
On model reduction of physical network systems

Arjan van der Schaft

Abstract— A method for model order reduction of a
large class of physical network systems is discussed.
The method is based on clustering of the vertices
of the underlying graph, and yields a reduced order
model within the same class. This is illustrated on a
number of physical examples, including mass-spring-
damper systems, chemical reaction networks and
hydraulic networks.

I. INTRODUCTION

This paper is concerned with structure-preserving
model order reduction of large-scale physical net-
work systems. More specifically, we want to obtain
reduced-order models which fall into the same class
as the original system. The first class of systems
which is considered consists of systems given by a
graph, with state variables associated to the vertices
and couplings corresponding to the edges of the
graph. This includes mass-damper systems, hy-
draulic networks and isothermal chemical reaction
networks.

The basic technique for performing structure-
preserving model reduction is clustering; the ver-
tices of the graph are merged into a number of
cells, corresponding to a partition of the set of all
vertices. The reduced system will be a system of
the same form, defined on the graph whose vertex
set is defined by the cells of the original graph.

In the final section we extend our approach to
physical networks with second-order dynamics, in-
cluding mass-spring-damper systems. In state space
form this amounts to systems with state variables
associated to the vertices, as well as to the edges.

The idea of using clustering for model reduction
has been explored before in a number of papers,
see e.g. [7], [8], [13], [11] and the references quoted
therein. The current paper is particularly influenced
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by the recent paper [11], as well as by [1], [17] and
[9].

A. Background on graphs

We recall from e.g. [2], [6] a few standard
definitions and facts. A graph G(V , E), is defined
by a set V of vertices (nodes) and a set E of edges
(links, branches), where E is identified with a set
of unordered pairs {i, j} of vertices i, j ∈ V . We
allow for multiple edges between vertices, but not
for self-loops {i, i}. By endowing the graph with
an orientation we obtain a directed graph.

A directed graph with n vertices and k edges
is specified by its incidence matrix. This matrix,
denoted by B, is an n × k matrix where every
column corresponds to an edge of the graph, and
contains exactly one −1 at the row corresponding to
its tail vertex and one +1 at the row corresponding
to its head vertex, while the other elements are 0.
For any diagonal positive semi-definite k×k matrix
R we define the weighted Laplacian matrix of the
graph as L := BRBT , where the nonnegative
diagonal elements r1, · · · , rk of the matrix R are
the weights of the edges. It is well-known [2] that
L is independent of the orientation of the graph,
and thus is associated with the undirected1 graph
G.

II. PHYSICAL NETWORK SYSTEMS

The first class of systems we will consider in this
paper are described as follows. Consider a graph G
as above, and a linear system with state vector x
and input vector u of the form

ẋ = −BRBT M−1x + Eu, x ∈ R
n, u ∈ R

m,
(1)

1Alternatively [2], [6] L is defined as the difference of the
diagonal matrix of degrees of the vertices and the adjacency
matrix of the undirected graph.

21st International Symposium on
Mathematical Theory of Networks and Systems
July 7-11, 2014. Groningen, The Netherlands 

ISBN: 978-90-367-6321-9 1419



where R is a positive semi-definite and M a posi-
tive diagonal matrix. Furthermore, E is an n × m
matrix, with every column containing exactly one
+1 or −1 element at the row corresponding to the
vertex (terminal) where control takes place. This
means that the i-th component xi of the vector x
is the state variable associated to the i-th vertex of
the graph.

The set-up can be easily extended (i.e., by us-
ing Kronecker products) to the situation that the
scalar variable xi is replaced by a vector in some
higher-dimensional physical space, e.g., R

3; see the
remarks later on.

The system (1) is an example of a port-
Hamiltonian system on a graph, as discussed in
[17]. In particular, its Hamiltonian (total energy) is
given by H(x) = 1

2
xT M−1x, while the Laplacian

matrix BRBT determines the resistive structure.
See e.g. [16], [4], [14], [15] for further information
regarding port-Hamiltonian systems.

