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Controllability of Bilinear Interconnected Systems

Frederike Riippel'*?, Gunther Dirr! and Uwe Helmke'

Abstract— We analyze controllability properties for two dif-
ferent classes of bilinear interconnected systems. The first class
consists of networks of single-input single-output (SISO) linear
systems, where coupling parameters act as control variables.
We characterize the system Lie algebra of the resulting bilinear
control system. Necessary and sufficient conditions for accessi-
bility are derived in terms of the underlying interconnection
graph. Similar results are stated for the multi-input multi-
output (MIMO) case. Such problems are relevant for analyzing
controllability of switching networks of linear systems. In the
second part, motivated by applications in quantum control, we
investigate parallel connections of bilinear systems. We deduce
from a more general accessibility result on bilinear systems
on semisimple Lie groups a necessary and sufficient accessi-
bility/controllability condition for parallel connected bilinear
systems.

I. INTRODUCTION

Networks of dynamical systems have been an active and
challenging field of interdisciplinary research. While in the
past electrical engineering certainly provided the major ap-
plication area of “network theory”, nowadays various new
players as biology, medicine, economics, computer science
etc. enter the stage and inspire new ideas and concepts:
flock and formation control, distributed control and syn-
chronization are just a few aspects of the emerging field of
interconnected dynamical systems.

In applications where the network structure is not fixed
apriori and can be considered therefore as a control parameter
one is faced with the fundamental question whether a given
initial formation of the network can be steered to a desired
final formation by switching or tuning interconnections ap-
propriately. Such a scenario arises e.g. when linear systems
are coupled by time-varying output feedback according to
an underlying feedback graph. The overall system then
constitutes (in the SISO case) a bilinear system of the form

.’ti = Aliﬂl + Z uij (t)biCj.’Ej s
(4i)eE

where E is the edge set of the underlying feedback graph.
Hence, accessibility can be studied by means of the associ-
ated system Lie algebra.

In Section II, we determine all possible system Lie al-
gebras resulting from feedback systems with strongly con-
nected feedback graphs. From this we derive necessary and
sufficient conditions for these networks to be accessible.
Similar results for single linear output feedback systems
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were obtained by R. W. Brockett [4], [S]. Our arguments
and techniques are based on his ideas in [4]. However, our
results do not cover Brockett’s work, as we require that our
network has at least three subsystems.

In Section III we analyze a different scenario. Here, the
individual subsystems are actually not internally coupled, but
an external coupling results from the fact that all subsystems
are subject to the same control addressing all of them simul-
taneously. Hence, the coupled system constitutes a parallel
connection. For the linear case, parallel connections have
been studied extensively in the literature see e.g. P. Fuhrmann
[11]. The control of parallel connected bilinear systems is
motivated by studies on ensemble controllability for quantum
control systems [20]. Here, we focus on bilinear systems
evolving on semisimple matrix Lie groups and derive a
necessary and sufficient accessibility condition which can be
verified easily once the automorphism group of the associ-
ated system Lie algebra is known. For the classical simple
complex Lie algebras, this problem is well-studied and the
automorphisms are completely classified in the literature, see
[12], [16]. The real case can be found in [14], [22].

II. CONTROL OF BILINEAR NETWORKS OF SYSTEMS

In this section we study a finite number of linear SISO
systems that are interconnected by time-varying couplings.
In contrast to previous work we consider the coupling pa-
rameters as control variables. This results in a large bilinear
control system whose controllability properties we analyze.

We begin with a brief summary of relevant notions from
graph theory. A directed graph I' = (E,V) is a pair of a
set of ordered edges F and a finite set of vertices V. Here,
we always take V := {1,2,..., N} as given and assume,
that the graph T' is simple, i.e., it has no parallel edges and
no self-loops. The adjacency matrix of a directed graph T’
is defined by a matrix v € R¥*N where

1
Yij = 0

A path igiq...1g from vertex ¢ to vertex j is a finite
sequence of vertices, such that (ix_1,ix) € E for k =
1,...,5 and ig = ¢, ig = j. Two vertices 7 and j of a
directed graph ' = (E,V) are called strongly connected
if there exists a directed path in I' from vertex i to vertex
j and one from j to i. A directed graph I' = (E,V) is
called strongly connected, if every pair of vertices (3, )
is strongly connected. A well-known characterization for
strongly connected graphs is the following (see e.g. [3]).

if (i,7) eV
else.

