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Abstract— This paper deals with robust synchronization of
directed and undirected multi-agent networks with uncertain
agent dynamics. Given a network with identical nominal dy-
namics, we allow uncertainty in the form of coprime factor
perturbations of the transfer matrix of the agent dynamics.
These perturbations are assumed to be stable and have H -
norm that is bounded by an a priori given desired tolerance.
We derive state space equations for dynamic observer based
protocols that achieve robust synchronization in the presence
of such uncertainty. We show that this robust synchronization
of the network by the dynamic protocol is equivalent to robust
stabilization of a single linear system by all controllers from a
given set of feedback controllers. The synchronizing protocols
are expressed in terms of real symmetric solutions to algebraic
Riccati equations related to the nominal agent dynamics, and
contain a weighting factor depending on the eigenvalues of
the graph Laplacian. We obtain an achievable interval, i.e. an
interval such that for each value of the tolerance contained
in this interval there exists a robustly synchronizing protocol.
For undirected networks, the supremum of this interval is
proportional to the square root of the quotient of the smallest
and the largest eigenvalue of the graph Laplacian.

I. INTRODUCTION

Recently, extensive effort has been invested in the theory
of distributed control of networked systems. Specifically,
control of networked multi-agent systems has gathered a lot
of attention. A networked multi-agent system is a dynamical
system that consists of a group of input-output systems
and an interaction topology that dictates which exchange
of information is permitted between these systems and their
neighbours. These input-output systems are called the agents
of the network. The possible interactions between the agents
are modeled by a graph, called the network graph, which
specifies the neighbors of each agent. On this graph, the
nodes represent the agents, and the edges represent the
interaction topology. Depending on the context, the network
graph can either be direct or undirected. An important
object in the theory of networked multi-agent systems is
the Laplacian matrix of the network graph. Many of the
properties of a networked system can be expressed in terms
of the eigenvalues of the Laplacian, see [1], [2].

Once the interaction exchange between neighboring agents
is specified, the network dynamics is completely determined
by the agents dynamics and the interactions between agents
and their neighbors. The form that this information exchange
takes is often called a communication protocol. In the
networked system, a protocol takes the role of a feedback

L All authors are with the Johann Bernoulli Institute for Mathematics and
Computer Science, University of Groningen, Groningen, The Netherlands.
For e-mail: (see http://www.rug.nl/staff/departments/11710).

ISBN: 978-90-367-6321-9

controller acting only on locally available information. The
feedback processor for a specific agent uses only information
from that agent and its neighbors. One of the important
problems in the theory of networked multi-agent systems is
the design of protocols that achieve a desired overall network
behavior.

Since many related problem formulations from different
application areas involving interconnected dynamical sys-
tems can be cast in the framework of networked multi-agent
systems, networked multi-agent systems have received a
great deal of interest from several fields of scientific research.
A well-known problem in the theory of networked systems
is the consensus problem, see [3], [4], [5], [6], [7] and [8].
The consensus problem was examined more recently in [9]
and [10]. In the problem of consensus, the goal is to reach
a state of agreement on certain quantities of interest which
depend on the states of each agent. This is to be achieved by
means of local information exchange only. A communication
protocol that achieves this goal is said to achieve consensus
within the network.

In [11], results on consensus of linear multi-agent systems
have been extended to accommodate the presence of uncer-
tainty in the agent dynamics. While the agents in the network
have identical nominal dynamics, the actual dynamics of
each agent is uncertain in the sense that the transfer matrix
of each agent is a perturbation of the common nominal
dynamics. In [11], additively perturbed agent dynamics were
considered, and conditions for the existence of dynamic
protocols that achieve robust synchronization and methods
to obtain such protocols were established.

In this paper, we consider directed and undirected net-
worked multi-agent systems with coprime factor perturbed
agent dynamics. We provide protocols that achieve robust
synchronization for these kinds of perturbations, depending
on the nominal agent dynamics and the spectrum of the
Laplacian matrix of the network graph. We show that us-
ing these dynamic observer based protocols, for undirected
graphs one can obtain an uncertainty tolerance that is pro-
portional to the square root of the quotient of the smallest
and largest eigenvalue of the graph Laplacian.

