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Abstract— The main purpose of this paper is to investigate
the stochastic input-to-state stability (SISS) property of a class
of stochastic port-Hamiltonian systems. We provide sufficient
conditions for the system to achieve the SISS property.
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I. INTRODUCTION

Stochastic input-to-state stability (SISS) is well recog-
nized as an important concept for analysis and synthesis
of nonlinear stochastic systems. The notion of SISS is an
extension of the deterministic input-to-state stability (ISS)
concept [1], and has been improved by several researchers,
e.g., [2], [3], [4]. Besides, as a practically important class of
nonlinear stochastic systems, one of the authors has intro-
duced stochastic port-Hamiltonian systems (SPHSs) in [5].
SPHS is an extension of the deterministic port-Hamiltonian
system (PHS) [6], and it represents electrical and mechanical
systems, electromechanical systems and systems with non-
holonomic constraints with uncertainties such as system and
measurement noises and modeling error.

The main purpose of this paper is to investigate the SISS
property of a class of SPHSs. As mentioned in [7], there
are few studies on robustness of PHSs against external
disturbances, and this important subject has not been clarified
for SPHSs. The key techniques in this paper are coordinate
transformations, integral actions and feedback compensators
derived from the stochastic generalized canonical transfor-
mations (SGCTs). Although we use particular coordinate
transformations in [8], [7] and add an integral action in
[7], there are two main differences amoung them. First, we
revealed in [5] that an extra condition due to the stochastic
noise is necessary to preserve the SPHS structure under
a coordinate transformation compared to the case of PHS.
Hence, the techniques in [8], [7] are not directly applied
to SPHSs. SGCTs proposed in [5] provide conditions for
the coordinate and feedback transformations preserving the
SPHS structure, and we newly equip some feedback com-
pensators based on SGCTs to solve this problem. Second,
although the method in [7] which we use here only deals with
matched deterministic disturbances, the proposed method can

*This work was supported in part by JSPS Grant-in-Aid for Young
Scientists (B) (No. 60533643).

1Satoshi Satoh is with Faculty of Engineering, Hiroshima
University, 1-4-1, Kagamiyama, Higashi-Hiroshima 739-8527, Japan
satoh@hiroshima-u.ac. Jjp

2Masami  Saeki is with Faculty of Engineering, Hiroshima
University, 1-4-1, Kagamiyama, Higashi-Hiroshima 739-8527, Japan
saeki@hiroshima-u.ac. jp

ISBN: 978-90-367-6321-9

deal with matched and unmatched stochastic noises as well as
the matched deterministic disturbances. Thanks to stochastic
calculus, we explicitly provide sufficient conditions of the
noise port of the plant system as well as some design
parameters of the controller for achieving SISS property.

II. PRELIMINARIES

We consider a class of stochastic port-Hamiltonian sys-
tems (SPHSs) [S], which is described by the following It
stochastic differential equation:

0H(q.p) T
dq _ O Im dq O
(dp)_<—fm 0) 0H(q.p) di + Iy udi
op

0 h11(q,p) 0 dun
" (dZ) e ( 0 h22(q,p)> (dU’?) o

with the Hamiltonian H(q,p) = ip"M(q)~'p + U(q),
where ¢, p € R™, a symmetric positive definite matrix M (q)
denotes the inertia matrix, a scalar function U(q) denotes a
potential energy, and is assumed to be a sufficiently differen-
tiable positive definite function. We have proposed a way to
assign a proper potential energy to a SPHS in [5]. Let T'(¢) €
R™X™ be the square root of the matrix M (q)~?, that is,
M(q)~! = T(q)* holds. u € R™ represents the control input
and d2 € R™ represents an essentially bounded measurable
disturbance. dy is possibly time-varying. wi,wy € R™»
denote standard Wiener processes defined on a probability
space (2, F,P), where Q is a sample space, F is the
sigma algebra of the observable random events and P is
a probability measure on . hi1(g,p), hoa(g,p) € R™*™w
represent the noise ports. In the sequel, we define the norm
of a matrix A as [|A]| := \/Amax(AT A). Here, Apin(-) and
Amax(-) represent the minimum and maximum eigenvalues
of (+), respectively. We use the Euclidean norm for vectors.