(D
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Theorem 1: A directed graph T' = (E, V') is strongly con-
nected if and only if its adjacency matrix «y is permutation-
irreducible.

A. Controllability of Bilinear Systems

Next we summarize relevant facts about controllability of
bilinear systems

&= (A + i uj(t)Bj)m (2)
=1

on R™ \ {0}. The system Lie algebra g is defined as the
real Lie subalgebra of n x n-matrices that is generated
by A, Bi,...,B, € R™™. Accessibility of (2) then is
characterized by the property whether or not the associated
system Lie group G with Lie algebra g acts transitively
on R™\ {0}. Therefore, one has the following accessibility
criterion for bilinear systems, see [6], [7], [17].

Theorem 2: A bilinear system (2) on R™\{0} is accessible
if and only if its system Lie algebra g is conjugated to one
of the following types:

(1) so(n)®R, ifn > 2.
(2) su(n/2)@e°R or su(n/2)®C, if n is even and n > 3.
(3) sp(n/4)@e®R, sp(n/4)®C or sp(n/4)®H, if n = 4k.
@4 gadR, ifn="7.
(5) spin(7) ®R, if n = 8.
(6) spin(9) R, if n = 16.
(7 sl(n,R) or gl(n,R), if n > 2.
®) sl(n/2,C), sl(n/2,C)@eR or gl(n/2,C), if n = 2k.
) sl(n/4,H), sl(n/4,H)®eR or sl(n/4,H)®C, if n =
4k.
(10) sl(n/4,H) @ sp(1) or sl(n/4,H) @ H, if n = 4k.
(11) sp(n/2,R) or sp(n/2,R) @R, if n is even and n > 3.
(12) sp(n/4,C), sp(n/4,C) @ PR or sp(n/4,C) @ C, if
n = 4k.
(13) spin(9,1,R) or spin(9,1,R) ® R, if n = 16.
Here, o and 3 have to satisfy o € (=3, %), B € [-5, 5]

The preceding list of Lie algebras which guarantee ac-
cessibility on R™ \ {0} is complete, but impressively long.
A detailed discussion is provided in [7] and [18]. For the
Lie-theortic background we refer the reader to Ch. I and
Il in [16]. In special cases, the above list can be reduced
considerably and more explicit characterizations for accessi-
bility can be found. An important case is the one studied by
R. W. Brockett in his early work on output feedback control
systems.

Let (A, b, ¢) denote a minimal triple of a SISO system with
A e R"™™ p e R"™ and ¢ € R, Here and henceforth, a
triple (A, b, ¢) is called minimal if (A, b) is controllable and
(4, c) is observable. Then, a SISO system can be described
by

&= Az + bu(t),
3)
Yy =cx,
where the associated transfer function is g(s) = e¢(sI —

A)~1b. By applying time-varying output feedback to (3) of
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the form v(¢) = u(t)cxz we obtain the bilinear system
i = (A+u(t)be)w. 4)

The associated system Lie algebra is the Lie algebra gener-
ated by the coefficient matrices A and be. In [4], Brockett
determines all possible systems Lie algebras for linear output
feedback systems of the above form (4).

Theorem 3 ([4],[5]): Let (A,b,c) be minimal, g(s) =
c(sI — A)~'b. Then the system Lie-algebra g of

i = (A+u(t)bc)x

satisfies:
() 9.2 sp, o(R) if and only if g(s) = g(—s)
(i) g = sp, »(R) ORI if and only if g(s+a) = g(—s+a)
with « # 0 suitable.
(iii) g = sl,(R) if and only if g(s+ a) # g(—s+ «) for all
ac€Rand cb=trA=0.
(iv) g=gl,(R) else.

