given
choice of structure specified by nonnegative integers K and
F asin (1) if and only if 2K + F < 3 (see [18], [23], [11]).
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Moreover, even with K and F' in (1) fixed, there is in general
no bound on the gap between pa (M) and its upper bound
1A (M); see [22]. Thus the compromise of using fia (M)
as a substitute for pa (M) can be arbitrarily conservative.

However, if the structure is relaxed by letting the uncer-
tainty parameters ¢; € C and the matrix entries [A}], 3 €
C be operators on a separable infinite-dimensional Hilbert
space, say ¢2, then the modified p is equal to its easily
computable upper bound. To make this precise, we introduce
the enhanced structure

3 = {dlag[gl ® I(Cnl yee ,gK (9 I(C"LK,Al, .. .,KF}} (4)

where each 0; € L(¢2) and each A; € L([(2]™). Here
[¢2]™3 denotes the mn;-fold direct sum of ¢* with itself. We
replace M € CN*N with M = I @ M € L([(?]V) and
define a new variation on u(M) by

pa(M) = pg(Le @ M).
It turns out that the two notions of fi are the same:
iz (le ® M) = fia(M).

and hence the common value fia (M) is easily computable.
The remarkable result is that this relaxed structured singular
value is always equal to its easily computable upper bound,
ie.,

fa(M) = pa(M). ®)

This result can be found in the dissertation of Paganini [19];
the complete proof, as thoroughly elucidated in the book [11]
(at least for the case where K = 0) draws on earlier ideas
and results from Megretski-Treil [17] and Shamma [21]. Also
there is an interpretation of the quantity jz as robustness with
respect to an enlarged block-structured uncertainty (see [11,
page 246]).

As elegant as this result is, it is incomplete from a
conceptual point of view since the structure given by (1)
is limited in two respects:

(L1) There is an asymmetry between the scalar blocks and
the full blocks in (1). A scalar block §,;I,, can be
considered as a full block with size m; = 1, but
with a repetition (or multiplicity) of n; possibly larger
than 1 allowed. On the other hand, the full blocks A;
are considered to be independently arbitrary with no
repetitions allowed.

(L2) All blocks are considered square. There are interesting
multidimensional input/state/output systems where this
same structure occurs but with nonsquare blocks (see
(4], [5D.

To remedy these limitations, we introduce a more general
uncertainty structure based on a specific kind of bipartite
graph in the next section, and we define the analogues of
ua and jia for this setting. In Section III we illustrate
this structure with two examples. Section IV contains the
definitions of the extended structure and the analogue of jia,
and it is argued here that the equality between the relaxed
1 and its upper bound fia still holds in this more general

framework. Complete details will appear in [7]. The paper
concludes with a section that consists of general remarks and
observations.

II. THE GRAPH FORMALISM SET-UP
A. The graph

Throughout let G = (V, E) be a finite simple bipartite
graph such that each path-connected component of G is a
complete bipartite graph. Here /' denotes the set of vertices
and F the set of edges. Since G is a bipartite graph, the
vertex set V' admits a decomposition V' = S U R, with
S N R = (), such that each edge e € E has one vertex
in S (the source side) and one vertex in R (the range side);
the vertex in S will be denoted by s(e) and the vertex in
R by r(e). We write P for the set consisting of G’s path-
connected components, and for a vertex v € V we write
[v] to indicate the path-connected component that contains
v. For each p € P we denote its vertex set and edge set
by V,, and E,, respectively. Each path-connected component
p € P of GG is also a simple bipartite graph and its vertex set
V}, can be decomposed as V, = S, U R, with S, = S5NV,
and 1%, = RN V,. By assumption, each p € P consists of
all possible (nonoriented) edges connecting a vertex in .9,
with a vertex in R,, and no edge of GG connects a vertex in
Sp U R, with a vertex in S,y U R, if p#p/.

B. The uncertainty structure.

Next, with each path-connected component p € P we
associate a C*-algebra A, represented concretely as a C*-
subalgebra of L£(7{,) for some separable Hilbert space #,,.
We will also encounter the commutant of A, in L(H,)

which we shall denote by A :
A, ={T € L(H,): AT =TA, for each A € A,}.

