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Abstract— Linear max-plus systems describe the behavior of
a large variety of complex systems. It is known that these
systems show a periodic behavior after an initial transient
phase. Assessment of the length of this transient phase provides
important information on the performance of such systems, and
so is crucial in system design. We identify relevant parameters
in a graph representation of these systems and propose a
modular strategy to derive new upper bounds on the length
of the transient phase. By that we are the first to give
asymptotically tight and potentially subquadratic transience
bounds. We use our bounds to derive new complexity results,
in particular in distributed computing.

I. INTRODUCTION

The behavior of many complex systems can be described

by a sequence of N -dimensional vectors x(n) that satisfy a

recurrence relation of the form

∀n > 1 ∀i ∈ [N ] : xi(n) = max
j∈Ni

(

xj(n− 1) +Ai,j

)

(1)

where the Ai,j are real numbers, and the Ni are subsets

of {1, . . . , N}. For instance, xi(n) may represent the time

of the nth occurence of a certain event i and Ai,j the

required time lag between the (n− 1)th occurence of j and

the nth occurence of i. Notable examples are transportation

and automated manufacturing systems [16], [10], network

synchronizers [17], [12], and cyclic scheduling [14]. Re-

cently, Charron-Bost et al. [6], [7] have shown that it also

encompasses the behavior of an important class of distributed

algorithms, namely link reversal algorithms [13], which can

be used to solve a variety of problems [19] like routing [13]

or resource allocation [5].

Recurrences of the form (1) are linear in the max-

plus algebra. The fundamental theorem in max-plus linear

algebra—an analog of the Perron-Frobenius theorem—states

that the sequence of powers of an irreducible matrix A
becomes periodic after a finite index called the transient,

or sometimes the coupling time [16], of the matrix. As an

immediate corollary, any max-plus linear system with an

irreducible matrix is periodic from some index, called the

transient of the system, which clearly is at most equal to the

transient of the system’s matrix. For all the above mentioned

applications, the study of the transient plays a key role in

characterizing the system performances: For example, in the

case of link reversal routing, the system transient corresponds
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to the time complexity of the routing algorithm. Besides that,

understanding matrix and system transients is of interest on

its own for the theory of max-plus algebra.

Hartmann and Arguelles [15] have shown that the tran-

sients of matrices and linear systems are computable in poly-

nomial time. However, their algorithms provide no analysis

of the transient phase, and do not hint at the parameters

that influence matrix and system transients. Upper bounds

involving these parameters help to predict the duration of the

transient phase, and to define strategies to reduce transients

during system design. From both numerical and method-

ological viewpoints, it is therefore important to determine

accurate transience bounds.

In this paper, we present two new upper bounds on the

transients of linear max-plus systems. Our approach is graph-

theoretic in nature: The problem of upper bounding the

transient can be reduced to the study of walks in a specific

graph. More precisely, for every matrix A, one considers the

weighted directed graph G whose adjacency matrix is A,

and its critical subgraph Gc consisting of the critical cycles,

namely those cycles with maximum mean weight. The entries

of the max-plus matrix power A⊗n are equal to the maximum

weights of walks in G of length n between two fixed nodes.

Periodicity stems from the fact that eventually the weights

of critical cycles dominate the maximum weight walks.

We present a modular graph-based strategy whose core

idea is a walk reduction Redd,k, which removes cycles from

a walk while assuring that the resulting length remains in

the same residue class modulo d, and that node k rests on

the walk. The key property of Redd,k is an upper bound

on the length of the reduced walk that is linear both in d
and the number of nodes in the graph. The following step

in our strategy consists in completing reduced walks with

critical cycles of appropriate lengths. To show existence of

critical cycles of predefined length, we propose two methods,

namely the repetitive method and the explorative method. In

the first one, the visit of the critical subgraph is confined

to repeatedly follow only one critical cycle, which leads

us to choosing d equal to the girth (shortest cycle length)

of a specific strongly connected component of the critical

subgraph. The second one consists in exploring one whole

strongly connected component of the critical subgraph, and

leads us to choosing d equal to the component’s cyclicity

(greatest common divisor of cycle lengths). Then, we use

the notion of the exploration penalty of a strongly connected

graph G as the least integer k with the property that, for every

n > k divisible by the cyclicity of G and every node i of G,

there is a closed path starting and ending at i of length n.

One key point is an upper bound on the exploration penalty—

21st International Symposium on
Mathematical Theory of Networks and Systems
July 7-11, 2014. Groningen, The Netherlands 

ISBN: 978-90-367-6321-9 154



derived in the full paper [8]—which is at most quadratic in

the number of nodes.