~

Here, = means that the respective Lie algebras are conju-
gated.

Furthermore, in [4] Brockett introduced the appropriate
multivariable analogon to (4) as MIMO systems of the form

& = (A+ BK(t)O)z, 5)

where A € R"*", B € R"*? and C € RP*". Here, K (t)
is a matrix of appropriate dimension. Then, the associated
system Lie algebra is the smallest Lie algebra containing A
and BKC for all real K € RP*P. For minimal (A4, B, C),
where minimality is defined as in the SISO case, Brockett
proved the following result.

Theorem 4 ([4]): Let (A, B,C) be a minimal triple and
suppose that G(s) = C(sI — A)"'1B is of tk G > 2 for
some s. Then the system Lie algebra g of the output-feedback
control system

i=(A+BK(t)C)x

satisfies:
(i) g =sl,(R) if and only if CB =0,tr A = 0.
() g=gl,(R) else.

B. Control by Interconnections

Networks of SISO systems: We next study networks of
interconnected linear SISO systems. Thus let the state of
each vertex 7 be a n-dimensional vector x; in R™. Then, the
dynamics of every single linear system in this network is
described by

i‘i = AZ‘I,' + bﬂ)z(t),

Yi = Ci4
with 4; € R™", b, € R"® and ¢; € RY™™. We fix
the interconnection structure via the adjacency matrix -y

of a graph I' = (E,V). The time-varying interconnection
parameters are then regarded as real valued control functions
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u;;(t) wiht (¢,j) € E. By applying time-varying output
feedback of the form
Ui(t) = Z uij(t)cjxj.
(4,9)€E

we obtain a coupled network of linear systems that is
controlled by the coupling strengths w;;(t). Explicitly, the
dynamics of the interconnected network with graph I' is
given as

(ﬁi = Az«'Lz + Z uij(t)biijj
(4:1)€E
for + = 1,... N. By rewriting this in matrix form we arrive
at the bilinear control system

i = (A+ By(u)C)z, (6)
where

Z ’LLZJE1

(i.)eE

Y(u) : )

is the so-called controlled adjacency matrix and the coeffi-

cient matrices of (6) are given by
A1 bl
AQ b2

A= B

AN bN

C1

C2
and C :=

CN

Thus, A € R*"VX2N B c RPNXN and ¢ € RV*N? Note
that (6) is of the same output feedback form as Brockett’s
system (5), with the important distinction that the matrices
A, B,C are block-diagonal and the output feedback matrix
~(u) has the structure of a weighted adjacency matrix of a
graph (with no self-loops).

Similar to Theorem 3 we characterize the system Lie
algebras for heterogeneous networks with more than two
vertices.

Theorem 5: Let (A;,b;,c;) be minimal for ¢ = 1,... N

and
Z Ui EZ 1

(i.j)€E

Y(u) :

be the controlled adjacency matrix of a strongly connected
graph I' = (E,V) with N > 2 vertices. Then, the system
Lie algebra & of

i = (A+ By(u)C)z
is either 50,5 (R) or gl, 5 (R).

If all node systems (A;,b;,c;) are equal the network is
homogeneous. In this case we obtain the following result as
a special case of Theorem 5.

909

Corollary 1: Let (A, b, c) be minimal and
Yw) = > By

(i.j)eE

be the controlled adjacency matrix of a strongly connected
graph I' = (E,V) with N > 2 vertices. Then, the system
Lie algebra & of the controlled network

i=(In®A+7(u)®bc)x

is either sl, v (R) or gl,, ;(R).

We briefly sketch a proof of Theorem 5 in the special case
that all systems (A;, b;, ¢;) are equal. Clearly, this is exactly
the scenario of Corollary 1. The more general case is treated
in the forthcoming PhD Thesis [23]. Moreover, we assume
for simplicity cb # 0.

