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Abstract— This paper presents a systematic way of construct-
ing control Lyapunov functions for a class of partial differential
equations with distributed controls in terms of a geometric
viewpoint, a symplectic structure. The equations are assumed
to include up to second order derivatives with respect to a time
coordinate and higher order derivatives with respect to spatial
coordinates.

I. INTRODUCTION

A. Background

Lyapunov functions play a central role in stability analysis
and stabilization problems in control theory [1]. However,
a general way of finding Lyapunov functions has not been
elaborated. In this paper, we derive a necessary condition
of constructing control Lyapunov functions for a class of
partial differential equations from symplectic structures. We
restrict our scope to systems including up to second order
derivatives with respect to the time coordinate and higher
order derivatives with respect to spatial coordinates for sim-
plification of notations. Our method is based on the geometry
of differential forms; therefore, we assume an integrable
solution for a given system although analytical solutions in
closed-form are not required. We summarize the novelties of
our methods in comparison with other methods [2], [3], [4],
[5], [6] that studied an inverse problem for reconstructing
some potentials as follows:

• Systems of partial differential equations can be treated.
• (Instantaneous) Hamiltonian is considered as a Lya-

punov function; however, the original systems are
needed to be Hamiltonian systems.

• Topology of system domain can be considered by using
the geometry of differential forms.

This paper discusses the above first two matters. On the last
topic, we study only the trivial case that the systems are
defined on a manifold that is homeomorphic to a Euclidian
space. Moreover, we consider only distributed controls here.

The control Lyapunov functions considered in this paper
are calculated from the Lagrangians of the systems. However,
a Lagrangian cannot be regarded as a Lyapunov function in
general. Thus, we transform Lagrangians into generalized
energies that can be regarded as Hamiltonians. Hamiltonians
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can be regarded as the total energies of the systems in terms
of the instantaneous multi-symplectic structure in classical
field theory [7], [8], [9]. A generalized energy can be re-
garded as a Lyapunov function if it is positive definite. If it is
not positive definite, e.g., saddle around an equilibrium point,
we shape the energy in terms of passivity-based controls [4],
[10].

The multi-symplectic structure is defined on a jet bundle
that is an extended state space for treating higher order
variables. In this formalism, the systems are written by means
of the differential forms, and we can systematically describe
the inverse problem of the variational calculus. The inverse
problem means that if a differential operator matrix defining
a given system is self-adjoint, which is equivalent to the
exactness of differential forms [11], there exist Lagrangians
for the system [12], [13]. In the solvable cases, we can
derive generalized energies from the Lagrangians through
the Legendre transformation.

Although the above concept is simple, the remained prob-
lem is that a given system is not always self-adjoint. To
deal with this problem, we decompose the system into a
self-adjoint subsystem and a non-self-adjoint subsystem by
using the geometric property of the differential forms. For
the decomposed system, we can derive the Lagrangian for the
self-adjoint subsystem by using a homotopy operator [12].
Homotopy operators act as integration for differential forms
on manifolds [2], [3], [6], [5], [14]. Then, the system is
asymptotic stable if the non-self-adjoint subsystem is dis-
sipative. Hence, we only have to consider a compensation
input for satisfying the dissipativity to stabilize the systems.

II. MATHEMATICAL PRELIMINARY

A. Control Lyapunov function

A (global) control Lyapunov function for an undistributed
system Δ = 0 relative to the equilibrium state x0 is a
continuous function V : X → R such that the following
properties hold: (i) V is proper at x0, i.e., the set {x ∈
X | V (x) ≤ L} is compact for each L > 0. (ii) V is
positive definite on X , i.e., V (x0) = 0 and V (x) > 0 for
each x �= x0 in X . (iii) There is a time T for each x �= x0

in X , and a control u is admissible for x such that, for the
path ξ corresponding to u and x, V (ξ(t)) ≤ V (x) for all
t ∈ [0, T ) and V (ξ(T )) < V (x). If X is some neighborhood
O of x0, V is called a local control-Lyapunov function.

B. Lyapunov functional

A Lyapunov functional [15] for a global attractor A is
a functional V : A → R such that (i) V is continuous on
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A, (ii) V is nonincreasing along trajectories (V (u(t)) is
nonincreasing as a function of t), (iii) if V (u(t)) = V (u0)
for some t > 0 then u0 is a fixed point, where A is
the maximal compact invariant set with respect to the time
evolution of a system and the minimal set that attracts all
bounded set.

