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Abstract— This paper is concerned with the parameterisation
of basis matrices and the simultaneous computation of friends
of the output nulling subspaces ¥*, 7,* and %* with the
assignment of the corresponding inner and outer closed-loop
free eigenstructure. Differently from the classical techniques
presented in the literature so far on this topic, which are
based on the standard pole assignment algorithms and are
therefore applicable only in the non-defective case, the method
presented in this paper can be applied in the case of closed-loop
eigenvalues with arbitrary multiplicity.

I. INTRODUCTION

In the last forty years, geometric control has played
a fundamental role in the understanding of the structural
properties of linear and non-linear dynamical systems and
in the solution of several control and estimation problems,
including disturbance decoupling, non-interacting control,
fault detection, model matching and optimal control to name
a few. The monographs [16], [2], [15], [3] provide surveys
of the extensive literature in this area.

The subspaces that underpin the classic geometric theory
of linear time-invariant (LTI) systems are the so-called
output-nulling and input-containing subspaces. The most
important output-nulling subspace is undoubtedly #*, which
represents the set of initial states for which a control function
exists that maintains the output function identically at zero;
the second is Z*, which represents the reachable subspace
within #™*, and can be interpreted as the set of initial states
that are reachable from the origin of the state space by means
of a control function that maintains the output function at
zero. Finally, the subspace 7, represents the set of initial
states for which a control can be found that maintains the
output at zero by means of state trajectories that converge
to the origin. This latter subspace has played a central role
in the solution of control problems with additional stability
requirements. In the LTI case, these input functions can
always be expressed as a static state feedback, by means
of a feedback matrix usually referred to as a friend of the
output-nulling subspace.!

The computation of friends of output nulling subspaces
that assign the inner and outer assignable spectrum of the
closed-loop has been considered by many authors and the
texts [2] and [3] included publicly available MATLAB®
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toolboxes. In the MATLAB® GA toolbox?, the effesta.m
routine is used for computing the friends. Similarly, the SCB
method of [4] was incorporated into the computation of the
friends in the MATLAB® Linsyskit toolbox?; the atea.m
routine is used for computing the friends, and is described
in [6].

All the methods currently available in the literature are
based on decompositions that reduce the problem to one
where a feedback matrix F is sought that assigns all the
eigenvalues of a closed-loop matrix, say A+ BF, where the
pair (A, B) is reachable. Both the methods in the MATLAB®
toolboxes GA and Linsyskit exploit the MATLAB® instruc-
tion place.m to this purpose, based on the algorithm of
[5], which can only assign eigenvalues of A+ BF with a
multiplicity for each eigenvalue that must not exceed the
rank of B. This limitation of the routine place.m is thus
inherited by the MATLAB® instructions of the toolboxes
GA and Linsyskit, which can therefore compute the friend
of the output-nulling subspace at hand only in the case of
non-defective closed-loop.

A different approach for the computation of a basis matrix
for #* and ¥* was proposed by Moore and Laub in [8],
who presented an algorithm for the computation of %Z* and
¥* based on the computation of the null-spaces of the
system Rosenbrock matrix pencil [12]. This procedure has
the advantage of computing a basis matrix for Z* (and
¥*) and simultaneously delivering a corresponding friend
F that assigns a certain inner closed-loop eigenstructure.
The drawback was the number of restrictive assumptions
that were made in that paper. These assumptions have been
recently removed in [11] and [10]. Moreover, in these papers
an additional generalisation of the procedure in [8] was
proposed to the end of delivering a friend that also assigns
the free outer eigenstructure of #Z* (or ¥*). However, the
most important aspect of the method presented in [8], which
remained unexploited until very recent times, is the fact that
the friend of Z2* (or #*) that assigns the free inner and outer
eigenstructure of the closed-loop with respect to %* is given
in parameterised form. This fundamental aspect invites the
formulation of optimisation problems aimed at exploiting the
available freedom to deal with objectives such as minimum
gain or improved robustness of the eigenstructure. The paper
[11] is the first to propose a method for assigning friends that
exploits this freedom.

