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Abstract— The efficiency of biological control as crop protec-
tion methodology is deeply impacted by inter- and intra-specific
interactions. As such, Allee effects among biocontrol agents
such as pest predators should be taken into account to design
biological control schemes. We investigate this problem through
two models of increasing complexity: the first one concentrates
on the predator dynamics whose establishment is hampered by
a strong Allee effect and the second one models both predator
and prey dynamics. In the latter case, pest eradication is
targeted despite diminished predation efficiency when predator
density is low. Considering augmentative biological control
through periodic impulsive predator releases we show that,
when it succeeds, pest control is accelerated in both models
by taking rare and large releases over frequent and smaller
ones.

Index Terms— Predator-prey models, positive density depen-
dence, impulsive differential equations, semi-discrete models,
stabilization.

I. INTRODUCTION

Biological control is the use of natural enemies such
as predators, parasites and parasitoids in order to contain
another organism population density at a lower level than in
their absence [1]. Despite some resounding successes such
as the use of a trichogramma to control corn-borers [2],
biological control has seen unexpected failures in the past
two decades [3], [4].

To improve these processes, it is important to better under-
stand the different forms of interactions between pests and
their enemies. For instance, different works have studied the
influence of competition or interference between biological
control agents [5], [6]. Other complex forms of interactions
are brought about by positive, rather than negative, influence
of natural enemies on their conspecifics.

Allee effects or positive density dependence is charac-
terized by such a positive relationship between individual
fitness or per capita growth and the size or density of a
population. This phenomenom has been described by W.C.
Allee who showed that intraspecific cooperation could lead to
positive density dependence [7], [8]. At the population scale,
Allee effects translate into a waning of population growth
(weak Allee effect) or its decline (strong Allee effect) when
the population is small. The main biological mechanism
producing Allee effects is associated to sexual reproduction
and the difficulty to find mates at low densities. For example,

a mate-finding Allee effect has been proved for Glanville
fritillary butterfly [9]. Biocontrol agents also undergo Allee
effects [10]: for instance, the introduction of the parasitoid
Aphelinus asychis (Walker) to control the pest Diuraphis
noxia (Mordvilko) [11] has been shown to be negatively
impacted by Allee effects.

Our study concerns augmentative biological control, that is
the repeated introduction of natural enemies, which will here
be predators, to control a pest. We will try to identify how
many and how frequently natural enemies should be released
to achieve pest eradication. The presence of repeated releases
sets us in a context where continuous dynamics are disrupted
by jumps in biocontrol agents density.

We can formalize this kind of processes by using ordinary
differential equations to describe continuous dynamics most
of the time and a predator release is taken as a brutal change
in their density. That way, we can treat these changes as
instantaneous and model them by discrete equations at given
instants noted #; with k € N. Such dynamics are usually
modelled as [12]:

X= f(x(t)’t)’ t# 1y,
x(t) = F(x(t) ),

with x the vector of population densities and f their dynam-
ics. The notation t,j is used to describe the instant right after
ty and F (x(t), 1) — x(#;) represents the impulses of densities
at the instant 7;. Here we consider the sequence (f)cn
defining the predator releases as T-periodic, i.e. ty1| =t +7T,
moreover the impulse sizes will not depend on the state
variable x(f;) since no accurate state estimate is usually
available in agronomic applications.

This paper aims to study augmentative biological control
schemes in which biocontrol agents are subject to Allee
effects and to determine what release strategies could be
more efficient to control pest populations. The introduction
strategies will be studied with models of increasing complex-
ity: in Section II, we will consider predator dynamics only
while both prey and predators will be invastigated in Sec-
tion III. Section IV deals with some numerical illustrations
and is followed by general discussions on release strategies
in Section V.

)

II. SINGLE SPECIES DYNAMICS

For now, pest and crop are kept implicit and only the intro-
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A. A classical model

The most commonly used model of strong Allee effects
corresponds to [13], [14], [15]:

y:ryy<l—1§y> (%—1). )

Biocontrol agents density is represented by y and y is its
temporal derivative. K, > 0 is the carrying capacity of the
environment and 0 < A < K, a threshold under which the
population decreases; A is termed the Allee threshold. ry is
some positive constant. The growth function is represented
in Figure 1.

Strong
Allee effect

o
A

Population growth ¢

Population density y

K—‘_) (4 —1). A is an unstable equilibrium
and 0 and Kj are stable equi ibria, when y drops below A, the population

goes extinct. Above A, the population converges to the carrying capacity
K.