A variety of physical network systems is of this
form as illustrated by the following examples.

Example 2.1 (Mass-damper systems):
Consider a mass-damper system with n masses
with mass parameters m1, · · · , mn and k
linear dampers with damping coefficients
r1, · · · , rk. Define the diagonal matrices
M = diag(m1, · · · , mn), R = diag(r1, · · · , rk)
and the state x to be the vector of momenta of
the masses. Furthermore, the non-zero rows of
E correspond to masses which are affected by
external forces u.

Example 2.2 (Single-species reaction networks):
Consider a chemical reaction network governed by
mass action kinetics with single-species reactions
(that is, reactions that involve only one chemical
species as substrate and one chemical species as
product). In case the network is detailed-balanced
the dynamics of the vector x of concentrations in
the positive orthant takes the form [18]

ẋ = −BRBT x

x∗
, x∗ ∈ R

n
>0

,

where B is the incidence matrix of the network,
and x∗ ∈ R

n
>0

is the assumed thermodynamic
equilibrium, and where x

x∗
denotes elementwise

division. The j-th element of the diagonal matrix R
is determined by the forward and reverse reaction
constants of the j-th reaction and x∗ (see [18]
for details). Defining the diagonal matrix M :=
diag(x∗

1
, · · · , x∗

n) this can be written in the form
(1), where Eu denotes the inflow or outflow of the
chemical species corresponding to non-zero rows
of E.

Example 2.3 (Hydraulic networks): Consider a
hydraulic network between n fluid reservoirs whose
storage is described by the elements of a vector
x. Mass balance corresponds to ẋ = Bf where
f ∈ R

k is the flow through the k pipes linking the
reservoirs. Let each storage variable xi determine
a pressure Pi = xi

mi
for a certain constant mi.

Assuming that the flow fk is proportional to the dif-
ference between the pressure of the head reservoir
and the pressure of the tail reservoir this leads to the
equations (1), where again Eu denotes the direct
inflow or outflow at the reservoirs corresponding to
non-zero rows of E. Other transportation networks
have a similar form.

Finally we mention that another example of (1)
with M = In (the n×n identity matrix) is formed
by the standard symmetric consensus algorithm for
multi-agent systems in continuous time, with Eu
corresponding to leaders of the system (see e.g.
[10]).

Before moving on to model reduction we will
first introduce some abstractions which will come
in handy later on, and are important for the interpre-
tation of our approach. The state space of (1) given
by R

n can be more abstractly defined as follows;
cf. [17] for further information. It is given by the
linear space Λ0 of all functions from the vertex set
V to R. Obviously Λ0 can be identified with R

n.
The matrix M−1 defines an inner product on Λ0.
As a consequence, any vector M−1x, x ∈ Λ0, can
be considered to be an element of the dual space
of Λ0, which is denoted by Λ0. For a mass-damper
system, v := M−1x is the vector of velocities of
the n masses. It follows that the system (1) can be
represented in the state vector v := M−1x ∈ Λ0 as

v̇ = −M−1BRBT v + M−1Eu, v ∈ Λ0 = R
n,
(2)

MTNS 2014
Groningen, The Netherlands

1420



or equivalently in the gradient system representa-
tion (with M defining an inner product on the space
Λ0)

Mv̇ = −BRBT v + Eu, v ∈ Λ0 = R
n, u ∈ R

m,
(3)

Furthermore, also the edge space R
k can be defined

more abstractly as the linear space Λ1 of functions
from the edge set E to R, with dual space denoted
by Λ1. It follows that the incidence matrix B
defines a linear map (denoted by the same symbol)
B : Λ1 → Λ0 with adjoint map BT : Λ0 → Λ1.
Furthermore, R can be considered to define an
inner product on Λ1, or equivalently, as a map
R : Λ1 → Λ1.