2The geometric approach toolbox GA for MATLAB® is freely download-
able at www3.deis.unibo.it/Staff/FullProf/GiovanniMarro/geometric.htm.

3The Linear System Toolkit is available on request from the first author
of [3]; see http://vlab.ee.nus.edu.sg/~bmchen/.
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One of the restrictive assumptions of the method proposed
in [8], which remains in the generalisations presented in
[10] and [11], is the fact that the closed-loop eigenvalues to
be assigned must be distinct. This paper addresses this issue:
we generalise the method in [8] to also take into account
the case of repeated closed-loop eigenvalues, with arbitrary
multiplicity. This task is accomplished by introducing a new
parameterisation of the basis matrices for Z*, ¥™* and ”Vg*,
which also provides a natural method for determining the
associated friend which can place the assignable closed-loop
eigenvalues to desired locations virtually without any
assumptions on the location or on the multiplicity of such
eigenvalues. Future research will consider the exploitation
of this parameterisation of the friends of ¥™*, #* and
“I/g* to address problems of determining the friends with
minimum Frobenius norm or improved robustness of the
eigenstructure along the same lines of the non-defective
case of [11].

Notation. Throughout this paper, the symbol 0, stands for
the origin of the vector space R?. The image and the kernel
of matrix A are denoted by imA and ker A, respectively.
The Moore-Penrose pseudo-inverse of A is denoted by A'.
Given a linear map A : 2" — ¢ and a subspace . of %,
the symbol A~!.7 stands for the inverse image of . with
respect to the linear map A. If # C 27, the restriction of
the map A to ¢ is denoted by A| 7. If 2" =% and 7 is
A-invariant, the eigenvalues of A restricted to ¢ are denoted
by 6(A|_#). If #; and _#, are A-invariant subspaces and
H#1<C _#,, the mapping induced by A on the quotient space
P>/ 71 is denoted by A|_#>/ _#1. The symbol & stands for
the direct sum of subspaces.

Given a map A: 2" — 2 and a subspace # of 2", we
denote by (A, %) the smallest A-invariant subspace of 2~
containing #. The symbol i stands for the imaginary unit,
i.e., i=1/—1. The symbol & denotes the complex conjugate
of o € C. Given a matrix M, we denote by M; its i-th row
and by M/ its j-th column, respectively. The normal rank
of a rational matrix M(A) is defined as normrankM (1) =

maxrankM ().
reC

II. PRELIMINARIES
Consider an LTI system X~ modelled by

5 { X(t) =Ax(t)+Bu(t), x(0)=xo,
"\ y(@)=Cx(t)+Du(t),

where, for all >0, x(t)€ 2" =R" is the state, u(t) % =
R™ is the control input, y(r) €% =R? is the output, and A,
B, C and D are appropriate dimensional constant real-valued
matrices. Let the system X described by (1) be identified
with the quadruple (A,B,C,D). We assume with no loss of

1)

generality that all the columns of [g} and all the rows of

[C D] are linearly independent. We define the Rosenbrock
system matrix pencil in the indeterminate A € C as

[A—M B}’

PE()L)é C D

(@)

[8]. The invariant zeros of X are identified with the values
of A € C for which the rank of Py(4) is strictly smaller than
its normal rank. More precisely, the invariant zeros are the
roots of the non-zero polynomials on the principal diagonal
of the Smith form of Ps(1), see e.g. [1].