C. Representation of partial differential equations

Let X be an n-dimensional manifold that is homeo-
morphic to R

m × R as a spatial-time domain for partial
differential equations, where we assumed that X can be
split into the spatial domain R

m and the time axis R, and
n = m + 1. We denote the local coordinates of X by
x = (x0, x1, · · · , xm), x0 = t is the time coordinate, and
xs = (x1, · · · , xm) is the set of spatial coordinates.

By regarding functions u(x) of x as independent variables,
we consider a trivial bundle M = X × U , where the
typical fiber U is homeomorphic to R

l, we denote the local
coordinates of U by u = (u1, · · · , ul), and thus those of M
by (xi;ua) for 1 ≤ a ≤ l.

Moreover, by considering k-th order derivative functions
of u with respect to x for 0 ≤ k ≤ r as independent
variables, we defined a k-th order jet bundle JrM = X ×
U×J1U×· · ·×JrU , where we denote the local coordinates
of JrM by (xi;ua

I) for 0 ≤ i ≤ m and 1 ≤ a ≤ l, and I is
the multi-index which is a simplified subscript for describing
all combinations of derivatives. The order of I is written by
|I| such as 0 ≤ |I| ≤ r if uI includes up to r-th order
derivatives. Hence, uI for k = |I| means all k-th order
derivative functions with respect to the repeated combination
I = {i1, · · · , ik} selected from x. For example, in the case
of n = 2, l = 2, r = 2, x = (t, y), and u = (v, w),
we denote the local coordinates of J2M by (x;uI) =
(t, y; v, w, vt, vy, wt, wy, vtt, vty, vyy, wtt, wty, wyy).

Let Δ(x, uI) = 0 be a system of r-th order partial
differential equations defined on a jet bundle J2rM restricted
to a closed submanifold Z = Y × T ⊂ X , where Y means
the state space at a point in a time interval T , Δ = 0 means
Δa = 0 for any 1 ≤ a ≤ l, and Δ = (Δ1, · · · ,Δl) ∈
(C∞(JrM))l.

D. Variational problems described by differential forms

Let us introduce differential forms on the simplified varia-
tional bi-complex without using contact forms [12], [13] over
jet bundles. Such differential forms can describe variational
problems in a unified way.

Definition 2.1: We define the following horizontal j-form
on JrM :

η =
∑

i1···ij

ci1···ij dxi1 ∧ dxi2 ∧ · · · ∧ dxij , (1)

where the sum with respect to i1 · · · ij consists of α =
(
m
j

)
combinations, ci1···ij ∈ (C∞(JrM))α, and Ωj

h(JrM) is the
space of horizontal j-forms.

Definition 2.2: We define the following vertical k-form on
JrM :

ω =
∑

a(1)···a(k)
I(1)···I(k)

c
I(1)···I(k)
a(1)···a(k) du

a(1)
I(1) ∧ du

a(2)
I(2) ∧ · · · ∧ dua(k)

I(k), (2)

where the pair of indexes {a(j), I(j) | 1 ≤ j ≤ k} consists
of combinations of {a, I} that are differ from each other, the
sum with respect to {a(1) · · ·a(k), I(1) · · · I(k)} consists of
β =

(
l·�I
k

)
combinations, cI(1)···I(k)

a(1)···a(k) ∈ (C∞(JrM))β , and
Ωk

v (JrM) is the space of vertical k-forms.
Definition 2.3: For any η ∈ Ωj

h(JrM) and any ω ∈
Ωk

v (JrM), we define a (j, k)-form on JrM by ω ∧ η ∈
Ωj,k(JrM), where Ωj,k(JrM) is the space of (j, k)-forms.

Definition 2.4: Let Z be a j-dimensional submanifold of
the base space X . We define the following functional (j, k)-
form on JrM :

ψ =
∫

Z

ω ∧ η ∈ F j,k(JrM), (3)

where j = dimZ , F j,k(JrM) is the space of functional
(j, k)-forms on JrM , and the wedge ∧ might be omitted.

Definition 2.5: For any ω ∈ Ωk
v (JrM), we define the

vertical derivative operator

dv : Ωk
v (JrM) → Ωk+1

v (JrM);

ω �→
∑
a,I

∂c
I(1)···I(k)
a(1)···a(k)

∂ua
I

dua
I ∧ dua(1)

I(1) ∧ · · · ∧ dua(k)
I(k) , (4)

where the sum with respect to {a, I} consists of combina-
tions that are not included in {a(j), I(j) | 1 ≤ j ≤ k}.