The outline of this paper is as follows. In section II,
we introduce some notation, and formulate a version of
the bounded real lemma that is instrumental in proving the
main result. In section III we provide some basic graph
theory and state some important properties of the Laplacian
matrix. Next in section IV, the theory of synchronization of
unperturbed linear multi-agent systems is briefly examined.
In section V we provide a formulation of the problem of
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robust synchronization of coprime factor perturbed multi-
agent systems. Finally in section VI we formulate the main
theorem of this paper, which gives an interval of achievable
values of the uncertainty tolerance. We then provide robustly
synchronization protocols that achieve robust synchroniza-
tion for any given tolerance that lies within this interval.
These protocols are expressed in terms of the stabilizing
solutions to two Riccati equations and eigenvalues of the
graph Laplacian.

II. PRELIMINARIES

In this paper, we denote the set of all proper and stable
real rational matrices by RH 0. If G € RH oo, then ||G||oo
denotes its Hoo-norm, ||G||sc = Supge(x)>o [|G(A)[|, where
Re(A) denotes the real part of the complex number .
A square matrix H € R™*" is called Hurwitz if all its
eigenvalues have strictly negative real part.

Let R denote the field of real numbers, R"™ the n-
dimensional Euclidean space and R™*" the space of n x n
real matrices. Denote the field of complex numbers by C.
Let I, denote the identity matrix of dimension p and I
the identity matrix of appropriate dimension. The tensor or
Kronecker product of matrices A € R"*™ and B € RP*? ig
denoted by A ® B.

This paper will use ideas and results from H.-control.
The H.-control problem dates back to work by G. Zames
in [12] and the first solution in a state space setting was
provided in [13]. A result that is instrumental in H ,-control
is the bounded real lemma. In this paper we will use a version
of the bounded real lemma adapted to our purposes. The
proof is omitted.

Lemma 1: Consider the system & = Az + Bu, y = Cx +
Du with transfer matrix G(s) = C(s[—A)~"1B+D. Assume
DTD = I and A is Hurwitz. Let 7 > 1. The H..-norm
[|G||so of the transfer matrix from u to y satisfies ||G||oo < T
if there exists € > 0 and a real symmetric solution P to the
Riccati inequality

ATP+ PA+CTC +

L [(PB+ cTD)BTP+DTC)

72—

< —e(PB+CTD)B*P+ D*C). (1)
1. NETWORKS

In this paper, we consider networks whose interaction
topologies are represented by directed or undirected graphs.
A graph consists of a pair G = (V,€), where V =
{1,2,...,p} is the set of nodes, and where &€ C V x V
is the set of edges. Given two nodes i,j € V with i # j,
then an edge from i to j is represented by the pair (¢, j) € &.
A graph with the property that (4,j) € £ implies (j,7) € €
is called undirected. The neighboring set N; of vertex i is
defined as N; := {j € V| (i,j) € £}. For a graph G, its
adjacency matrix A is given by A = (a;;), with a;; = 0
and a;; = 1if (j,4) € &, and a;; = O otherwise. The
Laplacian matrix of G is defined as L = (l;;), where we
have [;; = E#i aij, lij = —a;j, © # j. In the case that
G is undirected, the Laplacian L is a positive semi-definite

real symmetric matrix and all its eigenvalues are nonnegative
real. If G is directed, then L is not necessarily symmetric,
and the eigenvalues of L are not guaranteed to be real. In
this case, still, all eigenvalues of L have nonnegative real
part. Since all row-sums of L are zero, i.e. Zj li; =0 Vi,
zero is an eigenvalue of L with eigenvector 1 := (1,...,1)T.
Consequently, L has at most rank p — 1.