We hence prove the following two upper bounds on the

transient of N -dimensional max-plus linear systems with

irreducible system matrix A and initial vector v with finite

entries. The terms ‖A‖ and ‖v‖ denote the difference of

the maximum and minimum finite entries of A and v,

respectively. The mean weight of critical cycles is denoted

by λ, and λnc denotes the largest mean weight of cycles that

have no node on critical cycles.

Theorem 1 (Repetitive Bound): Denoting by ĝ the max-

imum girth of strongly connected components of Gc, the

transient of the max-plus linear system defined by A and v
is at most

max
{

‖v‖+‖A‖·(N−1)
λ−λnc

, (ĝ − 1) + 2 ĝ · (N − 1)
}

.

Theorem 2 (Explorative Bound): Denoting by γ̂ and ˆind
the maximum cyclicity and maximum exploration penalty

of strongly connected components of Gc, respectively, the

transient of the max-plus linear system defined by A and v
is at most

max
{

‖v‖+‖A‖·(N−1)
λ−λnc

, (γ̂ − 1) + 2 γ̂ · (N − 1) + ˆind
}

.

The repetitive and explorative bounds are incomparable in

general. We show that in the case of integer matrices, for a

given initial vector, both bounds are in O(‖A‖ · N3), and

that our transience bounds are asymptotically tight.

The problem of bounding transients has already been

studied (e.g., [15], [3], [18]), and the best previously known

bounds have been given by Hartmann and Arguelles [15].

Their bound on system transients is, in general, incomparable

with both our repetitive and explorative bounds. The signif-

icant benefit of our two new bounds is that each of them

turns out to be linear in the size of the system in various

classes of linear max-plus systems whereas Hartmann and

Arguelles’ bound is intrinsically at least quadratic. This is

mainly due to the introduction of graph parameters like the

girth, cyclicity, and exploration penalty that enables a fine-

grained analysis of the transient phase. In particular, that

helps system designers in the choice of specific topologies,

reducing system transients.

Finally, we demonstrate how our transience bounds enable

the performance analysis of a large variety of distributed

systems. First, we derive two transience bounds for a large

class of synchronizers, and we quantify how our synchronizer

bounds are better than that given by Even and Rajsbaum [12]

in their specific case of integer delays. From this synchro-

nizer example, we show that our general transience bounds

are both asymptotically tight. Then we apply our bounds to

the analysis of the performance of distributed routers and

schedulers based on the link-reversal algorithms: We obtain

O(N3) transience bounds, improving the O(N4) bound

established by Malka and Rajsbaum [17], and new O(N)
bounds for such routers and schedulers when running in

trees.

II. PROOF STRATEGY OUTLINE

We start by defining for a set N of nonnegative integers

and a node i, an N-realizer for node i to be a walk of

maximum Av-weight in the set of walks in W(i→) with

length in N. As shown in Proposition 3, of particular interest

is the case of sets N of the form

N
(n,π)
≥B = {m ∈ N | m > B ∧ m ≡ n (mod π)}

where B, n, and π are positive integers.

Proposition 3: Let B and π be positive integers. If there

exists, for each node i and each integer n > B, an N
(n,π)
≥B -

realizer for i of length n, then B is an upper bound on the

system transient.

Based on Proposition 3, we now define a strategy for

determining upper bounds on system transients. Let n ∈ N,

and let i be any node. Denote by π the least common multiple

of cycle lengths in the critical subgraph Gc. The strategy

includes an additional parameter B to be chosen in step 4

so that we can construct an N
(n,π)
≥B -realizer if n ≥ B.

1) Normalized matrix. Because the transients of A and

of A are equal, and the ratio of A is 0, we can

reduce the general case to the case λ = 0. The

latter condition guarantees the existence of realizers

for every nonempty N ⊆ N and yields that adding

critical cycles to a walk does not change its A-weight.

The rest of the strategy hence considers an irreducible

matrix A with λ = 0. Let W be an N
(n,π)
≥B -realizer for

node i.
2) Critical bound. We show that for B large enough, i.e.,

B greater or equal to some critical bound Bc, the

realizer W contains at least one critical node k.

3) Walk reduction. Next we show that for every divisor d
of π, by removing subcycles, we can reduce W to a

new walk Ŵ which starts at node i, contains the critical

node k, whose length ℓ(Ŵ ) is in the same residue class

modulo d as ℓ(W ), and ℓ(Ŵ ) is upper-bounded by a

term linear in the number of nodes in the graph.

