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Abstract— We survey two recent results by the author [34],
[33] (one in collaboration with Sylvain Sorin) that give examples
of zero-sum stochastic games with four states, compact action
sets for each player, and continuous payoff and transition
functions, such that the discounted value does not converge
as the discount factor tends to 0, and the value of the n−stage
game does not converge as n goes to infinity. In particular we
explain how the oscillations of transition functions can lead to
oscillations of the values.

I. INTRODUCTION

Two person zero-sum stochastic games have been widely
studied since Shapley introduced them in [28]. They model
interactions repeated in discrete time between two players
with opposite interests. The state of nature evolves as a
function of the current state and of the actions chosen by each
player, and determines which zero-sum game the players are
facing at each time period. Hence, the actions of the players
have an influence both on the payoff today and on the law
of the state of nature tomorrow.

There are several ways of evaluating the payoff of such
a stochastic game. For any integer n ∈ N, one defines the
n−stage game for which Player 1 (resp. Player 2) maximizes
(resp. minimizes) his average gain on the first n stages.
For any λ ∈]0, 1], one defines the λ-discounted game for
which Player 1 (resp. Player 2) maximizes (resp. minimizes)
his λ−discounted payoff. Some of the main questions in
the theory of zero-sum stochastic games are related to the
asymptotic behavior of the values of these games as players
grow more and more patient, either because the finite horizon
of the game grows larger and larger or because the discount
factor tends to 0. In particular:
• Does the value of the n−stage game converge as n tends

to infinity ?
• Does the value of the λ−discounted game converge as
λ tends to 0 ?

• Are the two limits equal ?
When the answers to these three questions are positive, the
game is said to have an asymptotic value. A nice explanation
of why the asymptotic value should exist for games regular
enough is the following [30]. An n−stage game can be seen
as a game played in the time interval [0, 1], where the payoff
is

∫ 1

0
gt, and in which the players only moves at time k

n .
Similarly, in a λ-discounted game, they only play at time λ,
λ+λ(1−λ), and so on. As n goes to infinity and λ goes to 0,
these games can thus be viewed as some time discretizations
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of a hypothetic game played in continuous time on [0, 1], and
thus the values should converge to the value of this “limit
game”.

Stochastic games were first studied in the case of a finite
number of states and when each player has only finitely
many actions. Existence and characterization of the values
for a fixed λ or n is due to Shapley [28] and relies on
von Neumann’s minmax theorem [19] as well as Banach’s
fixed point theorem. In this framework, asymptotic value
was established first for recursive [12] and absorbing games
[15], then in general (see [7], [8] for the original proof
using Tarski-Seidenberg’s Theorem, or [21] for a recent proof
involving linear programming).

Since minmax theorems also hold true for games with
compact action sets and continuous payoffs [29], the values
exist [16] for fixed n or λ for games with finitely many
states, compact action sets for each player, and continuous
payoff and transitions (called compacts games for simplicity
in the following). In this framework, asymptotic value was
established for recursive [31], [32] and absorbing [26], [32]
games (in the latter case there is also a uniform value [18]),
and was conjectured to hold true in general [30].

Let us mention that the existence of an asymptotic value
was established in the framework of Markov decision pro-
cesses and dynamic programming [4], [5], [6], [11], [23]; for
games with incomplete information [3], [10], [17], [26]; as
well as for some stochastic games with incomplete informa-
tion [22], [24], [25], [27]. Let us also point out the important
link discovered recently between zero-sum stochastic games
and tropical geometry, see for example [1], [2], [13], [14].

II. A ZERO-SUM STOCHASTIC GAME WITH
COMPACT ACTION SETS AND NO ASYMPTOTIC

VALUE

In the paper [34] we answer by the negative to the
conjecture in [30] by constructing a game with four states,
compact action sets, and continuous payoff and transitions,
whose values do not converge as n tends to infinity or λ
tends to 0. Surprisingly, it is possible to construct a compact
game in which Player 1 can guarantee a payoff of 1 in any
102k−stage game, while Player 2 can guarantee a payoff of
−1 in any 102k+1−stage game. The idea of the counterexam-
ple is to construct transition functions that are continuous but
oscillate infinitely often. These oscillations of the transition
functions yield oscillations - and thus divergence - of the
values.