It is a well-known fact that the Laplacian matrix of an
undirected graph has rank p — 1 if and only if the graph
is connected, that is, if for every distinct pair of nodes @
and 7, there exists a path from ¢ to j. Under this condition,
the zero eigenvalue of L has multiplicity one. The p — 1
nonzero eigenvalues of L can be ordered increasingly as
0 < A < A3 < ... < Ay A directed graph contains a
spanning tree if there exists a node ¢ such that there exists a
directed path from node ¢ to every other node j. A directed
graph contains a spanning tree if and only if its Laplacian
has rank p — 1. The eigenvalues of L are in general not real
and its set of nonzero eigenvalues is denoted in arbitrary
order by {A2, A3, ..., A, }. Since the Laplacian matrix of an
undirected graph is symmetric, it can be diagonalized by
an orthogonal transformation U that brings it to the form
A :=UTLU = diag(0, A2, ..., \p), which is denoted by A.
The Laplacian matrix of a directed graph can be brought to
upper triangular form by a complex unitary transformation
U: U'LU = A,, where A, is a complex upper diagonal
matrix with 0, Az, ..., A, on the diagonal.

IV. MULTI-AGENT SYSTEMS

In this section, the problem of synchronization of multi-
agent systems is formulated. Since the main interest of this
paper is that of robust synchronization of perturbed multi-
agent systems, we will only briefly discuss the unperturbed
case. In this paper we consider multi-agent systems with p
agents, where the communication topology of the system
is represented by a directed or undirected graph G with
Laplacian matrix denoted by L. For each agent ¢ of the
network, the nominal agent dynamics is given by one and
the same finite-dimensional linear time-invariant system

i; = Axz; + Bu;, y; = Cx;. 2

For each i, the state x; € R", and the input signal u; and
output signal y; take values in R™ and RY, respectively. It is
a standing assumption in this paper that (A, B) is stabilizable
and (C, A) is detectable. Hence, there exist F' and G such
that both A + BF and A — GC are Hurwitz.

Following [10], [11], these agents are then interconnected
using an observer-based dynamic protocol of the form

w; = Aw; + B Z (ui —uj) + G( Z (yi —y;j) — Cwy),
JEN; JEN;
U; = sz
3)
for ¢ = 1,2,...,p. The structure of this protocol is as

follows. Each controller is able to observe the disagree-
ment output signal >\~ (y; — y;) and the relative input
> jens; (Ui —uj) of its corresponding agent. The differential
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equation in (3) acts as an observer for the relative state
> jen;(xi — xj) of agent i. The protocol state w; is an
estimate of this quantity. It is easily verified that the error
e; = w; — Zjem(xi — «;) has error dynamics é; =
(A — GC)e;, which is asymptotically stable if A — GC is
Hurwitz. This estimate is then fed back to the agent by means
of a static feedback.

By interconnecting the agents using the above protocol,
we obtain the closed-loop dynamics of the entire network.
Denote x := col(z1,x2,...,Tp), U := col(u, us,...,up),
y = col(y1,¥y2,...,¥p), and w = col(wy,ws, ..., wp). The

network dynamics is now
x\ [(I®A I ® BF X
(v’v) o <L®GC I®(A-GO)+ (L®BF))<W> ’
“)
Next, we state the prevalent definition of synchronization of
such a network.

Definition 1: The network with agent dynamics (2) is said
to be synchronized by protocol (3) if for all ¢, 5 = 1,2,...,p
we have that x;(t) — z;(t) — 0 and w;(t) — w;(t) — 0 as
t — 00.

In [11], it is shown that for networks that are undirected
and connected, or directed and contain a spanning tree,
synchronization of the network with agent dynamics (2) by
protocol (3) is equivalent to the stabilization of a single
linear system by all controllers from a set of p — 1 related
controllers. We will use a similar idea in the next section.