Fig. 1. Growth function ryy gl -2

A strong Allee effect occurs due to the negativity of the
growth function for small densities of population. Equa-
tion (2) represents an Allee effect since the growth rate is
increasing up to y = A+2Ky > A. Establishment success is then
achieved if the population is brought above y = A.

B. Generalization

We note that the main feature of the previous model that
keeps population introduction success from being trivial is
that the growth function is negative for y < A. We now
propose a generalization of the aforementioned model, that
presents these features:

Hypotheses 2.1: g is a €'-function such that g(0) =0,
g(y) <0 on (0,A), g(A) =0 and g'(A) > 0.

The challenge is to bring y from 0 to some value above A
so that the population settles. We define a discrete equation
modelling repeated releases of individuals [16]:

y(t) = y(tx) + uT. 3)

Thereby at each instant #;, we introduce a quantity u7 of
individuals noting u the introduction rate and 7 the period
at which we release them. With such a definition, the release

strategy is decoupled: the introduction rate i (i.e. the number
of introduced biocontrol agents per unit time) and the period
at which they are introduced. Thanks to this notation, this
model makes it possible to identify how to best deploy over
time similar quantities of biocontrol agents. The model then

becomes
y=280), t #u,
y(1$) = y(t) +uT.

This is a generalization of problems that have been previ-
ously studied [12], [17]. We want to identify u and T values
that allow population establishment, i.e. y(¢) > A for some t.
Since the dynamics are in one dimension, this requires that
a release can at least compensate any population decrease
taking place through the continuous dynamics during a
period T.

In what follows, we denote y(0™) and Fr(y(07)) = y(T)
the densities at the beginning and the end of a period (07, T].
We get the following result:

Theorem 2.1: For any T > 0, there exists a threshold
release rate U (T) such that if p > u(T) the population
settles above A. U, (T) is the largest solution of

g(Fr(y(07))) = g((0™)),

(09~ Fr(3(0")) ®)
m(T) = T

with y(07) € [0,A].

Proof: We first compute the maximum with respect
to y(0™) of function y(0T)— Fr(y(0")) which represents,
on a fixed period (0%,7], the maximum decrease of the
population. The threshold release rate g (7') is then the mini-
mum introduction rate allowing to compensate this maximum
decrease, i.e. U(T)T = n<10a+>§ (y(0T) — Fr(y(0™))). Then, for

y

“4)

all u > u,(T), the release ensures that y(T") > y(0™) for all
y(07) € [0,A] so that the population eventually settles above
A.

Differentiating y(07) — Fr(y(0T)) with respect to y(0T),
we find that it has extrema when F/(y(0")) = 1. Using
separation of variables, we have that

Fr(y(0M)) 1 T

/ ——dy= [ _ar, (6)
yory  gy) o+

which, differentiated with respect to y(0™), yields

8(Fr(y(01)))
g(»(0%))

A necessary condition to get the maximum decrease of the
population is that

g(Fr(y(07))) =g(y(07)),

which is the first equation of (5).
The threshold i, (T) is defined as compensating the max-
imum decrease of the population during a period 7 so that

Y(TT) = Fr(y(07)) + us(T)T = y(0T)

which is the second equation of (5).

Fr(y(07)) =

1376



MTNS 2014
Groningen, The Netherlands

Equation (5) could be satisfied for different y(0™) values
so that it is necessary to take the largest p,(7) satisfying (5)
since it maximises population decrease over a period 7. W

We can note that the maximum decrease is obtained for
initial densities y(0") giving the same value of growth
function at the beginning and the end of the fixed period
g(Fr(y(0M))) = g(y(0")) as it is represented in Figure 2.
The corresponding solution avoids the regions close to the
extinction y = 0 and the Allee threshold y = A where the
population decrease is slow.

A

3
—
(A S
—
(@)
+
N
=

Population growth ¢ = g(y)

Population density y

Fig. 2. For a fixed period T, the maximum decrease on the period will
be to take the initial density y(0") such that at the end of the period,

8(Fr(y(07))) = g(y(0)).

III. PREDATOR-PREY DYNAMICS

To account for a more detailed description of the bio-
logical control process, we now turn to a model explicitly
encompassing pest dynamics: a predator-prey model in which
predators suffer from an Allee effect. Up to now, such models
remain fairly rare [18], [19], [20]. The measure of success of
the biological program is then the eradication of the prey/pest
population.

