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Abstract—One of the problems for the anisotropy-based
analysis with non-zero mean of input sequence is consid-
ered. The closed-loop system robust stability conditions on
anisotropic norm of the system transfer function and the
uncertainty transfer function are obtained for linear discrete
time-invariant systems. For the systems with anisotropic norm
bounded uncertainty, the robust stability criterion is derived.

Index Terms— Discrete-time systems, small gain theorem,
robust stability

I. INTRODUCTION

During the last thirty years the controller design method,
called H.,—control theory [1], [2], has been developed. The
standard H ..— control problem is to find controller K , which
minimizes the H,,—norm of the closed-loop transfer function
from input disturbances to controllable output over internally
stabilizing controllers K. It is assumed that input the dis-
turbances are square-summable signals. In that theory some
criteria of robust stability, based on Small Gain Theorem [3],
are derived. The Small Gain Theorem is a corollary from the
submultiplicative property of induced norms and its sense
is that system is robust stable relative to uncertainty if the
product of the H.,—norms of the transfer function of the
plant and uncertainty is strictly less than 1.

For the last twenty years, the anisotropy-based control
theory has been derived [4]-[8]. In the anisotropy-based
theory the statistical characteristics of input disturbances
are not known precisely. This theory is based on using the
stochastic norm in performance criteria. The stochastic norm
measures the sensitivity of the system output to random input
disturbances whose probability distribution is not precisely
known. The stochastic norm is the induced one. The a-
anisotropic norm of a system is a particular case of the
stochastic norm [6] defined as the supremum of the ratio of
the root mean square value of the system output to that of the
input over all stationary Gaussian inputs, the mean anisotropy
of which is bounded above by a nonnegative parameter a.

Since there is a notion of robust stability for the H.,—
norm-bounded uncertainties, then it is natural to use the a-
anisotropic norm for getting the conditions corresponding to
the Small Gain Theorem. In this case we can expect, that
ability to vary the parameter a allows to reduce a priori
requests to model parameter uncertainty and to get less
conservative requirements to system and uncertainties then
the same in the H.,—control theory.
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The results of this paper generalize the results of [5]
to the case when the input random sequence has non-zero
expectation.

II. PROBLEM STATEMENT

Let us consider the nominal plant M, which defines input-

output relations as follows

(1)-( ) (1) o
z M21 M22 w )

Here ¢ € R™, w € RP are the system inputs, p € R™,

z € R? are the system outputs, ¢ may be non observable,

M;; is the transfer function from the ¢-th input to j-th output,

1,7 =1,2.

Fig. 1 represents the idealized scheme of the plant with
uncertainty. The uncertainty is described by the transfer func-
tion A. The inaccuracy in plant parameters is considered as
a noise incoming over input of M and depending on output
q. If A is the block-diagonal matrix then such uncertainty
is called the structured one. The matrix A describes the
parametric uncertainty in the case when blocks are scalar;
in the case of complete real blocks it describes the matrix
uncertainty and in the case of complete complex blocks it
describes the frequency uncertainty [11].

A
q p
w M z

Fig. 1. Closed loop system with nominal plant M and uncertainty A.

The problem is to find the range for changing of the
parameter uncertainty A for given nominal plant M, which
is measured by the anisotropic norm, in order to guarantee
internal stability of plant with uncertainty. It means the robust
stability of the plant M with respect to the uncertainty A.

Further we give some essential terms of anisotropic ana-
lysis, which are the basic ones for this paper. The details can
be found in [8].

I1I. BACKGROUND
A. Definition and properties of mean anisotropy

The anisotropy A (W) of an m-dimensional random vector
W with probability density function (pdf) f is defined [4]
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as
A(W) = I;lggD(f\lpm,A), (2)
where s
D(fllpmr) — E; [m ()] 3
Pm, A

is the Kullback-Leibler divergence of f with respect to the
Gaussian pdf

Pmoa () = (27r)\)*m/2 exp {

and E¢[-] denotes the mathematical expectation in sense
of f. Thus, one can interpret the anisotropy A (W) as the
measure of closeness of the certain vector W to the set of
Gaussian vectors with pdf p,, , parameterized by .