Proof: For (i,j) € E we obtain E;; ® bc € & and
by taking iteratively commutators with the matrix Iy ® A it
follows E;; ® ad’ (bc) € & for all k € N. Let (4,5) ¢ E.
Due to the strong connectedness of I' we find a directed path
in I' from ¢ to 5. W.lo.g., let us assume that the path consists
of two edges, i.e., it exists a vertex m, such that (¢,m) and
(m,j) € E. Thus,

[Eim @bc, Ep,j @ be] = (cb)E;j @ be € .

Since ¢b # 0 it follows E;; ®bc € & and Ey; @ad” (be) € &
for all 4 # j and all £ € N. Furthermore, one has

(i @ ad’ (bc), Emj @ adl (be)] = Eij @ad (be) - ady (be)

and it can be easily shown, that the real vector space spanned
by elements of the form

X = ad” (be) - adY (be)

with k,l € Ny is R"*"™. Hence, we obtain F;; @ R"*" C &
for ¢ # j. Completing this to a Lie algebra yields

slyy(R) C &

and the result follows. |
As an immediate consequence of Theorem 2 and 5 we
obtain the following result.
Corollary 2: Let T’ = (E,V) be a directed graph with
N > 2 vertices and the triples (A;, b;, ¢;) be minimal for all
i =1,...,N. Then, the controlled network

i = (A+ By(u)C)a. ®)

is accessible on R™™\{0} if and only if T is strongly
connected.

Networks of MIMO systems: Analogous to the SISO case,
the dynamics of every single linear system in the network
can be described by

yi = Ciwi,
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where A; € R™*"™, B; € R"*P and C; € RP*™. Applying
time-varying output feedback of the form

vilt) = Y Kiy(t)Cx,
(i)eE

we again obtain a coupled network of linear systems that
is controlled by the coupling/feedback matrices K;(¢), i.e.
by the matrix valued control functions K;;(¢). Then, the
dynamics of the network with interconnected graph I' is
given by the bilinear system

T = (A + Bv(K)C);v.
Here, we have

WK):= > Eij;®K;

()EE
and
Ay By
A= B =
AN By
Ch
and C:= ,
Cn

with A € RnNXnN’ Be RanpN and C € RPNXN7L.

Similar to Theorem 5 we obtain the following result for
networks of MIMO systems.

Theorem 6: Let (A;, B;, C;) be minimal fori = 1,..., N
and let I' = (E, V) be a strongly connected graph with N >
2 vertices. Moreover, let

V(EK):= Y Ej;eK;
(i.j)€E
be the controlled adjacency matrix of the graph I'. Then, the
system Lie algebra & of

i = (A+By(K)C)x
is either 50,5 (R) or gl, 5 (R).

Again Theorem 2 yields the corresponding accessibility
result for the MIMO case.

Corollary 3: Let ' = (E,V) be a directed graph with
N > 2 vertices and (A4;, B;,C;) be minimal for 4
1,..., N. Then, the controlled network

&= (A+ By(K)C)x

is accessible on R™M\{0} if and only if ' is strongly
connected.

Remark 1: Certainly, control systems arising from net-
works of linear systems were studied many times in the
literature. But usually the resulting control systems are again
linear. For instance, in [21] the authors consider linear
networks where preassigned node systems act as input/output
units, while the remaining node systems execute a consensus-
like protocol. Thus the overall network constitutes again a
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linear control system. In our setting, however, the graph
itself, or more precisely, the interconnection weights which
serve as output feedback control are regarded as input
parameters. This finally leads to a particular class of bilinear
control systems which up to the authors’ knowledge was not
considered before.

III. PARALLEL CONNECTIONS OF BILINEAR SYSTEMS

In the previous section, we investigated systems arising
from networks of linear systems via feedback interconnec-
tions. Here, we focus on bilinear systems. But unfortunately,
general networks of bilinear systems do not preserve bilin-
earity. An important exception are parallel connected ones
which are in the focus of current research due to their
relevance in quantum control [1], [20] and open loop control
of parameter dependent systems [24]. In Subsection III-B, we
will sketch two applications in this context.