A. Allee effects on predation

In [19] a model has been proposed in which Allee effects
occur on predators and has repercussions on trophic functions
in a biological control context. Allee effects take place due to
the difficulty to find mates at low size and so to be efficient
in predation. This is modelled through

) X by x y
xzrx(l——)
K ax—i—xhy—i—yh 7)

X
—my,
x+x, y+yp

y=bo

in which x and y represent the prey and the predator densities,
respectively. Pest growth is modelled by a logistic function.
The mortality rate of predators m is assumed constant. In

the trophic functions, the value yﬁ—yh is the probability of
b _x_ s a Holling II functional

mating success and the term — Tia

response, which saturates at large x values due to predator
satiation or handling time [21]. The numerical response is
proportional to the functional response.

Model (7) assumes an important inefficiency in prey
assimilation when predators are at low density. It predicts
a higher risk of predator extinction when the Allee effect
parameter, yy, is large. Predator extinction is always stable;
however, stable coexistence of both species at equilibrium or
along a limit cycle is also possible for intermediate K values.

B. Generalization

Positive density dependence has consequences on trophic
functions: at low predator density, functional and numerical
reponses are less efficient. We use generic functions to model
such a system:

{ X = f(x) — g(x)q(y)y, (8)

y=h(x)g(y)y —my,

where f(x) denotes prey growth and g(x)g(y) and h(x)g(y)
represent the predator functional and numerical response,
respectively. ¢(y) models Allee effects through a decrease
of predator efficiency at low sizes. m > 0 is the predator
mortality. We assume some general qualitative hypotheses
on the functions f(x), g(x), h(x) and ¢(y):

Hypotheses 3.1:

(i) £(0)=0and f(0)>0
(i) g(0)=0, g'(0) >0 and Vx >0, g(x) > 0.
(iii) £(0) =0 and Vx >0, /(x) > 0.
(i) ¢(0)=0:¥y>0,0<q(y) <1: Tim g(y) =1: q(y) is
mncreasing.

V) Sg= )S;Io) (%)

Assumptions (i)-(iii) on pest growth and predation are
classical: in absence of pest, neither growth nor predation
can take place, and predation is unilateral. Assumption (iv)
states that predation is low at small y values and reaches its
maximum value at large y values. We also suppose that g
is upper bounded by some S, for all positive values of x,
which means that pest growth never overwhelms predation.

To kill pests, predators are periodically introduced into the
environment, similarly to Section II:

x=fx)— g(X)q(y)y
— h(x)g()y— } 7t
(nT*) (nT) —l—,uT VneN.

€))

This kind of models has already been used in the past to
understand impulsive biological control with direct competi-
tion between predators [5], [6]; however, hypotheses on g(y)
were different in order to represent antagonistic interactions.

C. Stability of the pest-free solution

Here we will demonstrate the conditions for existence and
stability of a periodic pest-free solution. We first define this
solution:
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Proposition 3.1: Under Hypotheses 3.1, there exists a
pest-free solution

(xp(1),yp(1)) = (0,y" et modT)) (10)

with
.t
Y T et
which is a periodic solution of system (9).
Proof: In the absence of prey, the model is written as
follows:

1=0 } t#nT

y=—my[’ ’ (1)

y(nT™) =y(nT)+uT, VYneN.
On a period (nT*,(n+1)T™), this yields

y(n+1)T*) = y(nT*)e " +uT
whose fixed point y* is
. uT
VS e

Thus model (11) possesses (10) as pest-free solution. |

Henceforth there exists a T-periodic pest-free solution of
model (11). We now must study its stability to know for what
conditions biocontrol agents can control the pests.

Theorem 3.2: Pest-free solution (10) is Locally Asymptot-
icaly Stable (LAS) if and only if

gl

T
w10 = S0 (g0 @ma—r0) >0 a2
0

Moreover, if

g/

lPG(T»IJ) = T

T
O [ qp@mp(eaz-s,g0) >0 a3)
0
then solution (10) is Globaly Asymptoticaly Stable (GAS).
Proof: To obtain global stability of the pest-free
solution, we must find global attractivity conditions and
local stability conditions. The strongest condition will give
us global stability. We first write system (9) in deviation
coordinates, that is the difference between a general solution
(x(z),¥(t)) and the pest-free solution (x,(),y,(¢)), denoted
(x(2),¥(r)), then the dynamics become

{57: @) —g®00,+7),
y=h(x)Q(yp+5) —my,

where Q(y) = ¢g(y)y is an increasing function of y and the
impulsive component disappears since

¥(nT™) = y(nT) + uT = y,(nT) — uT = §(nT).