Definition 2.6: For any function or any differential from
on JrM , we define total derivative operator with respect to
xi

Di =
∂

∂xi
+

l∑
a=1

∞∑
|I|=0

ua
Ii

∂

∂ua
I

, (5)

where uIi = ∂uI/∂x
i, Di is locally equivalent to partial

differentials, and it satisfies linearity and the Leibniz rule,
Di and dv commute, and Di duI = d(DiuI) = duIi.

A Lagrange density L dx ∈ Ωm,0(JrM), the coefficient
of a Lagrange density L ∈ Ω0

v(JrM), and a Lagrange den-
sity functional L =

∫
L dx ∈ Fm,0(JrM) are collectively

called a Lagrangian hereafter.
Definition 2.7: We define the variational derivative oper-

ator

δ : Fm,k(JrM) → Fm,k+1(JrM);∫
Z

ξ dx �→
∫

Z

dvξ dx. (6)

Definition 2.8: Let us consider a Lagrangian L =∫
Z L(x, uI) dx ∈ Fm,0(JrM). Then, dvL = Δ du ≡ 0

determined by δL = 0 is an Euler-Lagrange equation
Δ = 0, where Δ = (Δ1, · · · ,Δl) ∈ (C∞(JrM))l, and
we have used integration by parts in the transformation of
dvL = Δ du.
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E. Self-adjointness and Euler-Lagrange equations

If a given system Δ = 0 is an Euler-Lagrange equation
derived from a variational problem of a Lagrangian L ∈
Ωn,0(JrM), if and only if, the Fréchet derivative DΔ is
self adjoint: D∗

Δ = DΔ [12, pp. 329 and 364], where we
have defined the operator DΔ and its adjoint operator D∗

Δ

for a test function f = (f1, · · · , fl) ∈ (C∞(J2rM))l as the
following (l× l)-matrix operator with (a, b)-components for
1 ≤ a ≤ l and 1 ≤ b ≤ l:

(DΔ)ab(fb) =
r∑

|I|=0

∂Δa

∂ub
I

DIfb, (7)

(D∗
Δ)ab(fb) =

r∑
|I|=0

(−1)|I|DI

(
∂Δb

∂ua
I

fb

)
. (8)

Note that, in the case of D∅ = 1 and D∗
Δ, we must use the

Leibniz rule in the calculations regarding DI( · ).

III. MAIN RESULTS

This section shows the local Lyapunov function construc-
tion using the homotopy formula for a class of systems
defined on trivial manifolds, i.e., homeomorphic to Euclidian
spaces. Let Δ(x, uI) = 0 be a system of r-th order
partial differential equations defined on J2rM restricted to
a compact submanifold Z ⊂ X with the compact boundary
∂Z . Then, the space of smooth functions on Z is dense
the Hilbert space Hr(Z). All functions are assumed to be
smooth without remark hereafter, and we don’t mention the
stability analysis for each particular system in Hr(Z) as
in the usual way of discussions in the analytical methods
for PDE. Moreover, we assume that the equations include
up to second order derivatives with respect to the time
coordinate and higher order derivatives with respect to spatial
coordinates, and the system has a unique equilibrium set
(possibly periodic orbits). The last assumption is equivalent
to the ignore of the condition (iii) in Section II-B.

A. Decomposition of partial differential equations

For a given system of partial differential equations, we
have the following decomposition theorem.

Theorem 3.1 ([14]): Let us consider a system Δ =
Δ1 du

1+· · ·+Δl du
l = 0 defined on a vertically star-shaped

domain over Z in J2rM . Then the system can be described
as follows:

Δ = ΔE + ΔD, (9)

where ΔE = (ΔE
1 , · · · ,ΔE

l ) ∈ (C∞(J2rM))l, ΔD =
(ΔD

1 , · · · ,ΔD
l ) ∈ (C∞(J2rM))l, D∗

ΔE = DΔE , and D∗
ΔD �=

DΔD .
Moreover, the Lagrangian of the subsystem ΔE can be

derived from the homotopy operator hv : Ωk
v (J2rM) →

Ωk−1
v (J2rM) with respect to ω ∈ Ωk

v (J2rM) for k ≥ 1:

L = hv(ΔE du)

=
∫ 1

0

l∑
a=1

ua · ΔE
a(x, λuI) dλ ∈ Ω0

∼(JrM), (10)

where we have defined the quotient space Ωk
∼(JrM) such

that ξ+Div ζ ∈ Ωk
v (JrM) is identified with ξ ∈ Ωk

v (JrM)
for any ζ ∈ (Ωk

v (JrM))n, and the total divergence Div ζ =∑m
j=0Djζj ∈ Ωk

v (JrM).