Using these abstractions it is straightforward to
extend the dynamics (1) or (2) to other spatial
domains than just the one-dimensional domain R.
Indeed, for any linear space R we can define Λ0

as the set of functions from V to R, and Λ1 as the
set of functions from E to R. In this case we can
identify Λ0 with the tensor product R

n⊗R and Λ1

with the tensor product R
k ⊗ R. Furthermore, the

incidence matrix B defines a linear map B ⊗ I :
Λ1 → Λ0, where I is the identity map on R. In
matrix notation B⊗I equals the Kronecker product
of the incidence matrix B and the identity matrix I .
It is straightforward to extend the formulation of the
dynamics (1) to the case of a general linear space
R instead of R. For R = R

3 this will describe the
motion of (point)mass-damper systems in R

3. An
especially interesting generalization are multibody-
systems in R

3, in which case R = se(3) (the
Lie algebra corresponding to the special Euclidean
group in R

3); see [17] for further information.

A. Dynamical analysis

We collect the following facts regarding the
dynamics of systems of the form (1); see [17]. First
we recall (see e.g. [2]) that 1 ∈ kerBT , and that
the graph G is connected if and only if

kerBT = span1

It follows that the quantity 1T x = x1 + · · ·+xn is
a conserved quantity of the system.

Proposition 2.4: Consider (1) for u = 0. As-
sume that the graph is connected2. Then for every
initial state x0 there exists a unique equilibrium
x∞ of (1) satisfying 1

T x∞ = 1
T x0, and the

solution x(t) of (1) with initial condition x(0) = x0

will exponentially converge to x∞ for t → ∞.
Furthermore, x∞ is uniquely determined by the
conditions

1
T x∞ = 1

T x0, M−1x∞ ∈ span1.

Remark 2.5: Furthermore, for x0 in the positive
orthant R

n
>0

it follows that the whole solution x(t)
will remain in the positive orthant; see e.g. the
argument for a more general case in [18].

Example 2.6 (Examples continued): In the
mass-damper system conservation of 1

T x
corresponds to conservation of total momentum,
while M−1x∞ ∈ span1 means that the velocities
vi = xi

mi

will converge to the same value. For the
hydraulic network the total fluid is a conserved
quantity, while the system will converge to
reservoirs with equal pressure.

In the chemical reaction network conservation of
1

T x amounts to conservation, while M−1x∞ ∈
span1 means that the chemical potentials (up to a
constant) µi = xi

x∗

i

will converge to the same value.

For constant but non-zero input ū the state x̄ is
a steady-state of (1) if

0 = −BRBT M−1x̄ + Eū

Thus in order to have a steady-state x̄ for ū we
need Eū to be contained in imB.

Proposition 2.7: Consider (1) for constant ū,
satisfying3 Eū ∈ imB. Assume that the graph
is connected. Then for every initial state x0 there
exists a unique steady-state x̄ of (1) satisfying
1

T x̄ = 1
T x0, and the solution x(t) of (1) with

initial condition x(0) = x0 and constant input ū
will exponentially converge to x̄ for t → ∞.

III. MODEL REDUCTION BY CLUSTERING

This paper is concerned with structure-
preserving model reduction of (1). That is, we

2Otherwise the same holds for every connected component of
the graph.

3For a connected graph this is equivalent to 1T Eū = 0.
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want to reduce (1) to another system of the form
(1) of lesser complexity, and thus obtain a suitable
approximation of the system. The main idea of the
proposed approach will be to cluster vertices, so
as to obtain a graph with fewer vertices.

Consider a partition of the vertex set V of
the graph G into n̂ disjoint cells C1, C2, · · · , Cn̂,
together with a corresponding n× n̂ characteristic
matrix P . The columns of P equal the characteristic
vectors of the cells; the characteristic vector of a
cell Ci being defined as the vector with 1-s at
the place of every vertex contained in the cell Ci,
and 0 elsewhere. With some abuse of notation we
will denote the partition simply by its characteristic
matrix P .