If the vector W is also the Gaussian and its pdf has the
form

) = ()" Is) ™ exp { - a5

where |-| denotes the determinant of matrix and S is positive
define matrix, then

trS

e @

where h(W) stands for the differential entropy of W defined
as

D(f[pm) = —h(W) — % In(27A) +

hW) = —Ej[In f],

tr(-) means the trace of a matrix. From (2) and (4) we have
got the following formula [8]
1

AW) = —3 In

(Ltrs )m .
One of the methods to form the colored sequence {wy}

is to represent this sequence as an output of the following
discrete time-invariant system called the shaping filter:

{

where xj, denotes the filter internal state; the input {vj} is
the Gaussian white noise. The mean anisotropy A (W) of
the stationary ergodic sequence W = {wy} is defined as

Tpq1 = Axy, + Bug,
wg = Cxp + Doy, 0, )

0=

— . A(Won-1)
A= Jm SEFEE @
where
Wo
Won-1=
WN-1

is an extended vector.

Let ¥ be the covariance matrix of the vector wyl,_, .,
s0 ¥ = cov(wk|j,_,,)- The matrix ¥ is connected with the
solution P > 0 of the Lyapunov equation

P =APAT + BBT. (7)

by following expression

> =CPC" + DDT.
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Let ¥ be the covariance matrix of the prediction error
vector Wi, > 0, Wy = wi—E[wi|{w;} ;<] as k — oo.
Define
E=v-%.

It is shown in [8] that the expression for the mean
anisotropy (6) by virtue of (5) can be written as

_ 1 Y4+E
A(W) —3 In (|1tj—2)m’ (8)
E=CRCT,
where R is the solution of the Riccati equation
R=ARAT + A(X +E)7 AT, )

with the notation
A =BD" + AP+ R)C".

These formulas allow to compute the mean anisotropy of the
random sequence W generated by the shaping filter (5) in
terms of the second-order moments of W on the base of
solutions to the respective algebraic Riccati and Lyapunov
equations. One can read about the anisotropy-based theory
in detail in [9].

Let us consider the Gaussian random vector W with the
nonzero mean value y and covariance matrix S, i.e. with the
pdf

£07) = (2nis) ™ exp {507 TS v - o |

According to (3), its relative entropy takes the form

trS + | 13
2)

where the expectation y appears in contrast to (4), and
therefore the anisotropy of the vector W is written as

1 El
2 (i (S +[|ull3) ™

To generate a sequence {wy} of Gaussian random vectors
with the nonzero mean value p, it is required to rewrite (5)
in the form

{

where as before x;, denotes the filter internal state, and the
input sequence {vy} is the Gaussian white noise.

The application of the mean anisotropy definition (6) to
the sequence W' = {w}.} gives

)

D(prm,)\) = —h(W) — % ]n(Qﬂ-)\) +

AW) = — (10)

Tpy1 = Az, + Bug,

wy, = Czy, + Doy + 1, an

SL'():O,

- A(Wjy_,)
N o 1: 0:N—-1
AW = Jim ———
or, equivalently,
AW =
1 ]\}gnoo |26:N—1‘1/N
_5 n m (12)

ngnoo (ﬁ(trEE):Nfl + HN’()Nfl”%))
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where
"

M6:N—1 = .
I
and

EE):N—l = COV(WézN—l)

stands for the covariance matrix of the vector W, 5,_,, which
is equal to the covariance matrix of the vector Wy.n_1, i.e.
Y. n_1 = Zo.N—1. It is easy to see that

DDT D(CAN=2p)T

Yo:n-1 = N

DDT + > CA’“B(CA’“B)T
k=0

and therefore

1
]\;EDOO NtrZO:N—l = tI‘E7

where ¥ = cov(wk) |, -

Comparing (8) and (12) by virtue of the above formula,
one can conclude that the ergodic property of the considered
sequence W leads to the existence of the limit

lim [Son_1|"N =2 +Z
Ngﬂoo\o.Nﬂ |2+ =]

for the case when 1 = 0. Such property also extends to
the sequence W' because X{.y_; = Xo.ny—1. Then on the
strength of

. 1
il 2 = llell3,
the next formula for the mean anisotropy of W' arises:
_ 1 Y+ =
A(W’) = —711’1 1 | + | o\
(55 (02 + []13))

2
Further we will use the notation A, (W) for the mean
anisotropy of the sequence W with nonzero mean .
Comparing (8) and (12) by virtue of the above formula,
one can conclude that the ergodic property of the considered
sequence W leads to the existence of the limit

13)

lim ‘Eo;N71|1/N = |Z +E|
N—oo

for the case when 1 = 0. Such property also extends to
the sequence W' because (. y_; = Xo.ny—1. Then on the
strength of )

Jim a3 =

the next formula for the mean anisotropy of W' arises:
1 |+ |
20 (5 (@2 + lel3)™
Further we will use the notation A, (W) for the mean
anisotropy of the sequence W with nonzero mean .