B. Power balance equation of partial differential equations

From a Lagrangian L of a subsystem ΔE = 0, we can
derive the following generalized energy E .

Definition 3.1 ([8]): Let us consider a system of partial
differential equations at most second order with respect to the
time coordinate, and the following instantaneous Legendre
transformation of the multi-symplectic formalism:⎧⎨
⎩ pKt

a =
∂L′

∂ua
Kt

−Dsp
Kts
a for 1 ≤ |Kt| ≤ r,

pKts
a = 0 if |Kt| = r,

(11)

where Dsf =
∑m

j=1Djfj is the total divergence with re-
spect to spatial variables for any function f = (f1, · · · , fm).
Then, the generalized energy on J2rM |Z is given by

E =
∫
Z
E(x, uI) dx1 ∧ · · · ∧ dxm

=
∫
Z

{
pKt

a ua
Kt − L(x, uI)

}
dx1 ∧ · · · ∧ dxm, (12)

where 0 ≤ |K| ≤ r − 1, 0 ≤ |I| ≤ r, and pKt
a has been

regarded as a function of (x, uI) by substituting (11) into it.
From the Hamiltonian representation of the system (9), we

can derive the following relation of the energy variation of
the system.

Proposition 3.2 ([9]): At an instantaneous time, the
power balance equation of (9) is given by

∂E

∂t
=
∫
Z

(
ea

pf
a
p +

r−1∑
k=0

ea
qkf

a
qk + ea

df
a
d

)
dx(s), (13)

where dx(s) = (−1)s−1dx1∧· · ·∧dxs−1∧dxs+1∧· · ·∧dxm,
1 ≤ a ≤ l, 0 ≤ |K| ≤ r − 1 means the multi-index with
respect to spatial variables, |Kk| = k, and we have defined⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(fa
p , e

a
p) =

(
(−1)|Kt|DKt

∂L
∂ua

Kt

, ua
t

)
,

(fa
qk, e

a
qk) =

(
Dtu

a
K̄k
,

1
w(K̄k)

∂L
∂ua

K̄k

)
,

(fa
d , e

a
d) =

(
−ua

t , −ΔD
a

)
.

(14)

by using L ∈ Ω0
v(J2rM) such that dvL = ΔE du.

Lemma 3.3: If the energy flow ΔD
au

a
t is dissipative, the

generalized energy (12) of the system decreases.
Proof: In the case of ea

df
a
d = 0, the power

∫
Z(ea

pf
a
p +∑r−1

k=0e
a
qkf

a
qk) dx(s) is zero in (13), because the system is

conservative. Therefore, if the energy flows out through
ea

df
a
d = ΔD

au
a
t , ∂E /∂t < 0.

Remark 3.1: The Legendre transformation (11) (or La-
grangian) is called almost regular if it is submersion to the
image P r−1, where P r−1 is a closed embedded subbundle
of multi-symplectic manifold Zr−1. Then, vector fields on
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P r−1 can be pull-backed to J2rM by the Legendre trans-
formation [7]. However, for the aim of controls, such a one-
to-one correspondence between Lagrangian and Hamiltonian
systems is not required. We only have to obtain at least one
Hamiltonian as a Lyapunov function from a given system.

C. System representation

We apply the concept described in the previous section to
the following particular system.

Theorem 3.4: Consider the following system of partial
differential equations:

Δa = ua
t − fa(x, uI) − ga(x, uI) = 0, (15)

where ga(x, uI) = ga
s (x, uI)+ga

d(x, uI) is the control input
such that ga

s (x, uI) is designed for shaping the energy of
the system and ga

d(x, uI) is used for assigning damping
effects to the system. Now, we assume that the system (15)
is intagrable, i.e., there is a distribution on J2rM . We define
ΔE

a and ΔD
a for ga(x, uI) = 0. If the generalized energy Ẽ

of Δ̃E
a = ΔE

a +ga
s (x, uI) is positive definite, globally proper,

smooth, and {ΔD
a − ga

d(x, uI)}ua
t is dissipative, then (15) is

asymptotic stable.
Proof: In this case, we can regard the generalized en-

ergy function (12) as a Lyapunov function. From Lemma 3.3,
we can obtain the dissipativity of the system.