Based on a partition P we reduce the system (1)
to

˙̂x = −(PT BRBT P )(PT MP )−1x̂ + PT Eu (4)

where x̂ := PT x ∈ R
n̂ is the clustered state vector.

We observe that this is again a system of the form
(1). In fact, the matrix PT B consists of column
vectors containing exactly one +1 and one −1
together with some zero vectors (corresponding to
edges which link vertices within a same cell). By
leaving out the zero column vectors from PT B
we thus obtain an n̂ × k̂ matrix B̂, which is the
incidence matrix of the reduced graph Ĝ with
vertices being the cells of the original graph, and
with edges the union of all the edges between
vertices in different cells (leaving out edges within
cells). Correspondingly we define R̂ as the k̂ × k̂
diagonal matrix obtained from R by leaving out the
rows and columns corresponding to edges between
vertices in a same cell. Finally we define the n̂× n̂
diagonal matrix M̂ = PT MP , and Ê = PT E. It
follows that the reduced system (4) is also given as

˙̂x = −B̂R̂B̂T M̂−1x̂ + Êu, x̂ ∈ R
n̂ (5)

Remark 3.1: Note that the reduced system (5)
will easily have multiple edges between its vertices,
that is, between the cells of the original system (1).
Of course, multiple edges between two vertices can
be combined into a single edge with weight r given
by the sum of the weights of the multiple edges.

However the analysis in the sequel is independent
of this.

Remark 3.2: The main difference with the re-
duced model proposed in [11] is that in the latter
paper the case M = I (n × n identity matrix) is
considered4, while moreover the reduced system is
also required to have M̂ = I (n̂×n̂ identity matrix).
This can be done, but at the expense of having a
weighted Laplacian matrix which is not anymore
symmetric, and therefore not anymore of the form
B̂R̂B̂T . (The obtained non-symmetric weighted
Laplacian matrix corresponds to a reduced graph
which is directed.)

Note that in case u = 0 by Proposition 2.4
there exists for every initial state x̂0 of the reduced
system a unique equilibrium x̂∞ determined by the
conditions 1T x̂∞ = 1

T x̂0, M̂
−1x̂∞ ∈ span1 to

which the system will exponentially converge.
Example 3.3 (Examples continued): In the

mass-damper example the i-th component of
x̂ denotes the total momentum of the masses
contained in cell Ci, while the i-th diagonal
element of M̂ is the total mass of the mass
contained in cell Ci. The solution x̂(t) for
x̂(0) = x̂0 converges to the unique x̂∞ determined
by 1T x̂∞ = 1

T x̂0, M̂
−1x̂∞ ∈ span1. This means

that the velocities of the clustered masses of
cells C1, · · · , Cn̂ (all masses within a cell rigidly
interconnected, and leaving out intermediate
dampers) will converge to a common value.
Note that the velocity vi of cell Ci is defined as
vi =

∑

xj/
∑

mj , with the summation ranging
over the indices of the vertices in cell Ci.

Similar interpretations hold for the other two
examples.

A Petrov-Galerkin interpretation interpretation of
the reduced model (4) can be given as follows.
Recall that a Petrov-Galerkin reduction of a linear
set of differential equations ẋ = Ax is given as
˙̂x = WT AV x̂, where V and W are matrices of
dimension n × n̂ such that WT V = In̂. Now the
reduced system (4) is a Petrov-Galerkin reduction

4Corresponding to the standard continuous-time consensus
algorithm.
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of (1) with W := P , and

V := MPM̂−1 = MP (PT MP )−1 (6)

It follows that WT V = In̂. Note furthermore that
the matrix V = MPM̂−1 defined in (6) equals
the Moore-Penrose pseudo-inverse of the clustering
map x̂ = PT x, with respect to the inner products
M−1 on the space of full-order state vectors x ∈
R

n and M̂−1 on the space of reduced state vectors
x̂ ∈ R

n̂. Furthermore, we note that V T V = PT P
is a diagonal matrix, and hence V is orthogonal,
while also