In order to calculate the expectation of the time variation
of a Hamiltonian, we define the infinitesimal operator £(-).

Definition 1: Consider the nonlinear stochastic system
written in the sense of Itd:

dz = f(z,u,d)dt + h(z) dw, 2)

where z € R”, u € R™ d € R! represent the state, the
control input and the disturbance, respectively. According
to [9], it is assumed that f and A satisfy the linear growth
condition and local Lipschitz condition with respect to their
arguments for existence and uniqueness of a global solution
to the system (2).
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Then, the infinitesimal generator for the stochastic process

of the system (2) is defined as
2

We equip the deﬁmtlons of stochastlc input-to-state stability
(SISS) and SISS Lyapunov function based on [3]. Since the
definition of SISS in [3] does not consider the plant system
with a control input, we slightly modify the difinition.

Definition 2: Consider the system (2) with a fixed control
input w = v(z,t). Then, the closed-loop system is stochastic
input-to-state stable if Ve > 0, there exist a class KL function
[ and a class IC function 7 such that

P Lol < 80110+ 2 (Os;r;tld(sN)} S1-e

vt >0, Vz(0) e R™

Proposition 1: [3] Consider the system (2) with a fixed

control input u = v(z,t), and suppose that there exist a C?

function V' (x), class Ko, functions «g, as and p, and a class
K function a3, such that

ar(fJz]]) < V(z) < ao(|lz]]) 4
and with [|z[ > p([|d]|),
LV < —as([|z])- ©)

Then, the closed-loop system is SISS in Definition 2 .
Although the concept of SISS is extended to the case where
the disturbance is assumed to be a state and time dependent
stochastic process in [4], we do not consider the state
dependent disturbance in this paper.

III. MAIN RESULTS

Before applying a main controller for SISS, we convert
the system (1) into another one, where the inertia matrix is
removed from its Hamiltonian. For this, we extend the coor-
dinate transformation in [8] to a stochastic port-Hamiltonian
system by using a SGCT in [5].

Proposition 2: Consider the system (1). The following
coordinate transformation

(3) = (i)

m 182[T]1,- . 2
Y13 oq2 Jpj[hll]k,k

and feedback input

u=-T(q)"" : + 4,
82[T)m .
[3;% <pjlhiili g

1
Xh=12
where for a vector x, x; denotes the j th element of = and

for a matrix A, [A]; denotes the (j,k) th element of A,
respectively, and % denotes a new input, convert the system

(1) into the following another SPHS:
() dt + (IO ) vdt

_ 2H(.p) "
(gg) - (—79(@) JQ(M)) it

0H(q.p)
op
0 hi1(z,p) 0 dw
i <T(ci>dz) o (hzl(w) hzz(ci,f))) (dw2) '
(6)

Here, v := Tu and

_ . 9(Tp) o(Tp)"
J2 (qup) = Tr-T
dq 9q ¢=7
p=T""'p
h11(Z, p) == h11(q,p) .
q9=4q
p=T""'p
- o(Tp
h21(q,p) = (8 )hll((LP)
q =7
p=T"'p
h22(q, p) := Thaa(q,p) .
Zz%”ﬁ
Proof: The assertion directly follows from Theorem 1
in [5]. u

In order to endow the system with SISS property, we first
add an integrator dynamics to the system. Then, coordinate
transformation and feedback controller are equipped to add
the proper damping and to preserve the SPHS structure. The
integrator dynamics and coordinate transformation are the
same as proposed in [7]. However, the feedback controller
proposed here is different.

Theorem 1: Consider the system (6), and the following
integrator dynamics

oUu
dr = (T + Ry) 5 + Rap ()

and feedback controller

0*U
v=— (82T+J2+R2+R3> — (Rg + R3)F
3
Em_léaq -[h11]?
oU
—(T+Ry+ R3)— —

3 ; (8)

Z;n 12 anqu [hll]

where Ro, R3 € R™*™ denote symmetric positive def-
inite matrices, respectively. Then, the closed-loop system
described in the new coordinate

z1 q
z:=| 22| = ;3—1—%—24—17 =
z3 r

is converted into another SPHS with the Hamiltonian
H,(2)=U(x) + %2 22 + 578 23-

Moreover, suppose that for all ¢,p € R™, there exist
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positive constants such that

krl, <T(q) < Krl, (10)
oU(q) "
b ol < | 250 an
2
kol < o°U(q) < Kyal, (12)
ol
h11(q,p)|| < Kn11 (Z) (13)
T
H%j)p)hn(q,p)u < Kpo1 (Z) (14)
lh22(q,p)|| < K22 (Z) . (15)