IV. EXAMPLES
In this section, we describe the control Lyapunov function

construction method by using the following two examples in
a constructive way.

A. Linear partial differential equation

Let us consider the following system:⎧⎨
⎩

Δ1 = −utt + wx − g1 = 0,
Δ2 = −vtt − 2u+ vx − g2 = 0,
Δ3 = −wtt + u− g3 = 0,

(16)

where u = u(x, t), v = v(x, t) and w = w(x, t) are the state
variables, g1, g2 and g3 are the distributed controls, and we
have defined n = 2, l = 3 and r = 1. We assume that
Δ1, Δ2 and Δ3 are the stationary conditions with respect
to the variations of u, v and w, respectively, in the case of
ga = ΔD

a = 0, i.e., these terms are regarded as external
forces to equations of motion.

We first consider the case of the autonomous system with
g1 = g2 = g3 = 0. Then, the system (16) is not self-adjoint;
however, the following Lagrangian for the exact subsystem
of (16) can be calculated by (10):

L =
1
2
(
u2

t + v2
t + w2

t + uw + vvx + uwx

)
− uv. (17)

Thus, we can decompose (16) into the following two sub-
systems:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ΔE
1 = −utt − v +

w

2
+
wx

2
, ΔD

1 = v − w

2
+
wx

2
,

ΔE
2 = −vtt − u, ΔD

2 = −u+ vx,

ΔE
3 = −wtt +

u

2
− ux

2
, ΔD

3 =
u

2
+
ux

2
.

(18)

The generalized energy can be calculated by (12) as follows:

E = utp
t
1 + vtp

t
2 + wtp

t
3 − L

= ut
∂L
∂ut

+ vt
∂L
∂vt

+ wt
∂L
∂wt

− L

=
1
2
(
u2

t + v2
t + w2

t − vvx − uw − uwx

)
+ uv, (19)

where we have introduced the dual variable pt
a = ∂L/∂ua

t

of ua
t , i.e., an instantaneous multi-momentum in the multi-

symplectic manifold. The energy E includes all state vari-
ables of the system; however, it is not positive definite. Note
that there is no need to take into account spatial derivatives
in the momenta in (19), because the energy corresponds to
an instantaneous Hamiltonian defined in the instantaneous
multi-symplectic formalism [8]. An instantaneous Hamilto-
nian means the conserved quantity with respect to the time
evolution.

Next, let us find controls that can transform (19) to be
positive definite. That is, we shape (19) as follows:

E = Ẽ + Es, (20)

Ẽ =
1
2
(
u2

t + v2
t + w2

t

)
+

1
4
{
2(u+v)2+(v−vx)2+(u−w)2+(u−wx)2

}
, (21)

Es = −1
4
(
4u2 + 3v2 − v2

x − w2 − w2
x

)
. (22)

If we can eliminate Es from E by some control input, then the
generalized energy of the system becomes Ẽ > 0. The change
Es affects the Lagrangian as L̃ = L − Es. The stationary
condition of the variational problem of L̃ is⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Δ̃E
1 = −utt − 2u− v +

1
2
(w + wx) = 0,

Δ̃E
2 = −vtt +

1
2
(vxx − 3v) − u = 0,

Δ̃E
3 = −wtt +

1
2
(u− w − ux + wxx) = 0.

(23)

The system (23) can be realized by setting⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

g1
s = 2u+ v +

1
2
(wx − w),

g2
s =

1
2
(3v − vxx) − u+ vx,

g3
s =

1
2
(u+ w + ux − wxx)

(24)

in (16) as

Δa = Δ̃E
a + ΔD

a − ga
d = 0 (25)

for 1 ≤ a ≤ 3, where ga = ga
s + ga

d and ga
d will be designed

for stabilizing the systems in the next step.
Finally, let us consider the stabilization of the conservative

system (25) by means of the input ga
d for 1 ≤ a ≤ 3. The
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time derivative of Ẽ of the system (25) is

dẼ
dt

=
∂Ẽ
∂u

∂u

∂t
+
∂Ẽ
∂ut

∂ut

∂t
+
∂Ẽ
∂v

∂v

∂t
+
∂Ẽ
∂vt

∂vt

∂t

+
∂Ẽ
∂w

∂w

∂t
+

∂Ẽ
∂wt

∂wt

∂t

=
1
2
ut(−2g1 + 4u+ 2v − w + wx)