We set H, = Hj,) for each v € V' and we further introduce

the spaces
Ho=EPH., MHs,=EPH. (peP),
ses s€S, (6)
He=EH., Hr,= PH (eP).
reR rER,

For s € S we write ¢, for the canonical embedding of H(
into H s that maps H[,; onto the component in the direct sum
Hs in (6) indexed by s via tsh = @y (ds,sh) for h € Hiy
(with d, 5 equal to the Kronecker delta). Similarly, for r € R
we write ¢, for the canonical embedding of H|,) into Hg.
Note that ¢s (resp. ¢) acts on H[q (resp. H[,)) and not on
Hs (resp. H,), so that for an e € E the product Ls(e)L:(e) is
properly defined.

We now define the set A associated with the graph G
and C*-algebras A, p € P, by

Ag={Zc(A): Ae Ag} C L(Hr,Hs), @)

where

Afp = {(Ae)eeE : Ae S A[s(e)]}
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and Zg : Ag — L(Hg,Hs) is the map given by
Za(A) =) 1yl (A= (Adecr € Ap). (8)

ecE

Note that this notation is somewhat condensed: the set of
operators A in (7) depends not only on the admissible
bipartite graph G but also on the choice of the C*-algebra
A, and assignment of Hilbert space H, such that A, is
represented as a C*-subalgebra in £(7,) for each connected
component p of the graph G.

The set A forms the replacement of A in (1). Its
elements are in general non-square, hence it takes care of
the limitation mentioned in (L2). That the limitation of (L1)
is also taken care of will become clear from the examples
discussed in Section III.

Since the elements of Ag can be non-square, we cannot
work with its commutant, like we did with A in (3). Instead
we will make use of the intertwining space

e ={(X,Y)€e L(HR)XL(Hs): ZX =Y Z, Z € Ag}.

€))

In this case, one can prove that the operators X and Y in a
pair (X,Y) € Ay, take the form

X =Y ,Tpr and YV =) 1Tl
reR seS

where for each p € P the operator I', in in A;. Moreover,
any pair (X,Y) with X and Y of this form is in Ag.

C. The structured singular value and its upper bound

With Ag C L(Hg,Hs) the structure defined in the
preceding subsection, we define the pg-structured singular
value of an operator of M € L(Hg,Hg) as in (2) but with
Ag as in (7) in place of A:

1
min{||[All: A € Ag, 1 € 6(MA)}
The analogue of the D-scaled version of p is defined as

fia(M) = f{| XMY [ (X,Y) € AG}.

pa(M) = (10)

As in the classical case, ia (M) has the following properties:

o Computation of fig(M) can be reduced to a C*-algebra
LMI computation: fig(M) < 1 ifand only if there exists
a positive definite structured solution (X,Y) € Ay, of
the structured Stein equation

M*XM —Y <0. (11)

o (M) is always an upper bound for ug(M):
pa(M) < fig(M).
III. EXAMPLES: NON SQUARE AND
HIGHER-MULTIPLICITY BLOCKS

In this section we specify the graph-formalism structure
introduced in the previous paragraph to two special cases.
The first special case coincides with the structure A given
in (1).

Example 3.1: In this example we index the connected
components of our graph G by the first K + F natural
numbers {i: 1 <1i < .S+ F}. We take

Ry ={rx} and Sp={sx} fork=1,...,K
while for 1 < f < F we set

Rt ={rxsfa: 1 <a<my},
Skt ={Sk+fa: 1 <a<myg},

where mj,...mp are preset positive integers. We then
declare [s;] = [r;] = ¢ for 1 < ¢ < S while [sg4ja] =
[rk4j,0) = K+ j for 1 < j < F. Thus the connected
components (G; of our bipartite graph G are as follows: for
1 < k < K, G consists of a single edge connecting the
source vertex si to the range vertex r. For 1 < f < F, the
graph Gk ¢ consists of all possible edges e, g connecting
a source vertex of the form sx ¢, with a range vertex of
the form rx 4 s 3, where a and 3 run from 1 to my. The
Hilbert space Hq, we take to be C™* for 1 < k < S, again
here nq,...,nk are preset positive integers, and HGK+f =
C for 1 < f < F. Then it is easily checked that the
structure (7) reduces to the standard structure (1) used for the
block-uncertainty analysis in robust control theory (see [23]).
Moreover, in this square case (where Hr ; = Hg,; for each
i=1,..., K+ F), one can see that the intertwining space
Ay, given by (9) reduces to the image of the commutant A’
(3) under the diagonal embedding: A — (A, A).

The reader should note that, with other choices of spaces
‘H,, and C*-subalgebras A, one can remedy the deficiencies
mentioned at the end of Section I, as is illustrated in the
following more general example.