We want to show that the deviation coordinates converge to
zero. We start by dividing the x dynamics by g(x) then we
integrate from an initial time #( to ¢ and so from x(¢y) to x(7)
for the density:

X1 du B t f(kv(’l«'))_ N
./)?(10) g(u) _/to [g(;(f)) Q(yp(7) +¥(1)) | dT.

(14)

15)

We note that the left-hand term goes to —es if and only if x(7)
goes to 0 because g(x) ~ g'(0)x for x ~ 0 and g(x) > 0 for
all x > 0. Thus if we can show that it goes to —eo as t — oo,
the convergence of x to 0 will be proved. This will be true
if the right hand side of (15) diverges to —oo. Consider the
y dynamics of Equation (14); they yield y > —my so that
) > yNOe””(”’U). As y+y, >0, we have y(t) > —y,(1), Vt,
so that:

*

F> —maxy, (1) = "

Then we have yg > —y*™ and

() = —yre mi=h), (16)

Thus for any € > 0, there exists a time ¢y such that after
this time, y(z) > —e¢.

We divide the right-hand side of (15) in three integrals of
the same integrand:

(£1+0T  pLEIT ‘
L et
0 (LFJl+0T 5T

L) 00, (0) 4500 a.
In this equation, the first and third integral are bounded
so that we concentrate on the second:
[0 15— 0y(e) +5(e)) e
(EIE !

Lr)=1 sas))T
<X [ 00 el a7
n:[%JJrl "
-T
= (17)-1F1-1) [ (8¢ Q0p(e) —e)lax.

because Q(y) is an increasing function and y(7) > —e€.

Since (L%j - LI%J — 1) is positive and goes to oo, if it is

multiplied by some negative constant, (17) goes to —oo as
t — +oo . So X(t) converges to O if there exists some € > 0
such that

T
ST — /0 (3 (1) — £)dt < 0. (18)
Since (18) multiplied by —@ is a small perturbation
of (13), the latter ensures that (18) is satisfied for € small
enough. Thus condition (13) is a sufficient condition to obtain
the global convergence of x(f) to x,(r) =0.

We now demonstrate the convergence of y to zero when
(13) is satisfied by studying the second equation of (14). First
consider y > 0. Since y > 0 when y = 0, y cannot become
negative from there. Since X tends asymptotically to zero,
there exists a time 7, so that h(x) < 5 for any 7 > t,:

y< h(x)(y+yp) —my because g(y) <1,Vy>0

and m
y < h(X)y,— §)7< 0, for t > t,.

We know that /(X)y, converges to zero, so that y does too.

1378



MTNS 2014
Groningen, The Netherlands

When y(0) < 0, either y becomes positive at some time
and the preceding reasoning applies, or it does not and (16)
shows that ¥ goes to 0. Thus we have demonstrated the
global attractivity of the pest-free solution of model (9) under
condition (18).

Now we have to study the local stability of the solution.
For this, we compute Floquet’s characteristic multipliers of
the monodromy matrix built on the linearization of (14)
around the pest-free solution.

{55 X(f(0) —&'(0)q(vp)yp),
}.7: ;h,(O)Q()’P)J’p —my.

We obtain the following matrix equation

- U )0

and we got the post-release mapping

(5) s v =5 (5) o)

with B the matrix such that

19)

()Tt
f (f’((])fg/(())q(y,,)y],)d’t
e nT+ O
B= ()Tt
-m [ dr
e nTt

whose bottom-left term does not influence the eigenvalues
because the matrix is triangular. The analysis of system (19)
indicates that the eigenvalues (or characteristic multipliers)
of B, which are read on the diagonal, must be smaller than
1 in norm to obtain local stability of the pest-free solution.
It is trivial for the second one and is achieved for the first if
and only if the following inequality:

f'(0)

§'(0)
is satisfied. This is equivalent to (12) because y, is T-
periodic.

(n+1)T*
T [ abn@(e)dr <0

Since lim VACI f,,ﬂ, thanks to L’Hospital rule, we know
0 8&) T £'(0)

that {g :Eg; < §,. Therefore the global attractivity condition

is stronger than the local stability condition and global

asymptotic stability is achieved with (13). [ ]

The conditions for local and global stability of the pest-
free solution (10) are very similar. We note that the global
stability condition is only sufficient: if W.(7,u) > 0 and
Y (T, 1) <0, the pest-free solution might be GAS, but this
situation is not identified by Theorem 3.2.