V. ROBUST SYNCHRONIZATION

While the nominal agent dynamics is still given by the
unperturbed dynamics (2), we now allow uncertainty in
the form of coprime factor perturbations of the nominal
agent dynamics. The agents have identical nominal transfer
matrices given by G(s) = C(sI — A)~!B. It is well known
that there exists a coprime factorization of G of the form G =
M~'N with M, N € RH such that NN* + MM* = I,
where N*(s) := N (—s), see e.g. [14]. Such a factorization
is called a normalized coprime factorization over RH .. The
perturbed transfer function for each agent is now assumed
to be given by

Gan ax) =M+ Ay) ' (N + Ay),

where Ay, Ay € RH . In this paper, we consider all such
perturbations with |[(Ans An)||lec < 7, where v > 0 is a
desired uncertainty tolerance. It is well-known, see e.g. [14],
that the coprime factor perturbed dynamics of agent 7 can be
represented by the feedback interconnection of the auxiliary
plant

i; = Az + Bu; + QCTd;,  y; = Cy + di,
C 0 I 4)
2 = (0) T; + (1-) u; + (0> d;.
with the feedback gain

The matrix () appearing in the above dynamics is the unique
real symmetric solution to the Riccati equation

AQ + QAT —QCcTcQ + BBT =0, (7)

such that A —QCT C is Hurwitz. The matrix (@ is called the
stabilizing solution of (7). For the sake of simplicity, we will
sometimes denote A := (—Aj; Ay) and write the feedback
loop in the form d; = Az;. Next, we give a definition of the
robust synchronization problem.

Definition 2: Given a desired tolerance v > 0, the proto-
col (3) is said to robustly synchronize the network (4) if for
all Ay, An € RHoo with [[(An AN)|leo < v we have
that for all 4,5 =1,2,...,p

zi(t) — xj(t) = 0, wi(t) —w;(t) =0

as t — oo. The tolerance v is called the synchronization
radius of the network.

For the robust synchronization problem, we consider a
modified version of protocol (3). A weighting factor on the
Laplacian matrix L of the network graph is used, denoted
by N.

1
’Lbi = A’LUl +B Z N(UZ —Uj)

JEN;
1 8
TOY iy —Cw), @
JEN;
u; = Fw;.

The positive real valued parameter N is introduced as
an extra design parameter, for which a value has to be
determined next to the gain matrices F' and G.

To start off, we now first examine conditions under
which, for a given uncertainty tolerance vy > 0, there
exists a robustly synchronizing protocol. After intercon-
necting the agents with protocol (8), the overall network
dynamics can be conveniently represented by again denoting
the aggregate agent and controller state vectors by x =
col(x1,2,...,2p) and w = col(wy,ws, ..., wp), and the
aggregate output and input vectors y = col(y1,¥2,---,Yp)
and u = col(u1,usg,...,up), respectively. The aggregate
output and input vectors of the feedback-loop are denoted
d = col(dq,ds,...,dp) and z = col(z1, 22, . .., 2p), respec-
tively. Then by interconnecting the perturbed network (5),
(6) with the protocol (8) we obtain that the dynamics of the
overall perturbed network is given by

(v}i): (;ééée I®(A- G%?f&L ® BF))(\?I)
()
7= (I®<€> I®<2>)<§) +(UI® (é))d.

and
d=(I®A)z

Recall that if the network graph is undirected, then there
exists a orthogonal transformation U that diagonalizes L.
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Note that the first column of U is given by the normalized
vector of ones, ipl. As before, let A = diag(0, Ag,. .., Ap).
By applying the state transformation

(;(’) - (UT()@I UTO® I) (ii) z2=(U" @1z,

and d = (UT ® I)d, we obtain

x\ [ I®A I ® BF X
w) \HFA®RGC I®(A-GC)+(4A®BF))\Ww
I®QCT>~
+ d,
(;A®G

-2 (§) 1o () 0o ()2

d=UTe NI A(UeIz=(I® Az

©))
Analogously as Theorem 4.2 in [11], the following theorem
reduces the problem of robust synchronization to a problem
of simultaneous robust stabilization, and gives necessary and
sufficient conditions on the weighting parameter /V and gains
F and G such that protocol (8) robustly synchronizes the
network. We first consider the case that the network topology
is given by an undirected graph.