_ Theorem 1. The formula (14) for the mean anisotropy
A (W) of the sequence TV generated by the filter

o

AW = (14)

Tip+1 = Az + Bug,
wy, = Cxy, + Dok + p,

210

can be written as
m, G115 + llell3
2 IGI3

where |G|z denotes the Hi-norm of the matrix transfer
function G(z) = D + C(zI,,, — A)"'B.

7

KH(W) = KO(VV) +

B. Definition and properties of anisotropic norm

Consider an linear discrete-time system written in a state-
space representation

|

where x;, € R™ is the state, wy € R™ and 2, € RP are input
and output signals, respectively. A, B, C, D are constant
real matrices of appropriate dimensions. W = {wy} is
the stationary Gaussian sequence of m-dimensional random
vectors with a given mean anisotropy level A(W) =a > 0
and known non-zero mean E[W] = M, |M| < cc.

For a given system M with the input signal W = {wy}
the mean-square gain is defined as [9]

ZTip+1 = Az + Bwy,

2z, = Cxp + Dwy, (5)

N-1
El v X, Bl
QM W) =2 = | lim —= (16)
||UJH7, N—oo 1 — E 2
~ 2 Blwg|
k=0
where
1 Nl
Il = || Jim 3" Bl
k=0
is the power norm of the signal {y;}.
Let the sequence {wy} be represented in the form
wi, = Cyxp + Dg(vg + 1) a7

where z, is the state of the system (15), and p is a known
vector. Using (17), we obtain the filter

o~

The power norms of outputs of the systems (15) and (18)
are written as

Tpt1 = (A+ BCg)ak + BDg(vi + 1),

wi, = Cyxg + Dy(vg + ). (18)

klim (tr cov(wg) + |Ewy|?)
IG5 + Mm%,

lim (tr cov(zi) + |Ezp|?)
k—o0

IMG|3 + |FM[?

where
M=MQ1)=D+C(E—-A)"'B.

The mean-square gain (16) for the system with non-zero
mean input signal is given by the following expression:

IMGII3 + | FM?
G153 + M2

QM W) =Q(M,G) = (19)
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Finally, the anisotropic norm of the system is defined as [8]

IM]l, = sup  Q(M,G).

G:A(G)<a

(20)

Let us notice one important property of anisotropic norm:
Lemma 1. For two filters ' € HP*™ and G € H™*™
the following inequality holds true

172G, < IFIGN,, 1)
where
2
b=A(G)+a+ —1n ("Z”G”a> . ()
2 1G5 + IM[?

where M is the expectation of the signal on the input of G.

The proof of the Lemma 1 can be done according to
the proof of result in [8], where the Lemma above was
formulated without the expectation M.

IV. ROBUST STABILITY SUFFICIENT
CONDITIONS IN ANISOTROPY-BASED THEORY

In this section, we derive the main the result stating robust
stability sufficient conditions of a system with parametric
uncertainty.

The uncertainty A represented at Fig. 1 is called feasible
for M, if A € RH7Z*™ and F,,(M, A) are internally stable.
Here F,,(M, A) is the upper linear fractional transformation
of M and A.

Theorem 2. Consider the system with transfer function
Fu(M, A) represented on Fig. 1, where A and M are causal
linear systems and input-output relationships are given by
. It

o The uncertainty A € RH?*™ is contained in the class

D,(e,p) = {A

for any real € > 0 and p > 0, o(A)
is minimal singular value of A.
The anisotropy level a is defined by formula

DA, < e essinfo(Aw)) = p,

/\min (A* A)

1 m(X + =) €
= —lndet =T S 23
o= phdeta s e My B
where M is the mean of {wy}, ¥ = (L, —
qM3, My1)~1, and parameter ¢ € [0, || M1]|2) is the

solution of the inequality

Tr {(Im — M Myy) (I, — quan)‘l} <0.

(24)
where ¥ = CPCT + DDT and E = CRCT, P and
R are the solutions of the Lyapunov (7) and Riccati (9)
equations correspondingly,

e M is stable and

IMull, < e, 25

where ¢ = a+mlni,

then for all A € D, (e, u) the system F, (M, A) is internally
stable.
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Proof: Let us denote

Aw) ’I‘E{Ilo A(re®), we|-m

7.