Given an invariant zero A = z € C, the rank deficiency of
P:(A) at the value A = z is the geometric multiplicity of the
invariant zero z, and is equal to the number of elementary
divisors (invariant polynomials) of P;(A) associated with the
complex frequency A = z. The degree of the product of the
elementary divisors of P;(A) corresponding to the invariant
zero z is the algebraic multiplicity of z, see [7]. More
explicitly, given the set of invariant zeros % = {zj,...,%}
of (2), if

B = (A= 2)"% (A= 22)"™k - (A — 7)™,

k € {l,...,c}, are the elementary divisors of P;(A) (or-
dered in such a way that my. > mgc_1 > ... > myp >
my, for any k € {l,...,t}), the geometric multiplicity
of the invariant zero z; equals the cardinality of the set
{mi;j#0]j€{l,....c}}, while the algebraic multiplicity of
z; is equal to Y;_, m; . Finally, the invariant zero structure
of T is given by {m;;|ie{1,....t}, j€{1,....c}}. Thus,
the algebraic multiplicity of an invariant zero in not smaller
than its geometric multiplicity. The set of invariant zeros of X
is denoted with 2, and the set of minimum-phase invariant
zeros of X is denoted with 2.

Given A € C, we use the symbol Ny(A) to denote a
basis matrix for the null-space of Ps(4), and we denote
by d(A) the dimension of this null-space. Let d £ n +m —
normrank Py (A). Clearly d(A) =d, unless A is an invariant
zero of X, in which case d(A) > d.

For any matrix M with n+m rows, we define T{M}
and m{M} by taking the upper n and lower m rows of M,
respectively.

Geometric background. Geometric objects extensively
used in this paper are defined here. A controlled invari-
ant subspace ¥ of the pair (A,B) is a subspace of 2
satisfying A¥ C 7 +imB. An output-nulling subspace of
¥ = (A,B,C,D) is a controlled invariant subspace ¥ of X

which satisfies {é} Y C(¥V®0,)+im { Iﬂ or, equivalently,

for which two matrices = and Q exist such that {2] V=

[m =+ {g} Q, where V is a basis matrix of ¥.

These conditions are equivalent to the existence of a matrix
FeR™ " such that (A+BF)¥ C ¥ Cker(C+DF). Any
such matrix F is referred to as a friend of #. The largest
output-nulling subspace of X is denoted with »*, and repre-
sents the set of all initial states x¢ of (1) for which a control
u exists such that the corresponding output y is identically
zero. Such input function can always be implemented as a
static state feedback of the form u(r) = F x(¢t) where F is
a friend of ¥™*. The so-called largest reachability output-
nulling subspace on ¥*, here denoted with the symbol Z*,
is the smallest (A + B F')-invariant subspace of 2~ containing
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the subspace ¥*NBker D, where F is a friend of 7.
Loosely speaking, this subspace represents the states that are
reachable from the origin on a state trajectory for which the
output is zero, [15, Ch. 8], [9]. If F is a friend of ¥, it is also
a friend of %Z*. The spectrum 6(A+ BF | %*) is assignable,
whereas the spectrum Ty, £ 6(A+BF | V*/%*) is fixed,
and its elements are the invariant zeros of X. Similarly, if
we denote by %, the reachable subspace from the origin,
ie., %)= (A,imB) =im[B AB ... A" !B], the spectrum
O(A+BF|V*+%y/V™) is assignable, whereas the spec-
trum Loy = 6(A+BF | 27/ V* + %) is fixed. Finally, A
is the largest output-nulling subspace for which there exists
a friend F such that (A+BF)7; C 7, C ker(C + DF)
and 0(A+ BF|[7;) C C,, where C; denotes the left-half
complex plane. Thus, there holds in general Z2* C 7, C 7.

III. THE NON-DEFECTIVE CASE

We now recall some results on the computation of basis
matrices for %, ¥* and 7, and the corresponding friends
that assign the free closed-loop eigenstructure under the
assumption that the closed-loop eigenvalues are distinct.