Theorem 1: Consider network with nominal agent dy-
namics given by (2). Assume that the network graph is a
connected, undirected graph. Let v > 0. Then the following
statements are equivalent:

1) The dynamic protocol (8) synchronizes the network
with perturbed agents

i = Avi + Bu; + QC"d;,  y; = Cxi + i,

o (§)a (e ()

di = (—Am AN)z;,

for all Ay, Ay € RHoo with ||(Axr AN)||ee <.
2) The perturbed system

i=Ax+ Bu+QCTd, y=Cux+d,
c 0 I

z= (O) a:—i—(I) u+<0> d,

d: (—A]V[ AN)Z,

is internally stabilized for all Ap;, Ay € RH,, with
[|(An An)||oo < by all p— 1 controllers

(10)

(1)

W= Aw+ Bu+ Gy — Cw), u= %)\iFw, (12)

where 1 = 2, ...

Laplacian L.

Proof: In this proof, we again use the shorthand
notation A for (—Ap; Ay). Let H be any p — 1 X p matrix
such that ker H = im 1. Then HU = (0 U;), where U,
has full rank. It is easily seen that z;(¢t) — x;(t) — 0 as
t — oo for all 4, j if and only if (H ® I)x — 0. Similarly,
w;(t) —w;(t) — 0 for all 7,5 if and only if (H ® I)w — 0.
This is equivalent with Z;(t) — 0 and w;(t) — 0 for
1=2,3,...,p.

,p and ); is the ith eigenvalue of the

(only if) First, we show that if dynamic protocol (8)
robustly synchronizes the network, then the interconnection
of the plant (11) with controller (12) is robustly stabilized.
Assume that the network with perturbed agent dynamics
(5) is synchronized by protocol (8) for all perturbations
A with ||Al|ee < 7. Take an arbitrary A € RH,, with
[|Alloo < 7. We perturb each agent in the network (10) with
A. Interconnecting (11) and (12) yields

i\ _ (A +\BF x
W) \GC A—-GC+ t\NBF) \w
QC*
(%) e

C 0 T I
SESAIGRGTE

Since the network is robustly synchronized by the protocol,
we have that ¥; — 0, w; - 0ast —oofori=2,...,pin
(9). This implies that for ¢ = 2,..., p the following systems
are internally stable:

13)

i\ A BF i
w;) ~ \FMNGC A—GL+ +£\BF) \u;

QCT)~
+ d;,
(v

o (C 0\ (&), (TIN5 5 As

By the simple state transformation w; = %/\ﬂbi, we see that
this system is equivalent with (13). Therefore, the system
(13) is internally stable for i = 2,3,...,p.

(if) Next, assume that the p — 1 controllers (12) stabilize
system (11) for all A € RH o with ||Al|oc < . From the
small gain theorem, it then follows that for « = 2,3,...,p
the closed-loop systems (13) are internally stable and the
transfer matrices G; from d to z satisfy ||G;||cc < % We
show that the perturbed network is synchronized by protocol
(8) for all perturbations A that satisfy ||A||cc < . This is
done by showing that for ¢ = 2,3, ..., p we have Z,;(t) — 0
and w;(t) — 0 as t — oo, where Z; and w; satisfy (9).
Denote X = col(Z2, &3, ..., Tp), W = col(Ws, W3, ..., Wp),
z = col(%2,%3,...,%,), and d = col(dy,ds, . ..,d,). Let
Ay = diag(A2, Ag, ..., Ap). From (9) we obtain

x\ [ I,-1®A I,-1®BF x
w/) \xM®GC I,_1®(A—GC)+(xM®BF) )\ w

_+<@U®QCT>d7

M ®G
e ) (D
+ (I ® (é))d,
d= (I, ® A

i (14)
The transfer matrix of this system from d to z is a block
diagonal matrix with Go,G3,..., G, on the diagonal. We
obtain that for GG the transfer matrix of the network from d
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to Z it holds that ||G|[c < %. By observing that the Hoc-
norm of I, 1 ® A is less then or equal to v and applying
the small gain theorem, it follows that the system (14) is
internally stable and xX(¢t) — 0 and w(t) — 0 as t — oo
for all A with ||A||oc < 7. So indeed, we have &; — 0 and
w; — 01in (9) for i =2,3,...,p. |

Next, we turn to the case that the network graph is
directed. In fact, the results on the undirected case are
comparable to those in the case that the network is directed
and contains a spanning tree. In this case, robust synchro-
nization of the plant (11) by the p — 1 controllers (12)
implies robust synchronization of (9). As noted before, there
exists an complex unitary transformation U that brings L to
upper diagonal form U*LU = A,, with A, complex and
0, A2, ..., A, on the diagonal. Then in Theorem 1, statement
(2) implies statement (1). This can be proven by letting the
unitary transformation U take over the role of the orthogonal
transformation and in the proof of Theorem 1 replacing A
with A,,.