Then, if the following condition holds:
9m2KU2 (k%l'f‘ 1)
%%,

= K,

k1 >
(16)

the closed loop system in the coordinate (9) with Ry and R3
such that

K
kRy = Amin(R2) > K. + —

; (7
kRg = )\mzn(R3) > K,

(18)

becomes SISS with respect to de with SISS Lyapunov
function H,(z).

Proof: The closed-loop system with the integrator
dynamics (7) and the feedback controller (8) is given by

dg 0 0 J=120g70q

dp | = | Tds |dt— | I, : dt+
dr 0 0 m

" Ea 128q28’ [hll]

@11(‘?71_7) 0 dw;
+ (har@p) haslap) <dw2> (19)
0 0

Then, the system (19) can be described in the new coordinate
z in (9) as

dz; -T T -T T
ng = =T —R2 —R3 al:(gz( ) de
dzs T Rs; —Rs z
0 hzll(z) 0 dw1
+ [ Tde |dt + | he21(2)  haoa(z) (dw ) ; (20
0 0 0 2

(14 Kvou) Kni1+ Knoi+ K7 Knas)”

‘Z: 1 2108
p= Zz—ale—zs
- o*U-
hz21(2) == h21(q,p) + 972 h11(q,p)
q q=z
p=z2— % —23
hz2a(2) = ha2(q,P) o
g; Z;—%—ZS
Note that we use the fact that
92 m
o {B(ng)hzhj} 0\ [Tz 8q28q (a3
= : =1, :
0 m
tr{ 3(6‘1157;) I’LZI’LT} E] 1 2 aq aqm [hll]_] j
in deriving Eq. (20), where
hx11(2) 0
hz(z) = hzgl (Z) hzgg(z’)
0 0

Eq. (20) proves the first assertion.
Now, we calculate LH, along the system (20) as
OH."

H,
d1ag{T RQ, Rg}

H, =
£ 0z
BH

1 0°H,

hoh] .
oG {0 z}
In order to further investigate LH ,, we evaluate the last term
in Eq. (21). From the conditions (10), (12), (13), (14) and
(15), we have

[hz(2)]] < V3m (Ilhzu( M+ he21(2)] + [lhe22(2)]])
<V3m ((1+ Kv2p)Kni1 + Kno1 + K1 Kp2z)

21

X (22)
Z2 - 821
It follows from the condition (11) that
2
Z1
-
H <—§—U —23>
1 8U T
<\ +1 +|\zz|\2+|\23|\2 (23)
kg

Then, Egs. (22), (23) yield

th(Z)HQ < 3m ((1 + KV2U)Kh11 + Kpo1 + KTKh22)2
2
1 ou "
X T+1
kUl

ov 2 2
oo ||+l

(24)
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By using Eq. (24), the last term in Eq. (21) can be evaluated

as
2 2
%n{a 1. hzhj} < N {%hzhl}

022 022
3mKU2
< (2
2
ou '’
< Ko lg5 || HllzelP+lzl® ) (25)
21

where K, is given in Eq. (16). Therefore, from Egs. (21)
and (25), we have

U’
62’1

— (kg — K.) ||2s]> + K12, da

Kr
< = kB (br = ) [~ (b= . = 7 ) P

ﬁHz S_(kT_KZ) _(kR2 _KZ)HZ2||2

K
— (KR, —Kz)|\23||2+7T|\d2H2- (26)

It follows from the conditions (16), (17) and (18), and
Proposition 1 that the closed loop system in the coordinate
z is SISS with respect to dz with SISS Lyapunov function
H,(z). This proves the theorem. [ |

IV. CONCLUSION

This paper has investigated a SISS property of a class
of SPHSs. By using particular coordinate transformations
and integral action, and feedback compensators derived from
SGCTs, we have clarified robustness against matched deter-
ministic disturbances, and matched and unmatched stochastic
noises for SPHSs.
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