Example 3.2: In this example we take the graph G at the
level of generality considered in Section II, but we specify
the C*-algebras to be of the form

A, = s © L(F,) (pe P).
Hence we have A, C L(H,) with H,, factored in the form
Hy = H, ®H, with H, and H,, separable Hilbert spaces.
Set H, = Hj,) for each v € V and
Hs, = ®ses,Hs, Hr, = Drer,Hr (p € P).

Since (X @ Y1) @ (X ® Yo) = X ® (V1 @ V=) holds for
arbitrary Hilbert spaces X', ); and ), we obtain that ’Hsp
and H g, can be written as

Hs, =Ho®Hs, and Hp, = HS @ Hp,.
Hence in this case we have

Hs = (PHy @ Hs,) and Hp = PH, @ Hr,).
peEP peEP
Then the structure space A has the explicit form
Ag = @pEP(IHZ ® ﬁ(ﬁRP,ﬁsp)),
and a pair (X,Y) with X € L(Hg) and Y € L(Hg) is the
intertwining space Ay if and only if

X:eapep(r;@IﬁRp) and Y:@pep(rg®lﬁsp),
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where for each p € P we have T') € L(H;).

Remark 3.3: The structured graph and spaces considered
in [4], [5], [6] amount to the special case of Example 2 above
where one takes #,, = C for all p so that A, = {A\3,: A €
C}. If one considers the case of Example 3.2 with all spaces
‘H, finite dimensional, as we shall do in the next section,
then the set-up of Example 2 can be reduced to the special
case of [4], [5], [6] by adjusting the choice of the graph G.
This enhanced structure is enough to resolve the limitations
(L1) and (L2) of the standard (K, F') structure discussed at
end of the introduction.

IV. THE MAIN RESULT

In this section we discuss the special case of A discussed
in Example 3.2. We assume in addition that the Hilbert
spaces H,, are all finite dimensional. Let M € L(Hs, HRr).
Just as in the classical case, we can define a relaxed version
fig(M) of pg(M) by tensoring with operators on /* as
follows. We define Ag by

Ao =P (L) @ Iy © L(Fn, Hs,))

pEP

=L(P)® EB (Iﬂg ® C(ﬁRP,ﬁSp))

pEP
=LA Ag CLIP@HR, P2 Hs).

We then set M —= Ip @ M € L(? ® Hp,0*> ® Hy) and
define

fing(M) = pg (M)
One can check that a pair (X, V) € L(C@HR)x L(I2@H.s)
is in 0y, if and only if
55 =1pR® (@pep(rg ®I7'~1Rp)) s

Y = Ip %9 (@pep(FZ ®I7'~lsp)> s

with I') € L(H,) for each p € P. Hence (X,Y) € A’G if
and only if there exists a pair (X,Y) € Ay, such that

X=X and Y=1:2RY
From this fact it easily follows that
iz, (M) = Fing (M).

Hence [i3 (M ) < 1 is characterized by the same (finite
dimensional) LMI condition (11) as jia, (M) < 1. Our main
result is the following extension of the equality (5) to this
more general setting.

Theorem 4.1: With assumptions and notation as in the

preceding discussion in force, the relaxed p-singular value
Ha (M) is equal to its upper bound fia . (M):

fac (M) =fag(M).
Complete details on this result will be forthcoming in

[7]. Let us include here only some comments on the proof.
Actually there are at least two distinct approaches.

A. First proof of Theorem 4.1

The first approach is based on the noncommutative multi-
variable Bounded Real Lemma from [6]. To state the result
we first need some preliminaries. We suppose that G, H;, =
Is @ Hp, Ap =Hy ® L(H,) for p € P are as in Example
2 above. We suppose that we are given a colligation matrix

U of the form
X X

A B
U= {C D] :
We shall be interested in the induced operator U := I,z ®
U= [g g} given by
- Ip®A Ip®B| [PoX R PoX
I ®C Ip®D|C 22U Py

and the associated linear-fractional map Fg:
F5lAl=D+C(I - AA)'AB
defined for A € EG whenever the inverse exists.
The key result from [6] can be stated as follows.
Proposition 4.2 (Bounded Real Lemma, see [6]): Let G,

Hy = Hy @ Hp, Ay = I @ L(H,), forp € P, be as
in Example 2 above. Suppose that the colligation matrix

. A B |Hs Hr
o=l o) [4] - 3]
has the property that || Fg [A]l| < 1 forall A € Ag having
|Al| < 1. Then there exist (X,Y) € Ay so that

A 2 A 8]