The equations of the close-loop system can be written as

(26)

p(s) = Mi1q(s) + Migw(s), @7
q(s) = Ap(s),
or equivalently
(I — MllA)p = Mlgw. (28)

The matrix (I — M71A) is invertible in conditions of theo-
rem 2. Contrary det (I — M711A) = 0, and hence M, A has
the eigenvalue equal to one: A;(M1;A) = 1. In according
with definition

[M11A| = ‘sw‘up o(M1A) =
2|<1

|Sl|,1<p1 \/)\((MllA)*(MllA)) Z 1

(29)

It is the well-known fact [8] that the next inequality holds
true
(30)

M1 Al > [[MuAll,

for any non-negative a. It means that there is the positive a,
the following inequality is right

M Al = [MuAll, = 1. S

Since M and A belong appropriative Hardy spaces, we can
use Lemma 1 and inequality (21) can be written as

1< [ MuAll, < Myl IA], (32)
where
INE
b—a+tAA)+ TZIH .
2 AL+ Mgl
M, is the expectation of {gx}. One can get the estimation
of b as
x m ml| Al
b = a+A(A)+ 1 —_—
”AH2 + Mg
w)A*(w)
= = [ Indet 222 ) 4,
/ ||A||2 + Mg
m ml| Al
+ = 1 5
IIAHz + M|
= a—E/lndet A*(w))dw
1 AL + M2 1 ml Al
m A5 + | Mq]?

2k m
A*@))dw+ T m AL,

17 .
a—— /lndet(A(w)
4
The integral in the last line of the previous formula is the

invariant of the unitary transformation [9]. It means if we
take a matrix U containing the eigenvectors of A, the value
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of this integral would not be change. The matrix UT AU = A
is the diagonal one with the eigenvalues of A standing on the
main diagonal of the matrix. Now we can get the estimation

N m

det (A@)A (@) = T[] M(A*A) > Cmin(A7A)™.
k=1

We can continue the estimation of b with the help of the last
inequality as

1 j S o % ~
b o= a- - /lndet(A(w)A (@))dw + i A2

4ar 2 @
m IAl;

< - a

S 6+ 2 essinf Apin(A*A)

—r<w<
2

= a—l—E . [AY s ,<a—|—mln£=c

2 esgin<f a?(A) ~ uwo

where the last inequality holds true because of A belongs
to Dqo(e, ). Since || M| JJAfl, > 1. A € RHZ*™, and
IA]l, < e then

1
1Ml > <, (33)

but it is in conflict with (25) and, consequently, (I — M1 A)
is invertible. Let us show the existence of a satisfying (32).
One can get

M G5+ |FM|?
H|M11|||c su || 11 ||2 + ‘ |

ceGo |G+ IM?
MGl | [ FMP
GeG. |G| (M]?
and, according to (33), we have
IMuGlly 1 JFMP 1
GeG. G2 T e M2 8%

The upper bound of the last expression will be on
Y =GG* = (I —qMj M)t

and ¢ can be found as the solution of the inequality

Tr [(I — 6> My, M) (I — M, Mip)~ '] <0.

From (28) we can get that for any A € D,(e)
{A € RHZ*™ : ||A]l, <€} there exist a unique solution
of the system (27):

p= (I — MHA)_lMlgw,

q=Ap,

z = MglAp —+ MQQU).

We can obtain that the system F,,(M, A) is internally stable.

(34)

Remark 1. In the case when A = 0 the condition (25) is
transformed to another one || M|, < oo for any nonnega-
tive a and additive condition In £ = In1 = 0. It is always
true due to stability of M.
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Remark 2. If esiin<f a(A(w)) =0, A £ 0 then the con-

dition ||My1||,[|Afl, < 1 is converted to || M1 ||| Allse <
1. This result is well-known in the H, theory as the Small
Gain theorem.

Remark 3. If the uncertainty satisfies

1All2 < Vm [|A]lo, (35)
then the inequality [|Af|, < [|All« holds true for any a €
R™T. It is well-known that [11]

1
essinf o(A(w)

—nm<w<T

esssup o(A(jw)™h).
—m<w<T

Then the condition b = a + mIn(e/u) can be rewritten as
follows:

b

a+mln [[Alls[A™|o
a+ mln esssup cond (A(jw)),

—nr<w<m

where cond (A) is the singular condition number of A. The
existence of A~ follows from stability of A. If it is not true
for ¢ = o0.

To determine stability of F,, (M, A) it is sufficient to know
the bounds of the singular spectrum of A. The operator A
can be unknown.