A. Computation of X#*

Given a set of h self-conjugate complex numbers ¥ =
{A1,..., A4} containing exactly s complex conjugate pairs,
we say that . is s-conformably ordered if the first 25 values
of .Z are complex while the remaining are real, and for all
odd k <2s we have A4y = Ik. For example, the sets % =
{14+1,1—-1,3,—4}, % = {10i,—101,2+ 2,2 — 2i,7} and
24 ={3,—1} are respectively 1-, 2- and 0-conformably or-
dered. We now recall the main result in [10], which provides
a method to construct a basis for Z* and simultaneously a
friend F that assigns the distinct eigenstructure of the closed-
loop restricted to Z*.

Theorem 3.1: Let r = dim%Z*. Let £ = {Ay,...,A,} be
s-conformably ordered and distinct, and such that N2 =
0. Let K = diag{ky,...,k,}, where k; € C? for each i €
{1,...,2s}, and for all odd i <2s, we have k; = k; 1, whereas
ki € R for i € {2s+1,...,r}. Let Mk be an (n+m) x r
complex matrix given by

Mg = [ Ne(M) | Ns(h2) | ..o | Ns(Ar) | K 3)

and let for all j e {1,...,r}

Re{M]} if j<2sis odd
mg 2 jm{Mé} if j<2sis even 4)
M} if j>2s

Finally, let

Xk
Yy

mg |}, 5)
mi.r]}. (6)

ﬁ{[mel mK’Z

E{[mK,l mgo ...

> 1>

For almost every choice of the parameter matrix K =
diag{ky,...,k.}, the rank of Xy is equal to r. Moreover, for
all K such that rank Xy = r, there holds Z* = im X, and the

set of all friends of #* such that 6(A+BF |%#*) = £ is
parameterised as

Fy =Y X 7

Theorem 3.1 contains a procedure for the construction of

a friend F of the subspace Z* that arbitrarily assigns all the

eigenvalues of the closed-loop restricted to Z#*. However,

we also know that the spectrum induced by the map A+ BF

on the quotient space Xy + %#*|/%* = Xo/X* is assignable

using a friend F. In [10] and [11], a procedure is outlined to

the end of generalising the statement of Theorem 3.1 to the

case in which the free outer eigenstructure of A+ BF with
respect to Z* is also assigned.

B. Computation of ¥* and Vg

We now recall another result in [10] which shows that it
is always possible to parameterise all the friends that assign
the internal and external eigenstructure of ¥™* by means of
a formula

Fy=Ye X, !,

i.e., where this time X is square and invertible (for almost all
choices of the parameter matrix K). For the sake of simplicity
of exposition, we assume that all the internal/external eigen-
values to be assigned, as well as all the invariant zeros and
uncontrollable modes of the pair (A, B) are real and distinct.

Theorem 3.2: Let r = dimZ*, v = dim7?™ and ¢q =
dim(¥™* + %y). Let L = {A1,..., A} be real. Let & =
{zy+1,-.-,2v} be the set of invariant zeros. Let Zoy =
{Uy+41,..., g} be also real. Finally, let & = I'oy =
{C4+1,---,Cu}. We assume that %, 2, Loy and ¢ are
distinct, and that £L,NZ =0, LaNY =0, LounNZ =0
and Lo N¥Y = 0. Define

My = [Ne(M1) ... Ne(Ar) [ Ns(zr41) - Ne(zv) | Se(ttvs) -
coo Sx(tg) [ Se(Ggi1) - Sx(Ga) |K

where Ss(1t) represents a basis matrix for ker[A — ul, B],

and where K = diag{K, ,K;,K;,K;}, and
o K; = diag{k},...,k}}, with k} € R?, and where d =

dim (ker P;(A)) when A is not an invariant zero;

o K. = diag{k%,,,... .k}, with K} € R%, and d. =
dim (ker Py(z)) when z € 2

o Ky = diag{k},,|,....kg}, with k{' € R™, since m =
dim (kerSg(u)) when u is not in ¢;

e K, =diag{kl,,,....ki }, with k' € R"™, and where
my = dim (kerSs()) when § € Tou.