Proposition 4.2 can be applied to arrive at a proof of
Theorem 4.1 as follows. Since it is always the case that
aa(M) < fia(M), the proof of Theorem 4.1 is complete
once we show:

fia(M) <1=fia(M)<1. (12)

The hypothesis in (12) translates to the statement
(I — AM)~" exists for all A € Ag with |A]| < 1. (13)

A tricky shifting technique due to Megretski-Treil [17] (see
also the proof of Proposition B.1 in [11]) enable one to
conclude that condition (13) actually implies a uniform
bound on the resolvent:

There exists K < oo so that ||(I — AM)™'|| < K

forall A € Ag with ||A] < 1. (14)

It follows that we can choose € > 0 (0 < € < 1/K) so that
e(I — AM)~!| <1 for all A € Ag with [|A]| < 1. Note
that we can write (I — AM)~! in the form Fg[A] if we

M M
EI’HS GI’HS

this U to conclude that there is a (X,Y) € A so that

Mo M][X o0 [M MY 0],
EIHS 6.[7.[3 0 1 GIHS GIHS 0 I '

choose U = [ ] . We now apply Proposition 4.2 to
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In particular, from the (1,1)-block entry we see that
M*XM + €3I —Y <0 and (12) follows.

These connections between the Bounded Real Lemma and
Theorem 4.1 were already observed in [6]; however the
results there were incomplete due to unawareness of the
Megretski-Treil argument for proceeding from (13) to (14).

B. Second proof of Theorem 4.1

The second approach is to adapt the proof for the standard
structure laid out in the book [11] for the more general
higher-multiplicity setting considered in Example 3.2 above.
The elegant cone-separation argument from [11] applies
virtually without change to the higher-multiplicity situation.
However, there is one extra ingredient required which we
describe first.

We recall the well-known Douglas lemmas (see [9]).

Lemma 4.3: Given Hilbert space operators A € L(), Z)
and B € L(X, Z), there exists an operator X € L(X,))
with AX = B and || X|| <1 ifand only if BB* — AA* < 0.

It turns out that the required additional ingredient for this
second proof of Theorem 4.1 following the approach of [11]
is a structured version of the Douglas lemma given in Lemma
4.4 below.

We first review some preliminaries. We follow the notation
as in Example 3.2 above. Fix a connected component p € P
of the graph G. For notational convenience we set

Kr, =0 ®MHr,, Ks, =0@Hs,,
I%Rp:€2®r7qu and ]ESPZEQ(X)’%SP.

Note that we can then identify Kr, and Kg, with H, QK R,
and H, ® Kg,, respectively.

There is a natural identification between the tensor product
space Kr, = H, ® Kg, and Nthe space CQ(ICRP, H;’,) of
HilberNt-Schmidt operators from Kg, to H,. On a pure tensor
kp, ® kg, the identification is given by

Vi kS @k, o ko (kr,) "

where (%RP)T is the transpose of %Rp and is viewed as a
linear functional in £(Kg,,C); here k is viewed as a linear
operator ky € L(C,H,) so that the composite k(%%RP)T is
a rank 1 operator from Kp, into 5. Note that (kg,)" can

be defined as B B .
(kr,)T = (C(kr,))

where C is a fixed choice of conjugation operator on K R,-
One can check that V' extends via linearity and continuity to
a unitary isomorphism from 9 ® Kg, onto C*(Kg,,H,).
Exactly the same story goes through of course with Kg, =
H, ® I%SP in place of Kr, = H, ® ERP. We use the
same notation V' for either case. Also, we define Vi, €
Cci(K R,>H,) to denote the image of the vector k, € Kp,
under V, and similarly we define V3, € C*(Ksg,, M) for
hy € Ks,. We can now state the new structured version of
the Douglas lemma; this can be taken as the replacement for
Lemma 8.4 in [11].

Lemma 4.4: Given vectors k € (? @ Hp = ®pepKp, and
helP@Hg = ©pepKs,, there exists an operator A € Ag
such that

Ak=h and |A||<1

if and only if the inequality

VP)CRPk (VPICRPk) - VPK:SP}L(VPKSP}L)* =0

holds for all p € P. Here Px, denotes the orthogonal
projection of /2 @ Hg onto K R, and similarly P, = denotes
the orthogonal projection of £*> ® Hg onto Ks,.

We remark that the key ingredient in the proof of this
structured Douglas lemma are the identities

(kp € Kr,, Ap € L(KR,)),
(hy € Ks,, By € L(Ks,)).