The main conclusion that can be drawn from Theorem 1
is that both for the undirected as the directed case, to
synthesize a protocol that achieves robust synchronization
of the network for a desired uncertainty tolerance v > 0,
it suffices to find a positive real number N, and gains F
and G such that the single system (11) is robustly internally
stabilized by all p — 1 controllers (12) while achieving
uncertainty tolerance . By applying the small gain theorem,
this is equivalent with requiring that all of the controllers
(12) solve the Ho-control problem for the system (11) in
the sense that the closed-loop system is internally stable and
the transfer matrix G; from d to z satisfies ||G;|| < %

VI. ROBUSTLY SYNCHRONIZING PROTOCOLS

In this section, we examine which values v > 0 of the
uncertainty tolerance can be achieved, given the nominal
agent dynamics and the Laplacian matrix of the network
graph of either a directed network containing a spanning
tree or a connected undirected network. We characterize an
achievable interval, such that for every ~ within this interval,
there exist a dynamic protocol of the form (8) that robustly
synchronizes the network.

In addition tot the Riccati equation (7), we consider the
Riccati equation

ATP+PA-PBBTP+CTC=0. (15)
Next to the stabilizing solution @) of (7), let P be the
unique real symmetric solution of (15) such that A— BBT P
is Hurwitz. In the remainder of this paper, we denote the
eigenvalue of the Laplacian with the maximal modulus by
Ay and the eigenvalue with minimal real part by A,,, i.e.
Re(Am) = r;lin Re(\;),
1=2,...,p
M| = max [\l

1= P

We now formulate the main theorem of this paper.

Theorem 2: Consider the network with perturbed agent
dynamics (10). Assume the network is directed and contains
a spanning tree. Define

. Re(A\n) 1

DT VAT aeQ)

Then, for all v in the open interval (0, 7*), there exists a
dynamic protocol of the form (8) that robustly synchronizes
the network with uncertainty tolerance ~.

In the remainder of this section, we show how to construct
such a protocol, i.e. how choose parameters N, F, and G.
We prove that for v € (0, v*), and for N, F and G provided
in this section, the p — 1 controllers (12) robustly stabilize
the system (11) for all A with ||A||s < 7. First, we provide
a lemma that will be instrumental in the proof. Recall that
@ denotes the stabilizing solution to (7) and P denotes the
stabilizing solution of (15). Then the following holds:

(16)

Lemma 2: Let 7 > 0 be such that 72 < m. Then
(;12 — 1)I — PQ is nonsingular. Temporarily denote
~ 1
P=(Z-1DI-PQ)'P. (17)
T

Then P is a real symmetric solution of the algebraic Riccati
equation

ATP+ PA+7°CTC - %PBBTP
T

+ (PQ+2N)CTC(QP +7%1) =0. (18)

1— 72

Proof: The proof follows from combining equations (7)

and (15). |

We will use this lemma in the proof of the following
theorem.

Theorem 3: Consider the network with with nominal
agent dynamics (2). Assume that the network graph is di-
rected and contains a spanning tree. The perturbed dynamics
of agent ¢ is then given by

i = Aw; + Bu; + QCTdy,  y; = Cy + dy,

o G () ()

with d; = (—Apr An)z;. Let v be any uncertainty tolerance

N> Pl ang

Re(Am)
Re(Am) 1
2 " . 19
TESTN 15 .0PQ) (1
Finally, let > 0 such that n < W and
2
ot 1
— < . (20)
n - 14+p(PQ)
Then (-5 — 1) — PQ is nonsingular. Define
~ n o
P = ((¥ —1)I-PQ)"'P,
Fi=—L1pTp 1)
v
G:=QCT.
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Then the dynamic protocol (3) with N, F' and G as chosen
above robustly synchronizes the network for all perturbations
AJM,AN € RH oo with ||(AM AN)Hoo <.