Finally, define

X¢ =T{Mx} €eR™" and Y =n{Mc} € R™".  (8)

For almost every choice of K, the matrix X is invertible, and
the set of all friends of ¥* such that c(A+BF | %*) = %,
O(A+BF|V*/%#*)=% and 6(A+BF | (%o+7V™*)/V™*) =

Zout 1s parameterised in K as
Fy =YX, !, 9)

where K is such that Xy is invertible. Moreover, for such K
the first r columns of Xk are a basis for #*, the first v =r-+t

1519



MTNS 2014
Groningen, The Netherlands

columns of X are a basis for 7 and the first ¢ are a basis
for V* + %,.

The computation of a basis matrix for “I/g* and the corre-
sponding friend is obtained from Theorem 3.2, by replacing
Z with Z,, i.e., by only taking into account the minimum-
phase invariant zeros.

IV. REPEATED EIGENVALUES AND INVARIANT ZEROS

In this section we develop a parametric formula for all
friends of Z*, such that the corresponding eigenstructure
can have eigenvalues with any desired multiplicity, and
any admissible Jordan form. We formulate the problem as
follows. We let £ = {A,,...,A,} be s-conformably ordered
and, for the sake of simplicity, distinct from the system
invariant zeros. Let this desired eigenvalues have associated
algebraic multiplicities .# = {my,...,m,} satisfying m; +
o4 my =r; if Aiy1 = A;, then clearly m;, | = m;. We aim to
obtain a real gain matrix F' and a set of real vectors X such

that
{A+BF}X_{X]A,

C+DF 0 (10)

where imX = %* and A is a real Jordan matrix in canonical
form

where each J(A;) represents a real Jordan matrix for the
eigenvalue A; of order m;, and may be composed of up to g;
real mini-blocks, i.e.,

]()L,‘) :diag{Jl(li),...,Jgi(li)}. (12)

We use & 2 {pij:1<i<v,1<j<g} to denote or-
ders of each Jordan mini-block J;j(A;), and assume without
loss of generality that for each i, they are in descending
order p;1 > pi2 > -+ > pig. If £, A and & satisfy the
conditions of the Rosenbrock Theorem® [12], then we say
that .&, .# and &2 define an admissible Jordan structure
for #*. Given such a structure, we define a parameter
matrix K = diag{K1,...,Ky}, where, foreach i € {1,...,2s},
K; € C4*mi_for all odd i < 2s, we have K; = K;1; and for
i€{2s+1,...,v}, K; € R Further, each K; matrix is
partitioned as

Ki = [Ki1|Kia|. . [Kig], (13)

where each K; ; is of dimension d X p; ;. Lastly we let

Mz<m>é[f‘—c’“’" II;H Iy ]

The following theorem is the main result of this paper. It
generalises the procedure of Theorem 3.1 to the end of
computing the desired F in the case of repeated eigenvalues.

14
Opn (14)

“In the case where the pair (A, B) of real matrices A € R"*" and B € R"™*"
is reachable, the eigenvalues of A+ BF, along with their multiplicities,
are freely assignable with a suitable real matrix F € R™*", provided
such eigenvalues are mirrored with respect to the real axis. However, the
Jordan structure associated with such eigenvalues is not entirely free. The
constraints on the Jordan structures that can be obtained in the closed-loop
matrix are described in the celebrated Rosenbrock Theorem.

Theorem 4.1: Let £, .# and & comprise an admissible
Jordan structure for #*, and let K be a parameter matrix.
For all odd i € {1,...,2s} and for each i € {25+ 1,...,v}
and j € {1,...,8;}, build vector chains of length p;; as

Sij1 = Nz(li)Ki{j (15)
Sijo = M):()Li)ﬁ{si,j,l}+N):()Li)KI%j (16)
Sijpiy = Ms(A)T{sijp 1} +Ns(A) K (17)

From these column vectors and for such values of the index
i, construct matrices

Sij = lsijlsijal---sijpi,] (18)

of dimension (n+m) x p;j, and S; = [S;1|Si2]...[Sig] of
dimension (n+ m) x m;, and finally

S = [S1]S2]...|SV] (19)
Xy = Re{7{S}} (20)
Yo = Re{n{S}). @)

For almost every parameter matrix K, there holds rank X = r.
For all K such that rankXy; = r, there holds Z* = imXg.
Finally, the set of all friends of %* such that the Jordan
structure of A+ BF restricted to Z#”* is described by &, . #
and & is parameterised in K as

Fy =Y X (22)

where K is such that rank Xy = r.