A \T
‘/}IH?)@AP)ICP = Vkp (Ap)
X \T
V(IHg@’Ep)hp = Vi, (A)
In this way, the existence of a contraction with a repeated
block structure satisfying a Douglas lemma constraint can be
reduced to the existence of an non-structured contraction.
Now, given M € L(Hg, Hr) we set M = ;@M and we
define for each p € P the function ¢, : 2 @ Hg — L(H,)
by

_ * * 2
¢p(h) = Ve, MhVPKRp 5in Ve, Wiy n (b € CEMs).
In addition we define the sets

V ={(¢p(h))pep : h€ 2 @Hs k| =1},
O ={(Ly)pep: Ly € L(H,), Ly = 0, p € P}.

15)
(16)

The structured Douglas lemma now makes it possible to
prove the following result.

Proposition 4.5: Assume G, H, = Hy ® 7-lp, A, =
Ty @ L(H,), for p € P, are as in Example 2 above with
‘Hs and Hp, finite dimensional. Let M € L(Hg,Hr). Then
the following are equivalent:

i) be(M) <1
(ii) There exists a pair (X,Y) € Ay with X = 0andY = 0
such that
M*XM —Y <0
(iii) There exist positive definite I', € L(H,), p € P, and
a, 8 € R such that

Z trace (T, K,) <a <8< Z trace (I', L)
pEP pEP

for all (Kp,)pep € V and (Ly)pep € I1.

Hence (iii) shows that fig(M) < 1 is equivalent to strict
separation of the sets V and Il by a hyperplane in the
direct sum of #(P) copies of L(H,), where #(P) denotes
the number of elements in P. It is not hard to show that
ta(M) < 1 implies that V N II = (. The remainder of
the proof involves showing that if fig(M) < 1 holds, then
V and II can be strictly separated by a hyperplane; see the
comments in the next section.
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V. CONCLUSIONS

We conclude with some general remarks and observations.

o The proof of the Bounded Real Lemma from [6]
(see Proposition 4.2 above) used in the First Proof of
Theorem 4.1 relies on the realization result for the
noncommutative Schur-Agler class from [5] together
with the State-Space Similarity Theorem for structured
noncommutative multidimensional linear systems from
[4]. The proof of the realization result for structured
noncommutative multidimensional systems in turn relies
on an infinite-dimensional cone-separation argument
modeled on the argument for the commutative case due
to Agler [1]. On the other hand, the cone-separation part
of the argument borrowed from [11] for the Second
Proof is a completely elementary finite-dimensional
cone-separation structure. The nontrivial part of the
argument involves two main ingredients:

(i) to show that the set V defined in (15) has a convex
closure, and

(i1) to show that the closure of V is strictly separated
from the second convex set II defined in (16) so
as to be able to apply the Hahn-Banach cone-
separation theorem.

Verifications of (i) and (ii) both involve tricky arguments
using shift-invariance of the relevant operators adapting
arguments used in slightly different contexts from [17]
and [21] respectively.

e The argument in the First Proof of Theorem 4.1 can
be reversed: assuming that one knows the realization
theorem for affine structured noncommutative multidi-
mensional linear systems as in [4] (results of this type
go back to the work of Fliess [12] in the 1970s), one can
arrive at the realization theorem for the noncommutative
Schur-Agler class as an application of Theorem 4.1
(m = 1) and a simple application of the Main Loop
Theorem [23, Theorem 11.7]. In this way one can
trace simultaneous independent origins of the Schur-
Agler theory in the engineering and the mathematical
communities.

e One of the results from [3] is that the noncommutative
Schur-Agler class remains the same if one replaces the
d-tuple of operators &; (1 < j < d) on £? with a d-tuple
of m X n matrices, and let n run over all all possible
finite sizes n = 1,2, 3,.... This is the starting point for
noncommutative function theory which is currently an
active area of research (see in particular [13], [14], [15],
[16]). In particular the linear pencils studied in [13],
[14] are more flexible versions of the maps § — Z¢(9)
as in (8) appearing in [4], [5], [6]. The general theory
of noncommutative functions (see [16]) starts with more
general axioms to be satisfied by functions of tuples of
n X n matrices involving compatibility conditions as one
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[20]
[21]
[22]

[23]
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moves between different values of n. One then arrives at
local power series representations as a result. Interesting
recent work of Agler and McCarthy [2] arrives at the
same type of results as in [5], but starting with the
axiomatic noncommutative function theory framework
rather than assuming power series representations at the
start as in [5].
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