WT M−1W = M̂−1,

implying orthogonality of W with respect to the
inner product defined by M−1. Using the abstrac-
tions introduced earlier on we note that the linear
maps V and W are actually defined as maps

V : Λ̂0 → Λ0, W : Λ̂0 → Λ0

where Λ̂0 is the vertex space of the reduced graph,
with dual space Λ̂0. Moreover, note that M : Λ0 →
Λ0 and M̂ : Λ̂0 → Λ̂0.

A. The nonlinear case

The model reduction method can be straightfor-
wardly extended from linear systems (1) to nonlin-
ear systems of the form

ẋ = −BR

(

BT ∂H

∂x
(x)

)

+Eu, x ∈ R
n, u ∈ R

m,

(7)
where H : R

n → R is a Hamiltonian function (total
energy), and

R : R
k → R

k

is a nonlinear damping characteristic. Note that (1)
is a special case of (7) with H(x) = 1

2
xT M−1x,

and R given by the linear map R.
Given a partition P of the underlying graph G

we reduce the system (7) to

˙̂x = −PT BR

(

BT P
∂Ĥ

∂x̂
(x̂)

)

+ PT Eu (8)

where x̂ := PT x ∈ R
n̂ is the clustered state vector,

and where the reduced Hamiltonian function

Ĥ : R
n̂ → R

is defined as follows. Given the Hamiltonian H :
Λ0 = R

n → R define its Legendre transform
H∗ : Λ0 = R

n → R. (In particular, if H is
convex then H∗ is defined as its convex conjugate
H∗(x∗) := supx

[

xT x∗ − H(x)
]

.) Then define the
reduced function Ĥ∗ : Λ̂0 = R

n̂ → R as

Ĥ∗(x̂∗) = H∗(P x̂∗)

Finally, define Ĥ : Λ̂0 = R
n̂ → R as the Legendre

transform of Ĥ∗.
It is easily checked that for H(x) = 1

2
xT M−1x

the function Ĥ defined above is given as Ĥ(x̂) =
1

2
x̂T (PT MP )−1x̂, thus generalizing the linear case

considered before.
Example 3.4: Examples of nonlinear physical

network systems are mass-damper systems with
nonlinear dampers, nonlinear hydraulic networks
(with nonlinear pressure functions), as well as
(under certain conditions) general detailed-balanced
mass-action kinetics chemical reaction networks;
see [18].

IV. EXTENSION TO SECOND-ORDER SYSTEMS

Consider the port-Hamiltonian system on a di-
rected graph [17] with incidence matrix B given
by

[

ṗ
q̇

]

=

[

−BRBT −B
BT 0

] [

M−1p
Kq

]

(9)

Here p ∈ R
n is a vector of state variables associated

to the vertices of the graph (similar to the vector de-
noted before by x), and q ∈ R

k is a vector of state
variables associated to the k edges of the graph. As
before, the matrix M is a positive diagonal matrix
and R is a positive semi-definite diagonal matrix.
Similarly K is a positive semi-definite diagonal
matrix. Furthermore, the total energy is given as

H(q, p) =
1

2
pT M−1p +

1

2
qT Kq

Equivalently, this can be written out as a second-
order system in the vector of state variables p
associated to the vertices as

p̈ = −BRBT M−1ṗ − BKq̇ =

−BRBT M−1ṗ − BKBT M−1p
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or equivalently

p̈ + BRBT M−1ṗ + BKBT M−1p = 0 (10)

Note that since the weighted Laplacian matrices
BRBT and BKBT are actually independent of the
orientation of the graph the second-order system
(10) is in fact defined on the undirected graph G.