4) Pumping in the critical graph. Since d divides π, d
divides n − ℓ(Ŵ ), and for two appropriate choices

of d and for n sufficiently large (n ≥ Bd), we show

how to complete Ŵ by adding to it a critical closed

walk starting from k in order to obtain a new walk of

length n starting at node i. For B = max{Bc, Bd},

this yields an N
(n,π)
≥B -realizer of length n, because

removing cycles at most increases the weight and

adding a critical closed path does not change the

weight. Proposition 3 then shows that B is a bound

on the transient.

III. APPLICATIONS

In this section we demonstrate how our transience bounds

enable the performance analysis of various distributed sys-

tems, thereby obtaining simple proofs both of known and

new results. One of the given examples shows the asymptotic

tightness of our bounds.
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A. Synchronizers

Even and Rajsbaum [12] presented a transience bound for

a network synchronizer in a system with constant integer

communication delays. They considered a variant of the α-

synchronizer [1] in a centrally clocked distributed system of

N processes that communicate by message passing over a

strongly connected network graph G. Each link has constant

transmission delay, specified in terms of central clock ticks.

Processes execute the α-synchronizer after an initial boot-up

phase: After receiving round n messages from all neighbors,

a process proceeds to round n+ 1 and broadcasts its round

n + 1 message. Denote by t(n) the vector such that ti(n)
is the clock tick at which process i broadcasts its round n
message. Even and Rajsbaum showed that the synchronizer

becomes periodic by time BER = l0 + 2N2 +N , where l0
is an upper bound on the length of maximum weight walks

with only non-critical nodes. It is easily checked that l0 is

always greater or equal to our critical bound Bc.

One can show that t(n) is in fact a max-plus linear system.

More precisely, t(n) = A⊗n⊗t(0), where A is the adjacency

matrix of the network graph G. Our bounds hence directly

apply, and we obtain a repetitive bound on the transient

of (t(n))n≥0 that is strictly less than max{l0, 2N
2 − N},

and thus strictly less than Even and Rajsbaum’s bound BER.

We next show asymptotic tightness of our transience

bounds. Consider the “ℓ-sized cherry” graph family Hℓ,c,

with ℓ ≥ 2 and c ≥ 1, introduced by Even and Rajs-

baum [12]. Each weighted graph Hℓ,c contains N = 4ℓ nodes

and is constructed as follows: Let Ĉ and C be two cycles of

length ℓ and ℓ+1 respectively, with edge weights 3c, except

for one edge per cycle with weight 3c+ 1. There exists for

both Ĉ and C a path of length ℓ to a distinct node s, and an

antiparallel path back. Hereby the edges in the path from s
to C and from s to Ĉ have weight c, the edges in the path

from Ĉ to s have weight 3c, and from C to s, 4c. Since Even

and Rajsbaum expressed transmission delays with respect to

a discrete global clock, all weights are integers. Thus both

our transience bounds are in O(‖A‖ · N3), showing their

asymptotic tightness since Even and Rajsbaum proved that

the transient for graph Hc,ℓ is in Ω(c · ℓ3) = Ω(‖A‖ ·N3).

B. Full Reversal routing and scheduling

Link reversal is a versatile algorithm design paradigm,

which was, in particular, successfully applied to routing [13]

and scheduling [2]. Charron-Bost et al. [7] showed that the

analysis of a general class of link reversal algorithms can

be reduced to the analysis of Full Reversal, a particularly

simple algorithm on directed graphs.

The Full Reversal algorithm comprises only a single rule:

Each sink reverses all its (incoming) edges. Given a weakly

connected initial graph G0 without antiparallel edges, we

consider a greedy execution of Full Reversal as a sequence

(Gt)t≥0 of graphs, where Gt+1 is obtained from Gt by

reversing the edges of all sinks in Gt. As no two sinks in Gt

can be adjacent, Gt+1 is well-defined. For each t ≥ 0 we

define the work vector W (t) by setting Wi(t) to the number

of reversals of node i until iteration t, i.e., the number of

times node i is a sink in the execution prefix G0, . . . , Gt−1.

Charron-Bost et al. [6] have shown that the sequence

of work vectors can be described as a min-plus linear

system. Denoting by ⊗′ the matrix multiplication in min-plus

algebra, Charron-Bost et al. established that W (0) = 0 and

W (t+1) = A⊗′W (t), where Ai,j = 1 and Aj,i = 0 if (i, j)
is an edge of the initial graph G0; otherwise Ai,j = +∞.

Observe that the latter min-plus recurrence is equivalent to

−W (t + 1) = (−A) ⊗ (−W (t)), where −A is an integer

max-plus matrix with ‖A‖ ≤ 1.