+
1
2
vt(−2g2 − 2u+ 3v + vx)

+
1
2
wt(−2g3 + u+ w). (26)

Note that we don’t explicitly use the expressions in (24) in
the following, i.e., we will directly calculate the whole ga

through the above relation. Thus, dẼ/dt < 0 if

−2g1 + 4u+ 2v − w + wx = −ut, (27)

−2g2 − 2u+ 3v + vx = −vt, (28)

−2g3 + u+ w = −wt. (29)

Therefore, if we can realize the inputs,

g1 = 2u+
ut

2
+ v − w

2
+
wx

2
, (30)

g2 = −u+
3v
2

+
vt

2
+
vx

2
, (31)

g3 =
u

2
+
w

2
+
wt

2
, (32)

the system (16) is controlled to be asymptotic stable.
Figure 1 illustrates the time responses of the state vari-

ables u, v and w with respect to the initial conditions,
u(0, x) = 0.1 sin(0.1πx), v(0, x) = 0 and w(0, x) = 0 under
the boundary conditions, u(t,−L) = u(t, L), v(t,−L) =
v(t, L) and w(t,−L) = w(t, L), where L = 10. Figure 2
illustrates the time responses of the controlled system with
(32) in the same setting. We can see that the unstable original
system is controlled to be asymptotic stable.

B. Nonlinear partial differential equation

Let us consider the following system:

Δ1 = vtt − vxx − 0.1vtv

− (1 − v2)(1 + 2v) − g1 = 0, (33)

where x is the spatial variable, v = v(x, t) is the distributed
state, g1 = g1(x, t) is the distributed control, we defined
n = 2, l = 1 and r = 1, and we assumed that Δ1 is the
stationary conditions with respect to the variations of v for
g1 = ΔD

1 = 0.
Let g1 = 0. The system (33) is not self-adjoint. Thus,

in the same way of the previous example, the following
Lagrangian for ΔE

1 can be calculated:

L = v + v2 − v3

3
− v4

2
+
v2vt

20
+
v2

t

2
− v2

x

2
, (34)

where (33) has been written as{
ΔE

1 = vtt − vxx − (1 − v2)(1 + 2v),
ΔD

1 = −0.1vtv.
(35)

Fig. 1. Initial-value time responses (upper left: u, upper right: v, lower
left: w, lower right: E)

Fig. 2. Controlled time responses (upper left: u, upper right: v, lower left:
w, lower right: Ẽ)

The generalized energy can be calculated by (12) as follows:

E = vtp
t
1 − L = vt

∂L
∂vt

− L

= −v − v2 +
v3

3
+
v4

2
+
v2

t

2
+
v2

x

2
, (36)

where pt
1 = ∂L/∂vt. We shape (36) to be positive definite.

The function −v− v2 + v3/3+ v4/2+C is positive definite
with respect to v = 1, where C is a constant such that C ≥
7/6; therefore, we don’t shape this term. Consider E = Ẽ +
Es, where Es = C. Such Es does not affect the variational
problem. The solution of the problem of L̃ = L is

Δ̃E
1 = ΔE

1 = 0. (37)

Thus, we set g1
s = 0 in (33), and we will design g1

d for
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stabilizing the systems

Δ1 = ΔE
1 + ΔD

1 − g1
d = 0. (38)

Here, we calculate the time derivative of Ẽ = E ,

dẼ
dt

=
∂Ẽ
∂v

∂v

∂t
+
∂Ẽ
∂vt

∂vt

∂t

= {−vxx − 0.1vtv − (1 − v2)(1 + 2v)}vt + vtvtt

= vt(vxx + 0.1vtv − g1). (39)

Hence, dẼ/dt < 0 if vxx +0.1vtv−g1 = −vt. If we can set

g1 = vxx + 0.1vtv + vt, (40)

the system (33) is asymptotic stable at v = 1. Although
the energy flow of ΔD

1 vt = −0.1vv2
t is non dissipative,

the controller (40) can be reduced as ḡ1 = vxx + vt if the
magnitude of the energy flow |(vxx + vt)vt| is sufficiently
larger than |0.1vv2

t |.
Figure 3 shows the time responses of u with respect to

the initial conditions, u(0, x) = exp(−x2) and ut(0, x) = 0
under the boundary condition u(t,−L) = u(t, L), where
L = 20. Figure 4 shows the time responses of the stabilized
system with ḡ1 in the same setting. We can see that the
unstable original system is controlled to be asymptotic stable.
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