Proof: Again denote (—A s Ay) by A. By Theorem 1,
it suffices to prove that the p — 1 controllers (12) with N, F’
and G chosen as above, internally stabilize the system

& =Ar+ Bu+QCTd, y=Cz+d,

(O () 0

while accomplishing ||G;||ec < =, where G; is the transfer
matrix from d to z (i = 2,3, ..., p) in the closed-loop system
given by (13). To show that this is indeed the case, we apply
the following state transformation:

()= (%) ()

Which results in the dynamics below:
#\  (A+mwBF —uBF\(# Qc”
5= 0o a-cc)\w) e -

(5 1))+ ()

where p; := Aﬁ fori =2,3,...,p. To proceed, we will apply
Lemma 1 to the system (22). We will show that there exists
a real symmetric solution to the Riccati inequality associated
with the system. We consider the closed-loop system (22).
For ease of notation, we label the system matrices as

1 0 A—QGC ) T QCT _ ’

~ C 0 ~ I
= (mF —wiF > b= <0>

Take the controller and observer gains F' and G as defined in
(21). Now we will apply Lemma 1 to show that ||G;||oc < %,
where G} is the transfer function from dto z (i = 2,3,...,p)
in (22). We will show that there exists a suitable choice for
Z; such that Z; is a solution to the Riccati inequality (1)
with 7 = %, and e sufficiently small:

o)
(22)

2

A Zi+ZA;+C;C; +—= B;+C;D)(B; Z;+D*C;)
-2

< —e(ZZ-BZ- +CiD)(B; Zi+ D*Ci) (23)

Lemma 1 requires that the matrices A; (i =2,3,...,p)

are Hurwitz. The set of eigenvalues of A; is the union of
those of A 4 p; BF and A — GC. We immediately see that
A—GC = A—QCTC is Hurwitz. Showing that A+ j; BF
is Hurwitz for ¢ = 2,3,...p can be done in a similar way.
Next, for i = 2,3,...,p, let Y; be the unique positive semi-
definite solution to the Lyapunov equation

Yi(A—-QCTC)+ (A-QCTO) Ty,

|Mz‘|2
- ( o

+ “4> PBBTP =0, (24)
Y

where a; is any real number such that

12(1,,.12 _ 32
oo P~ Re(u)?) o
Re(pi)(Re(u:) —n)
Since A — QCTC is Hurwitz, we can find a solution Y; for
any such a;. Next, take

ki D
Zi = 7? s
( 0 Yz)
s

where k; = = Relu; . It can then be shown that for e suffi-
ciently small, Z; indeed satisfies (23). After performing the
addition in (23), it turns out that both sides of the expression
are Hermitian 2 x 2 block matrices. We will now show that
the inequality holds in two steps. First, we will consider the
upper left corner of the left hand side of (23). This upper
left corner is given by

(25)

ki |~ ~  Re(w) ~ ~
s [PA Larp Rl ppprp 2o
ki VFY W; 2o
P 1 cteP+ —I
(PR NOTC@QP+ D)
Next, rewrite (26) as
ki [ = . 2 2 2
— [PA +ATP+ L cTo (L - Dyt
U ki n
- 1 PBBTP + (&S(M))PBBTP
v v
. 2 . 2
+ 1 _(PQ+LncTcer+ L1
n—=" Ui n
ki mn Vo Trins Y
P —1 P+ I
o (PQ+ NOTC@QP + D)
~ 2 . 2
- 1 _(PQ+LncTc@p+ lf)
n—o n
By applying Lemma 2 with 7 = \lf it follows that this is
equal to
ki | 5,1 1, _p
— [v(——--)C'C
72 { (k n)
1
+ 30— Re(u) PBB" P

4 (-t r__m 2)(PQCTC+CTCQP)
L—v%k; n—9%n
k.