Full Reversal routing. In the routing case, the initial

graph G0 contains a nonempty set of destination nodes,

which are characterized by having a self-loop. The initial

graph without these self-loops is required to be weakly

connected and acyclic [6], [13]. It was shown that for such

initial graphs, the execution terminates (eventually all Gt

are equal), and after termination, the graph is destination-

oriented, i.e., every node has a walk to some destination

node. We now show how the previously known results that

the termination time of Full Reversal routing is quadratic

in general [4] and linear in trees [6] directly follows from

Theorem 1 or Theorem 2.

The set of critical nodes is equal to the set of destination

nodes and each strongly connected component of Gc consists

of a single node. Hence λ = 0 and λnc ≤ −1/Nnc ≤
−1/(N− 1), i.e., (N − 1)2 is an upper bound on the critical

bound. Since ĝ = γ̂ = 1, we obtain from Theorem 1 or

Theorem 2, for N > 3, that the termination time is at most

(N−1)2, which improves on the asymptotic quadratic bound

given by Busch and Tirthapura [4].

If the undirected support of initial graph G0 without the

self-loop at the destination nodes is a tree, we can use our

bounds to give a new proof that the termination time of Full

Reversal routing is linear in N [6]. In that particular case

either λnc = −1/2 or λnc = −∞. In both cases the critical

bound is at most 2(N − 1). Both Theorem 1 and Theorem 2

yield the linear bound 2(N − 1), whereas Hartmann and

Arguelles arrive at 2N2.

Full Reversal scheduling. When using the Full Reversal al-

gorithm for scheduling, the undirected support of the weakly

connected initial graph G0 is interpreted as a conflict graph:

nodes model processes and an edge between two processes

signifies the existence of a shared resource whose access is

mutually exclusive. The direction of an edge signifies which

process is allowed to use the resource next. A process waits

until it is allowed to use all its resources—i.e., it waits until

it is a sink—and then performs a step,i.e., reverses all edges

to release its resources. To guarantee liveness, the initial

graph G0 is required to be acyclic.

Contrary to the routing case, strongly connected com-

ponents of the critical subgraph have at least two nodes,

because there are no self-loops. We get N2(N − 1)/4 as an

upper bound on our critical bound, which shows that the

transient for Full Reversal scheduling is in O(N3). Malka
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and Rajsbaum [17] proved by reduction to Timed Marked

Graphs that the transient is at most in the order of O(N4).
Thus, our bounds allow to improve their asymptotic result

by an order of N .

In the case of trees we again have λ = −1/2 and

λnc = −∞. Thus the critical bound is N . Further, Gc = G
and ĝ = γ̂ = 2. Both Theorem 1 and Theorem 2 thus

imply that 4N−3 is an upper bound on the transient of Full

Reversal scheduling on trees, which is linear in N . This was

previously unknown. By contrast Hartmann and Arguelles

again obtain the quadratic bound of 2N2.

C. Cyclic scheduling

Cohen et al. [11] have observed that, in cyclic scheduling,

the class of earliest schedules can be described as max-plus

linear systems. In this section, we show how to use this fact

and our general bounds to derive explicit upper bounds on

transients of earliest schedules.

If a finite set T of tasks (each of which calculates a certain

function) is to be scheduled repeatedly on different processes,

precedence restrictions are implied by the data flow. These

restrictions are of the form that task i may start its number n
execution only after task j has finished its number n − h
execution. A schedule t maps a pair (i, n) ∈ T × N to a

nonnegative integer t(i, n), the time the number n execution

of task i is started. Formally, if Pi denotes the processing

time of task i, then a restriction R between two tasks i and j
is an inequality of the form

∀n > hR : t(i, n) ≥ t(j, n− hR) + Pj (2)

where hR is called the height R and Pj is the weight.

A uniform graph [14] describes a set of tasks and restric-

tions. Formally, it is a quadruple Gu = (T , E, p, h) such

that (T , E) is a directed (multi-)graph, and p : E → N
∗

and h : E → N are two functions, the weight and height

function, respectively. For a walk W in Gu, let p(W ) be the

sum of the weights of its edges and h(W ) the sum of the

heights of its edges. An edge from i to j corresponds to a

restriction R between i and j of the form (2). All incoming

edges of a node j in T have the same weight, namely Pj .

We may now directly apply Theorems 1 and 2 to the

strongly connected digraph G, obtaining upper bounds on

the transients of the earliest schedule for Gu. For the given

example, 106 is an upper bound on the transient of the

earliest schedule. Relating parameters of the graphs Gu

and G, we have

λ(G) = max{p(C)/h(C) | C is a closed walk in Gu} .

Our bounds then show that the transient is O(|T |4), as-

suming constantly bounded weights in Gu. This is the first

asymptotic bound on the transient of an earliest schedule

with tasks T and binary heights. We pose the asymptotic

tightness of this bound as an open problem.
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