Example 4.1: A typical example (9) and (10) is
a mass-spring-damper system, where the masses
are associated to the vertices, and the springs and
dampers to the edges of the graph. The vector p
denotes the momenta of the masses, with mass
parameters m1, · · · , mn appearing at the diagonal
of M , and q denotes the vector of elongations
of the springs at the edges. Furthermore, the j-
th diagonal element of R, respectively K , denote
the damping constant rj and spring constant kj

of the damper and spring associated to the j-th
edge (possibly rj or kj are zero). The Hamiltonian
H(q, p) = 1

2
pT M−1p + 1

2
qT Kq is the sum of the

kinetic and potential energy.

Similarly as before we can define a reduced
model for (10) as the following second-order sys-
tem with clustered vector p̂ := PT p given as

¨̂p + B̂R̂B̂T M̂−1 ˙̂p + B̂K̂B̂T M̂−1p̂ = 0, (11)

where K̂ is defined similarly as R̂ (that is, K̂ is the
diagonal matrix obtained from K by leaving out
the rows and columns corresponding to the edges
within any of the cells).

A first-order state space formulation of the re-
duced system (11) is again given as the port-
Hamiltonian system on the reduced graph

[

˙̂p
˙̂q

]

=

[

−B̂R̂B̂T −B̂

B̂T 0

] [

M̂−1p

K̂q̂

]

, (12)

where the elements of q̂ corresponds to the edges
which survive in the reduced model.

A nonlinear extension of (9) is given by
[

ṗ
q̇

]

=

[

−BR
(

BT ∂HK

∂p
(p)
)

− B ∂HU

∂q
(q)

BT ∂HK

∂p
(p)

]

,

(13)
where HK(p) is the kinetic energy, and HU (q) the
potential energy part of the Hamiltonian.

For simplicity we will assume that the potential
energy HU associated to the edges is additive, i.e.,
of the form HU (q) = HU1(q1) + · · · + HUk(qk).
Then the reduced model corresponding to a parti-
tion P is given by

[

˙̂p
˙̂q

]

=





−B̂R̂
(

B̂T ∂ĤK

∂p̂
(p̂)
)

− B̂ ∂ĤU

∂q̂
(q̂)

B̂T ∂ĤK

∂p̂
(p̂)



 ,

(14)
where p̂, q̂, B̂ are as defined before. Furthermore,
R̂ is the nonlinear damping characteristic on the
surviving edges, ĤK(p̂) is the reduced Hamiltonian
as introduced before for the first-order case, while
finally ĤU (q̂) = HU1(q̂1) + · · ·+ H

Uk̂
(q̂

k̂
), where

k̂ is the number of surviving edges (i.e., the edges
not within cells of the partition).

V. CONCLUSIONS AND OUTLOOK

We have described a structure-preserving model
order reduction approach for physical systems on
graphs, which is based on clustering of the ver-
tices. This is illustrated on a number of exam-
ple classes including mass-spring-damper systems,
single-species chemical reaction networks, and hy-
draulic networks. Furthermore, we have shown how
this can be interpreted as a Petrov-Galerkin approx-
imation.

The proposed approach naturally raises a num-
ber of questions. A main question under current
consideration is the choice of the partition lead-
ing to clustering, and the resulting approximation
properties of the reduced system. Recently, it has
been shown in [12] how the notion of an almost
equitable partition as defined in [3], see also [6],
can be generalized to graphs with weights both
on the vertices and the edges, and how for such
partitions we obtain an explicit H2 error expression
between the full-order and the reduced-order model
(with the outputs being defined as y = BT M−1x),
thus generalizing the results of [11]. For the second-
order case we need a partition P which is almost
equitable with respect to the subgraph defined by
the ’spring edges’ (with weights defined by K), as
well as with respect to the subgraph defined by the
’damper edges’ (with weights given by R).
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Another venue for research concerns the connec-
tion of model reduction by clustering as discussed
in the present paper with model reduction by taking
Schur complements of the weighted Laplacian of
the graph; see e.g. [18], [5] and the references
quoted therein.
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