+(— PQCTCQP

(1_72 = 7) QCTCQ

This expression can be greatly simplified by using the
following definitions:

= ki l4_ n l4_,y2(1 l)
’ vk n—2n? n ki
B, = Fi ¥
1=k n—9%n’

0; = ki S

192 =92
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Observe that we can now express (26) in terms of the
previous definitions as

|50 Re(u)) PEETP

v Ly

~ OéiCTC ,BLCTC I
+(1 PQ) (@;CTC 5ZCT0) (QP)} @7
Now, the top left corner of the right hand side of (23) is

given by
cre I
bore) \Qp

and all other corners are equal to zero. It can be shown that
for € sufficiently small, we have that

ki - o, CTC p,CTC I
=1 FQ) (@C*Tc scte ) \op
v AT T
IT,;C c c'c I 08)
cTc  HcoTo) \QP
¥
From (24), (27), and (28) we then have that the Riccati
inequality (23) holds if
% (n — Re(n:)) PBBT P
km;**luinBBTp
,YAL

rcre

k; -
—e? (I PQ) bTC

< —e? (I PQ)

kz‘#i;4‘#i|2 PBBTP
-4 PBBTP
(29)
Here, the top left corner of the matrix is what remains of
(27) after we take inequality (28) into consideration. The
other corners are equal to the corresponding corners of the
left hand side of (23). It can be checked by straightforward
computation that this inequality holds. Since (28) and (29)
hold, it follows that (23) is satisfied by our choice of Z; in
(25) for e sufficiently small. By Lemma 1 we obtain that
for ¢ = 2,3,...,p the transfer matrix G; of (22) satisfies
[|Gil| < % Finally, since in Theorem 1 statement (2) implies
statement (1), we obtain that the dynamic protocol robustly
synchronizes the network.
|
The results of Theorem 2 and Theorem 3 hold in the
case the network graph directed and contains a spanning
tree, and consequently still hold in the special case it is
undirected. However we can improve the supremum (16)
of the achievable interval if we assume that the network
graph is undirected. Recall that in this case, all eigenvalues
of the Laplacian matrix L are real. We then have that
Re(X\;) = || = A fori =2,3,...,pand k; in (25) reduces
to pu; = % The achievable interval for undirected networks
is given in the following corollary.
Corollary 1: Consider the network with perturbed agent
dynamics (10). Assume the network graph is undirected and
connected. Define

* Az 1 (30)
VI Y
Ap /14 p(PQ)
Then, for all v € (0, ~+*) there exists a dynamic protocol
of the form (8) that robustly synchronizes the network with
uncertainty tolerance +.

Proof: The proof is omitted here due to space limita-
tions. [ ]

VII. CONCLUSIONS

In this paper, we have considered the problem of robust
synchronization of directed and undirected multi-agent net-
works with uncertain agent dynamics. For a given network
with identical nominal dynamics for each agent, uncertainty
is introduced in the sense that the agent dynamics are
coprime factor perturbations a common nominal dynamics.
These perturbations are assumed to be stable and have H .-
norm that is bounded by an a priori desired uncertainty
tolerance. This paper characterizes an interval for the values
of the uncertainty tolerance that can be achieved and provides
a dynamic observer based protocol that achieves robust
synchronization of the network for all perturbations within
such a desired tolerance. It has been proven that robust
synchronization of the network by the dynamic protocol is
equivalent to robust stabilization of a single linear system
by all feedback controllers from a given finite set of con-
trollers. The protocols provided are expressed in terms of the
stabilizing, real symmetric positive semi-definite solutions
to algebraic Riccati equations associated with the nominal
dynamics, and contain a weighting factor that depends on
the Laplacian matrix of the network graph. For the class
of protocols in this paper and for a directed network, the
supremum of the achievable interval is proportional to the
quotient of the smallest real part and the largest modulus
of the eigenvalues of the graph Laplacian. For undirected
graphs, these eigenvalues are real and the supremum of
the achievable interval is proportional to the square root of
the quotient of the smallest and largest eigenvalues of the
Laplacian.
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