IV. NUMERICAL RESULTS
A. Single species dynamics
We can illustrate Theorem 2.1 by taking the explicit

growth function:

s0) =—ny(1-2). 20)

A

It is represented in Figure 2. It satisfies Hypotheses 2.1
and is an approximation of (2) for K, > A over (0,A].
Computing (6) explicitely, we obtain:

Fr(y(0)(A-y(0") _
Y0 (A— Fr(3(07)) ’

then we get y(0™) from the first equation of (5):

ryT
g e =)
y(o )—A€2 eryT_l ’

and from the second equation of (5), we have
T

Ale T —1)
R N
T(e2 +1)

This equation is represented in Figure 3. If the introduction
rate is strong (superior to t(0) = %), population establish-
ment will always be possible. Otherwise the period must be

large enough to overcome the Allee effect and install the
population.

s (T) = 2y

1s(0)
3
L .
‘5 Establishment
o success
o
2
Q
=
=}
o
=
=
—
Establishment
0 failure
0 . 100
Period T
Fig. 3. Introduction rate threshold p;(7). In the red area, the installation

of the population is impossible and the blue area gives couples (7, i) with
which the installation will be possible in a finite time.

Population dynamics as a function of the release pe-
riod T can be investigated further by considering the term
Fr(y(0™)) +uT —y(0%). It describes population increase
over one period (0",7") for an initial density y(0") < A,
encompassing both population decline because of Allee ef-
fects and the release. Dividing it by 7', we obtain its increase
per unit time. The computation of the average of the latter
over y(0™") values between 0 and A yields thus an indicator
of the mean population growth over the strong Allee effects
zones, which is positively correlated with the swiftness of
population establishment. We define mean population growth
as:

A + w0t
DT, 1) = %/0 Fr(y(0 ))‘;IJT (0 )dy(0+),

which becomes:

A2 TenT — T 4]
CD(T,/.L) - ﬁ (eryT _ 1)2

T (22
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for model (4) with growth function (20). Differentiating &
with respect to T, we obtain a function whose denominator
is positive and whose numerator sign needs to be assessed.
This numerator and its first five derivatives being 0 in T =
0 and its sixth derivative being positive for all positive T,
the numerator is positive so that ®(7,u) is an increasing
function of the period T, as illustrated in Figure 4. Thus,
for a given u, the larger the T, the faster biocontrol agents
establishment.

> pis(0)

Mean population growth ®(T, p)
o

0 Period T' 25

Fig. 4. Mean population growth ®(7, 1) increases with the release period
T.If u < ug(0) only large release periods lead to population establishment.

B. Predator-prey dynamics

To illustrate our results on the pest-free solution, we return
to model (7) which satisfies Hypotheses 3.1. There are two
possibilitif;s depending on parameters x;, and K: if x;, < K,
we have % =g = %% but if x, > K, Sg = 78 (K +x,)".
In the former case, the local and global stability conditions
are identical, while they differ in the latter.

In order to evaluate the convergence rate of x to 0, we
note that system (19) and matrix B indicate that, locally,

(n+1)TT

©(nT) = (e./m (f’(0)—g’(0)ypq(yp))df)nx(0+)

_ e*'PL(T#)”Tx(OJF ) ,

so that W, (T, u) is the mean convergence-rate of x to 0. The
more it is positive, the faster the convergence of x to 0.
For model (7), it writes:
*2 ,—2mT

by 1 [T y*e

lIJL(Ta“) - ath 0 y*e,mﬂ;_’_yh

dt—r,

which becomes

bo Yh {y*e_mT-Fth
WL (T, u) = +—In|————| | —r
uTh) axym <” T Y+ Y
This should be positive for LAS of the pest-free solution.
Neither T nor p can easily be isolated from W, (T,u) >0

since y* depends on both. By maintaining the introduction
rate U constant, we compute the value of W¥; for small

and large periods 7. For large periods, it is studied through
L’Hospital rule:

1 —— =1 — (Y (T,u)T
TiI_I:m T T—lg}de( L( nu') )7
which yields
. Hbo
lim W, (T,u)= —
e L(T.1) axym

The local stability condition for large periods is then

arx,m
> = (23)
0
For small periods, we show that
bo Uyn  Hrp
W (T ~ — —_ =
WTw) = <u+m+yh x

So that, for short periods, the condition to obtain local
stability is a quadratic inequation in :

1 — iy — myptzp >0, (24)
which yields
14+ /14
K> Uy =Upp———F—— > Upp. (25)

2

The same reasoning is used for the global stability con-
dition (when x;, > K) and we find respectively for large and
small periods the following conditions:

M > gy = mSg, (26)
14 /14 2
U > UGa = lJGbiﬂcb > UGp- 27

2

Simulations have been performed with model (7) and the
parameters given in the caption of Figure 5. These values
correspond to the situation where model (7) has only one
globally stable equilibrium, (K,0) leading to the extinction
of predators. Since x, > K, the global and local stability are
different.