A. Control of Parallel Connected Bilinear Systems

Our main result on parallel connections of bilinear systems
rests on Theorem 7 which provides a general accessibility
criterion for bilinear systems on semisimple matrix Lie
groups. Here, the essential notion is the concept of Lie-
relatedness which is defined as follows:

Given two Lie algebras g and g’ as well as two finite
sequences of Lie algebra elements Cy,...,C,, € g and
Ch,...,Cl €g.ThenCy,...,Cyp and C,...,C! are Lie-
related if there exists a Lie algebra isomorphism ® : g — ¢’
such that ®(C;) = C] for [ = 0,...,m. Otherwise, they
are Lie-unrelated. With this terminology, our result reads as
follows.

Theorem 7: Letg = g1®- - -@gi C gl (R) be a semisim-
ple (matrix) Lie subalgebra with simple ideals gy, .. ., g and
let G C GLn(R) be the corresponding connected (matrix)
Lie subgroup. Moreover, let A, By,...,B,, € g and let
m; g —g; fort =1,..., k denote the canonical projections
onto the simple ideals g;. Then the following statements are
equivalent:

(a) The system

m

X(t) = (A +y ul(t)Bl)X(t)
=1

with u(t) € R™ is accessible on G.
The Lie algebra elements A, By,..., B, € g satisfy
the following conditions:

(b)

(1) For all ¢ = 1,...,k, the Lie algebra generated by
mi(A), 7 (B1), ..., mi(Bm) coincides with g;.

(2) For all 4,57 = 1,...,k and ¢ # j the pro-
jected elements 7;(A),m;(B1),...,m(Bm) € g; and
7j(A),7;(B1),...,mj(Bm) € g; are Lie-unrelated.

A complete proof of Theorem 7 is beyond the scope of
this contribution and will be given in a forthcoming paper.
Here, we limit ourselves to show that Theorem 7 provides
a simple accessibility criterion for parallel connections of
bilinear system.
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We consider k bilinear system of the form

Xi(t) = (A; +u(t)B) Xi(t), i=1,....,k (9
each evolving on the same (matrix) Lie group Gy C GL,,(R)
with Lie algebra go C gl,,(R) and parallel connected via the
simultaneous control u(t) € R. For simplicity, we restrict
the number of controls to m = 1. Moreover, it is convenient
to identify (9) with the following block diagonal system on

G L (R):

X(t) = (A+u®)B)X(t), u€eR, (10)
where A and B are defined by
Al Bl
A= and B:=
Ak Bk
Then (10) evolves on the direct product Gy X --- X Gg

regarded as set of block diagonal matrices of the form

Xy

X = with X; € Gg.

Xy

Thus, we are prepared to apply Theorem 7, which leads to
the following result.

Corollary 4: Let A;, B; € go for i = 1,...,k, where gg
is a simple (matrix) Lie algebra, and let Gy be the corre-
sponding connected (matrix) Lie group. Then the following
statements are equivalent:

(a) The parallel connection (9) or, equivalently, (10) is

accessible on Gg X -+ X Gy C GLjn(R).

(b) For all 4 = 1,...,k the Lie algebra generated by

A;, B; coincides with gy and for ¢ # j the pairs

(A;, B;) and (Aj, B;) are Lie-unrelated.

Proof: Apply Theorem 7 to the special case g :
@lego C gl (R), ie. g; :== go for i = 1,..., k. Note
that the simplicity of gy guarantees that g is semisimple. B

As for compact groups accessibility and controllability are
equivalent [15], the above result actually yields a necessary
and sufficient condition for controllability of parallel con-
nections if G is compact.

Clearly, for applying Corollary 4 in practice, one has to
know all possible Lie algebra automorphisms of go which
can be delicate in general. But for the classical simple
(complex) Lie algebras and their real forms they are well-
known, see e.g. [12], Part III, Ch. 1, Lemma 12, [16],
Ch. VII, Thm. 7.8, [14], and [22].

B. Applications

In the following, we give two application of the above
results. The first one is more of theoretical interest; it
combines results from Section II and III. The second one
outlines the significance of Corollary 4 to quantum control.
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1) Parallel Connected Output Feedback Systems: From
Theorem 3 and Corollary 4, we obtain the following result
for parallel connected SISO feedback systems.