We first identify a class of finite zero-sum stochastic
games, with two absorbing and two non-absorbing states and
action-independent payoff, for which no analytical proofs
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of convergence of the values are known. We then consider
a related class of compact zero-sum stochastic games and
prove that there exists games in that class with no asymptotic
value. To do this, for any functions s and d from ]0, 1] to
R, we construct a zero-sum stochastic game for which the
discounted values in the two non-absorbing states ω+ and
ω− are exactly s(λ) + d(λ) and s(λ) − d(λ), respectively.
We then show that the transition functions of this game are
continuous as soon as s and d satisfy some properties, that
are weak enough not to imply convergence. Precisely, we
prove:

Proposition 2.1: Let s and d be two continuously differ-
entiable functions from ]0, 1] to R. Assume that
• s and λs′(λ) are bounded.
• d is nonnegative and there exists ε > 0 such that for all
λ ∈]0, 1],

ε ≤ λd′(λ)
d(λ)

≤ 1− ε.

Then there exists a zero-sum stochastic game with four
states, compact action sets, continuous payoff and transition
functions, such that the discounted values in the two non-
absorbing states ω+ and ω− are

vλ(ω+) = s(λ) + d(λ)
vλ(ω−) = s(λ)− d(λ)

In particular the choice of s(λ) = sin(lnλ) and d(λ) =√
λ yields a compact zero-sum stochastic game in which the

discounted values do not converge.
To construct a compact zero-sum stochastic game in

which the finite-horison vales vn do not converge, we next
show, using an idea from [20], that under some additional
assumptions we can ensure that vn and vλ share the same
asymptotic behavior.

III. REVERSIBILITY AND OSCILLATIONS IN
ZERO-SUM DISCOUNTED STOCHASTIC GAMES

The previous construction does not allow to construct
counterexamples when the game is assumed to have some
additional structure, for example perfect observation or finite-
ness of one of the action sets. In the paper [33] (written
with S. Sorin), we show that by coupling two well-behaved
exit-time problems one can construct two-person zero-sum
stochastic games with finite state space having oscillating
discounted values. This unifies and generalizes the examples
of the previous section, as well as several ones (including
one of a compact game with perfect observation and no
asymptotic value) due to Ziliotto [35].

To summarize, we construct a family of zero-sum games
in discrete time where the purpose is to control the law of
a stopping time of exit. For each evaluation of the stream
of outcomes (defined by a probability distribution on the
positive integers n = 1, 2, ...), value and optimal strategies
are well defined. In particular for a given discount factor
λ ∈]0, 1] optimal stationary strategies define an inertia rate
Qλ.

When two such configurations (1 and 2) are coupled this
induces a stochastic game where the state will move from
one to the other in a way depending on the previous rates
Qiλ, i = 1, 2.
The main observation is that the discounted value is a func-
tion of the ratio Q1

λ

Q2
λ

that can oscillate as λ goes to 0, when
both inertia rates converge to 0. This construction reveals
a common structure in the counter-examplesconstructed in
[34] and in [35], and permits to construct new examples,
for example when one of the players has only finitely many
actions.

IV. CONCLUSION
In all the aforementioned examples, the oscillations of the

discounted values were due to oscillations of the transition
functions. In a way, these examples are a byproduct of the
existence of continous functions oscillating infinitely often
such as x sin(lnx). A way to ensure convergence of the
values may be to forbid the oscillations functions to exhibit
such behavior, for example working with semialgebraic tran-
sition functions, or more generally with transition functions
definable in some o-minimal structures. In [9] we indeed
prove that if all the parameters of a zero-sum compact
stochastic game are definable in some o-minimal structure,
the values converge as soon as the game is either with perfect
observation or with finitely many actions or one side. Without
one of these additional assumptions the problem is still open.
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