Proof: For each i€ {1,...,v}, let K; be an input parameter
matrix as in (13), and for each j € {I,...,g;}, let S;; be
constructed as in (18). We may partition §; ; as

/ /
i o= | Vi Vi.j.pij
N ; Wi'jliij ,

Wi jl

/
V..
i (23)
Wi j2

where the column vectors satisfy

A—Nl B Vi | _[o
C D wh —]0

i,j,1

A—MAI B Vi ]
C D wij’l B

Define matrices

Vij = Vijalijal--Vijp,b

Wiy = Dijalwijal Wi ),
and also V] = [V (VL] .. [V and W = W), (Wl .. WY, .
Note that for all odd i < 2s, K; = K; 1 implies that X; = Xj 1,
and hence V; = V! and W= W/ . Also let

_1 Imi _ilmi
a_i[%ii%i} (24)
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Then for each odd i < 2s, we have [V} V/||U; = [V; V1]
and W/ W/ |U; = [W; Wiy]. Then, S, Xx and Y in (19)
may be written as

S=[V{ Vs Vig[Vag Vagn - W,
X = [Vi Vo ... Vag|Vagqr Vagyn -.. W]
Yo = [Wi Wa ... Wag[Wagp Wagyn ... W

Notice that, following the same argument of [11, Theorem
3.1], for almost all choices of K satisfying the conditions
of the statement the rank of Xy equals the dimension of
Z#*. For such a K, define Fx as in (22); we then have
FyV; =W, for all i € {1,...,v}, and using (24) we obtain
Fe Vi Vi ]=W/ W/ ] forodd iec{1,...,25}. Hence (24-

24) can be written for i € {2s+1,...,v} as

A+ BFg v ‘
while for odd i € {1,...,2s}
A+BF v v! .
[C—FDFIIZ ][ Vil Vzl+l }_[ 01 61 }dlag{-](li)v-](liﬂ)}-
(26)
Let A be given by (11). We then have
A+ BFx | Xk
{C+D&]Xf‘[o]A’ @7)

where A is in the real Jordan canonical form described by

L, M and L.

We now show that this parameterisation is exhaustive.
Given £ and a friend F of %£* such that (A+ BF)%Z* C
#Z* C ker(C+DF) with 6(A+BF |%*) = %, we need to
show that there exists K such that, building Xy and Yy as in
(20-21), there holds F = YKX,I. First, notice that the set of
friends F of %* such that c(A+BF |%#*) = . is param-
eterised as the solutions of the linear equation FR = —Q,
where Q satisfies the linear equation ‘é} R= {ﬂ A+ [g} Q
with a certain A such that 6(A) =% and where R is a
basis matrix of #*. Let F be any of such friends of Z*.
The associated matrix A is such that 6(A) = £ satisfies
[213?} R= [ﬂ A. Consider a change of coordinates T that
brings A into the Jordan real canonical form. Let the blocks
be ordered in such a way that the s complex conjugate pairs
of eigenvalues are first. We can write

[A+BF

(28)

_| R -1
C+DF}RT_[O}TT AT,

Ay

and in (28) the matrix A; can have Jordan mini-blocks of
any order. In other words, (28) can be written as