Corollary 5: Consider k£ minimal SISO
(A;,b;,¢;)  with  corresponding  transfer
gi(s) = c;(sI — A;)~1b; satisfying the conditions:

(a) tI‘AiZCibi =0 fori= 1,...,]{;.

() gi(s+a)# gi(—s+a) fori=1,...,k and all « € C.

(©) gi(s) # £g;(£s) fori,j =1,...,k and i # j.

Then the parallel connection of linear output feedback sys-
tems

systems
functions

jZl (A1 +U(t)b161)131

Ty =

(Ak + U(t)bkck)xk

is accessible on (R"\ {0})k.

Proof: By Theorem 3, the system Lie algebras gener-
ated by A; and b;¢; for i = 1,...,k coincide with s[,(R)
which is simple and acts transitively on R™\ {0}. The auto-
morphisms of sl,(R) are either conjugation © — ©X0O~!
by an element © € GL,(R) or X + —XT, cf [22].
Therefore, by Corollary 4, accessibility on (SL,, (R))k and
thus on (R™ \ {0})]C holds, provided (A;,b;,c¢;) is neither
similar to (Aj,bj,¢;) nor to (—A],—¢/,b]) for i # j.
But this follows immediately from our assumptions on the
transfer functions. u

2) Quantum Control: Here, we briefly describe a typical
scenario in quantum control which leads to parallel con-
nected bilinear systems. Consider an ensemble of coupled
spin-5 systems — such systems naturally arise in NMR
spectroscopy, see e.g. [8], [9]. Its time-evolution is governed
by the Liouville — von Neumann equation

p(t) = —i[Hu(t), p(t)] (11)

where p(t) denotes the density matrix representing the state
of the ensemble at time ¢ > 0, or, equivalently, by the lifted
equation

U(t) = —iH,(t)U(t) (12)
where U(t) is the corresponding unitary propagator at time
t > 0. Moreover, H, is a controllable Hamiltonian, which

usually reads as

H,(t) := Ho+ > ux(t)Hy. (13)
k=1
Here, Hy, H; ..., H,, are traceless Hermitian matrices mod-

eling the uncontrollable and, respectively, controllable part of
the system’s dynamics.

In many experimental settings, H, will depend on addi-
tional known or unknown parameters. For instance in NMR
spectroscopy, the involved magnetic fields often exhibit
undesired inhomogeneities and chemical shieldings cause
unknown shifts in the Lamor frequencies [10], [20]. Both
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effects result in a parameter dependent form of (12) and
(13), respectively:

U(t,0) = —iH.(t,0)U(t,0) (14)

and m
Hy(t,0) := Ho(0) + > up(t)Hy(0) . (15)

k=1
Note that uq (%), ..., un(t) € R are assumed to be indepen-

dent of 6. Therefore, the major challenge is to simultaneously
steer a given initial value py which may depend on 6 as
well as on a common final value p, by means of controls
u1(t), ..., un(t) which are independent of 6.

After discretizing the in general continuous parameter 6
and assuming m = 1 for notational convenience, one arrives
at the following finite family of bilinear control system

Uj(t) = =iH, ;()U; (1), j=1,....k  (16)

with
H .

u,j

(t) = Ho,j + u(t)HLj s

As the control u(t) is independent of j the above system
(16) actually constitutes a parallel connection of bilinear
systems each evolving on the same special unitary group.
Now, Corollary 4 which generalizes Theorem 4 in [1]
guarantees simultaneous controllability of (16) under very
mild conditions on the pairs (Ho ;, Hy ;).

The future challenge is to provide necessary and sufficient
conditions for (approximate) controllability of (14) which
represents the continuous version of (16). First results in
this direction are given in [2] and [20]. There the authors
completely focus on the Bloch equation evolving on the
orthogonal group SO(3). A general theory for simultaneous
controllability of distributed bilinear systems, however, is
missing. For the linear case, we refer to e.g. [13] and [19].

j=1,....k. (17
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