Remark 4. The condition ¢ = q is fulfilled iff the upper
and lower bounds of the singular spectrum of the linear
operator A coincide. It is so if the uncertainty is

Als) 0 0
0 Als) 0
A= . , seC.  (36)
0 0 A(s)
In this case the condition (25) has symmetric shape
M AN, < 1. 37

Theorem 2 gives the sufficient conditions for internal
stability of the systems which have anisotropy norm-bounded
uncertainty and degree of separability from zero for this
uncertainty is known. This theorem allows to reduce the
conservative condition ||Mi1]/ec < 1/e of the Small Gain
theorem by changing it to the condition (25). In this case
anisotropy level ¢ shows how the conditions of the Small
Gain Theorem can be decreased without robust stability loss.
It is the well-known fact that the Hs-norm is not induced and
it is not possible to obtain conditions like (25), which guaran-
tee the robust stability. But from [|Alls = /mlima_ [|A]l,
we see that there are plants with the uncertainty (36) and
condition ||Mi1]|2||All2 < 1. This condition means internal
stability of F, (M, A).

Now we show how to find the finite value of the mean
anisotropy a such that the internal stability holds under the
condition (25). Consider the state space realization of the
nominal plant

A | B B
M~ | C D Do
CZ D21 D22
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We have My, ~ [A, B,C, D]. The formula for calculation
of the anisotropic norm in the state space is given by [8]
TrY —m+ q|FM|?

1/2
My, = . (38
A R e o ICD

where the matrices L and YT are derived from the solution
R of the algebraic Riccati equation

R=ATRA+qCTC+ LTI 'L, (39)
M= (I, —qD"D - B"RB)"" | (40)
L=T1(B"RA+¢D"C) . A1)

And the matrix Y is defined as
YT =LPLT +1I, (42)

where P is the controllability gramian, which is the solution
of Lyapunov equation

P=(A+BL)P(A+BL)" 4+ BIUBT.  (43)

The mean anisotropy level is calculated by formula
€
c=a+mln— =
1 II
—— Indet n

2 (Tr T+ M|2) '
Taking into account (38) the condition (32) leads to

1 TrY —m+qFM?
g2 qTr T + g|M|?
Calculation of the acceptable anisotropy level leads to
optimal problem: find maxgq under the constraints ¢ €
[0,]F||=2) and (32). Since the performance function is
linear; the desired value of parameter ¢ is on the boundary.
Therefore ¢ is obtained as the solution of

1 T Y —m+ g FM? _0
qIr T +gM[2

)
over the semiopen interval [0, || M1y 22).

(44)

<0.

(45)

(46)

V. ROBUST STABILITY CRITERION

For any real € > 0 define the uncertainty class
Do(e)={A € RHZ*™ IAfl, <e}.

For a given system with additive uncertainty [1] the
following theorem allows to calculate possible uncertainty
radius. The theorem is an analogue of Glover-McFarlane
theorem [12].

Theorem 3. Consider the system S represented at Fig. 2
such that it consists of the additive uncertainty, generalized
plant, controller, where A, G, K are linear causal systems.
Let the maximal condition singular number of uncertainty
1 = esssup cond (A) is known. The controller K stabilizes

—nr<w<T
Fu(G,A) if:

1) it stabilizes the nominal, e.g. system with transfer

function F;(G, K) is stable,
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A
Z, W,
Wa,
— G -
z W,
K 2 2

Fig. 2. Closed-loop system with nominal plant M, uncertainty A and
controller K.

a +

2) A € D, ( K (I — GK)*IHJI), where ¢

mln.

Proof: The system S can be transformed to the form as
at Fig. 1 by transformation w = ( Wo1  Wao )T. Direct
computation gives the expression for My = K(I —GK)™ L.
Taking into account that K stabilizes the nominal plant, we
see that the system G is stable. Application of Theorem 2
completes the proof. B

Remark 5. Using Lower Linear Fractional Transformation

Fi(M,K) = My + Mo K(I — Mg K) ™" Moy,

the condition 2) from Theorem 3 can be replaced by A €
D, (1AM B ).

In general case the application of Theorem 3 is rather
difficult by the reason that the information about ) is
needed. This difficulty disappears in the case of parametric
uncertainty (36) because of in this case ¥ = 0.

If v # 0 then condition (2) of Theorem 3 should be
considered as the algebraic inclusion

where D,, is the map D, : RH2*™ — RH*™.
The robust criteria based on Theorem 2 for other uncer-
tainty types can be obtained in the same way.

-1

A€ D, (m FG K)o

VI. CONCLUSION

The sufficient conditions of robust stability for the linear
system with non-zero mean of input sequence and bounded
anisotropic norm uncertainty are found. These conditions are
relaxation of the Small Gain Theorem conditions. The way
of calculation of additive uncertainty range that keep stability
of closed loop system with given controller is shown.
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