[fc‘ g] [}; }_ [ 3 }diag{]l(/h),...,ng(ll),
B 00)s e Ty (Ra), o T ) Ty ()

where Ay,...,A, are the eigenvalues of A+ BF restricted to
X, gi is the number of Jordan mini-blocks corresponding to
the eigenvalue A; and the generic Jordan mini-block J;(A;) is

of order p; ;. Let us partition X and ¥ conformably with the
corresponding Jordan mini-blocks that they multiply, i.e.,

[A B ] [Xu Xi2 Xv.gv ]
C D|| i Yo Yy,
_ X171J1(ll) X172J2(ll) Xv,gv-]gv(lv)
0 0 0 '

Consider the generic term of this product

AR
where J;(4;) is the generic j-th Jordan mini-block relative to
the eigenvalue A;. For the sake of simplicity, assume that its
order p; ; is denoted by t. First consider the case in which
A; is real. Partitioning X; = [vij1 Vvij2 ... vij] and ¥; =
Wij1 Wij2 ... Wijs], (29) can be written as

(29)

Aviji+Bwij1 Avijo+Bwijo Aviji+Bwij;
Cviji+Dwij1 Cvija+Dwijs Cviji+Dwij;
[ viga i vijatAivio Vijja—1+Aivijs
_{ 0 0 . 0 - (30)

Vij, —Ail, . . .
Therefore, {wljll} € ker {A él,l g } implies that there exists

Kl1 ; such that [:’l ’Jll} = NZ()Li)Kil,j' Moreover, from (30) we
find that there exists Kl2 ; such that

w2
Repeating this procedure for all k € {1,...,7}, we find
the parameters K,1 oo ,Kl{ j which satisfy (15)-(17). This
procedure can be carried out for all real Jordan mini-blocks.
Consider now the case of a real mini-block associated with a
complex conjugate eigenvalue A; = 0; +1i®;. For the sake of
argument assume that the Jordan mini-block has size 4 (so
that A; and II- have double multiplicity). Thus, (30) becomes

[ A B } [ Vija+ivijo o vij3+ivija }
C D Wij1+iwijo wij3+iwija
| vigativijo vijztivija || Oitiw; 1
o Rl | RO
and the arguments above can be utilised after a re-labelling
of the vectors. |
Remark 4.1: For every i € {1,...,v}, there holds g; <d.
Indeed, if g; > d (consider the case of real eigenvalues for the
same of simplicity), then S = [s1,11 $12.1,...,51,4,1], Where
each s; ;1 is a linear combination of the basis vectors of
ker Ps(A;), whose dimension is d. This means that rank X <
r, and therefore £, .# and &2 are not an admissible Jordan
structure. Thus, d also represents the largest multiplicity of
each eigenvalue for which the corresponding Jordan structure
can be made up by mini-blocks of unit size.
Example 4.1: Consider a quadruple (A,B,C,D) where

000 10
A=1|03 0|, B=|2 0],

000 0 3
C=[00 0], D=][0 4].
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The only invariant zero of this system is z = 0. It is easy
to verify that #* is spanned by the first two canonical
basis vectors of R?. Hence, r = dim%* = 2. Suppose we
desire to assign the closed-loop eigenvalue —2 with dou-
ble multiplicity, i.e., £ = {-2} and .# = {2}. Since the
null-space of P;(—2) is one-dimensional and spanned by
[540| —100]", we need a single chain, i.e., we must
have &7 = {2}. Since g; = 1, in this case K = K; = Kj ; is
d x pj j=1x2. For example, let us take K = [1 0]. Thus,
S1,1,1 = [5 40 | —10 O]T and

sii2 = Ms(=2)7{s1.1.1} +Nz(—2)K12,1

58 4 .
ﬁo —zlsﬁ 0 5 274
—t1 1 0|5 4 1 50
=| 0 0 5|l4(+]| O |-0= T
25 8 _ 157
o 1ar O 0 10 157
0 0 0] 0 0
52747
141 ~10 157 . .
It follows that Xx = | 4 20 and Yy = [ X Tgf } , which give
0 0

25
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Fy = YKX,Z = [7 06 2} Since the rank of Xj is equal to 2,