Figure 5 illustrates the stability of the pest-free solution as
a function of parameters u and 7. Compared with model (7)
where prey were always present at equilibrium, it iS now
possible to eradicate the pest population (blue area). The
green area only guarantees that the pest-free solution is LAS
while it is unstable in the red area. The aforementioned
Ura, Hrip, Mce and Ugp are illustrated in Figure 5. For
an introduction rate too small (under uj;), the solution is
unstable for any T and if u is large enough (above Ug,), the
solution is always GAS.

Intermediate introduction rates y allow to obtain different
situations as a function of the release period 7: for small
periods, the pest-free solution is unstable, while it is GAS
for large T-values. The upper hand of larger 7' values over
smaller ones is further illustrated in Figure 6, where W(T, 1),
the convergence rate of the pest population to 0, is plotted
against T for different y values. Small introduction rates
1 never lead to pest control, but as soon as pu is large
enough, larger T values clearly accelerate pest eradication.
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HGa
GAS
=
&
S ULa
g
2 LAS
3]
=
=l
S
£
Sl = c-cccsscoccocsscscoooccosssoocans
=
Unstable
OBy - =-========c===c====s========2=-=
0
0 Period T 100
Fig. 5. Local and global stability conditions in function of parameters

1 and T. The red area represents couples (7,u) such that the solution
does not converge to the pest-free solution. The green area give only the
local stability. Blue part is a zone where the pest-free solution is GAS.
Parameters are from [19]: by = 0.936, a =0.214, r =0.9, x;, = 0.8, y, =1
and we consider a small value of the carrying capacity K =0.2.

These numerical results have been confirmed through formal
calculations performed on Maple [22] that W, (7,u) is an
increasing function of 7. Thus, larger 7 can make pest
eradication possible, and when the latter is possible, the
larger the T the faster the convergence of the pest population
to 0.

M > MLa

L pry < g < ULa

o

Convergence rate W (T, u)

Period T

Fig. 6. Convergence rate of the pest population to 0 W(T, ) , as a function
of the release period for three introduction rates p. When p is too small,
pest control is never achieved, while it is achieved for any 7 when u is large
enough. For intermediate values of u, only large T yield to pest eradication.

V. DISCUSSIONS

Allee effects affect numerous animal and vegetal pop-
ulations. They are acknowledged as important drivers of
population establishment and can also have repercussions
on interspecific interactions such as in predator-prey systems
[18], [19], [20].

In line with [20], we considered biocontrol agents subject
to Allee effects. We specifically focused on the introduction
strategies of biocontrol agents in terms of sizes and frequency
of the introductions, as e.g. in [16], [5], [6]. We used
two different population models, the first one concentrating
on the biocontrol agents population, while the second ex-
plicitly considered predator-prey interactions. In the former
model, biological control efficacy has been evaluated through
an indicator of biocontrol agents population establishment
swiftness, and in the latter, through a measure of the pest
eradication rate.

Our results are clear-cut in both approaches: for a given
introduction rate, the most efficient strategies are to very
rarely release massive amounts of biocontrol agents (Figures
4 and 6). Depending on how large the introduction rate is,
more frequent, and thus smaller, releases may still succeed,
but may also fail: in fact, in both models there exist a release
rate - release period threshold under which either biocontrol
agents do not establish (single species model) or pest control
is disrupted (predator-prey model). The only important dif-
ference in our conclusions is that, in the predator-prey model,
there is a threshold introduction rate under which any release
strategy will fail, while such threshold does not exist in the
single species model.

Disregarding density dependence in the predator popula-
tion, previous modelling studies on augmentative biological
control [16] concluded that, due to stochasticity in the
timing of pest invasions, small and frequent biocontrol agents
introductions were to be preferred over larger and rarer ones.
This conclusion has also been reached by [5], [6] as a result
of intraspecific competition (negative density dependence)
among biocontrol agents. This contribution makes it clear
that positive density dependence in biocontrol agents has to
be experimentally assessed, as it can revert recommendations
on the release strategies.
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