0
matrix Fy is a solution of Fx Xy = Yy, and the Jordan form of

S

the closed-loop matrix A+ B F is indeed diag{ [ 0 o

V. CONCLUDING REMARKS

In this paper we have presented a generalisation of a result
in [8] for the computation of a parameterisation of the friends
of &#* that assign the free inner and outer eigenstructure of
the closed loop with no restrictions on the multiplicity of
the eigenvalues to be assigned. The next step will be the
exploitation of the parameterisation to the end of obtaining
objectives such as minimum gain, improved robustness of the
eigenstructure and improved departure from normality, along
the same lines of [11] for the case of distinct eigenvalues.

REFERENCES

[1] H. Aling and J.M. Schumacher. A nine-fold canonical decomposition
for linear systems. International Journal of Control, 39(4):779-805,
1984.

[2] G. Basile and G. Marro. Controlled and Conditioned Invariants in
Linear System Theory. Prentice Hall, Englewood Cliffs, New Jersey,
1992.

[3] B. Chen, Z. Lin, Y. Shamash, Linear systems theory: a structural
decomposition approach. Birkhiuser, Boston, 2004.

[4] D. Chu, X. Liu, R.C.E. Tan, On the numerical computation of a
structural decomposition in systems and control, IEEE Transactions
on Automatic Control, 47(11), pp. 1786-1799, 2002.

[5] J. Kautsky, J. N.K. Nichols and P. Van Dooren, Robust Pole As-
signment in Linear State Feedback, International Journal of Control,
vol. 41, pp. 1129-1155, 1985.

[6] X. Liu, Z. Lin and B. Chen, Symbolic realization of asymptotic time-
scale and eigenstructure assignment design method in multivariable
control, International Journal of Control, 79(11): 1471-1484, 2006.

[7]1 A.G.J. MacFarlane and N. Karcanias. Poles and zeros of linear mul-
tivariable systems: a survey of the algebraic, geometric and complex
variable theory. International Journal of Control, pages 33-74, 1976.

[8] B.C. Moore, and A.J. Laub, Computation of Supremal (A, B)-Invariant
and Controllability Subspaces, IEEE Transactions on Automatic Con-
trol, vol. AC-23, no. 5, pp. 783-792, 1978.

[9] L. Ntogramatzidis, “Self-bounded output-nulling subspaces for non
strictly proper systems and their application to the disturbance decou-
pling problem”. [EEE Transactions on Automatic Control, vol. 53,
no. 1, pp. 423428, 2008.

[10]

(1]

[12]

[13]

[14]

[15]

[16]

1522

L. Ntogramatzidis, R. Schmid and A. Ferrante, “On the computation
of reachability, stabilisability and output-nulling subspaces using the
Rosenbrock system matrix”. In Proceedings of the 2" Australian
Control Conference, Sydney, 2012.

L. Ntogramatzidis, and R. Schmid “Robust eigenstructure assignment
in the computation of friends of output-nulling subspaces”. In
Proceedings of the 52° Conference on Decision and Control (CDC
13), Florence, Italy, Dec 10-13, 2013.

H. H. Rosenbrock, State-Space and Multivariable Theory. New York:
Wiley, 1970.

R. Schmid, and L. Ntogramatzidis, A unified method for the design
of nonovershooting linear multivariable state-feedback tracking con-
trollers. Automatica, 46: 312-321, 2010.

R. Schmid, and L. Ntogramatzidis, “The design of nonovershoot-
ing and nonundershooting multivariable state feedback tracking con-
trollers”. Systems & Control Letters, 61:714-722, 2012.

H. Trentelman, A. Stoorvogel, and M. Hautus, Control theory for
linear systems, ser. Communications and Control Engineering. Great
Britain: Springer, 2001.

W.M. Wonham. Linear Multivariable Control: A Geometric Approach.
Springer-Verlag, 3 edition, 1985.



