21st International Symposium on
Mathematical Theory of Networks and Systems
July 7-11, 2014. Groningen, The Netherlands

Error Analysis of MOESP Type Algorithm

Kenji Tkeda'

Abstract— Explicit formulae of dominant parts of the es-
timation errors of A and C matrices in PO-MOESP are
derived based on a proposing lemma on perturbations to the
singular subspaces. The formulae are derived directly from a
slightly modified PO-MOESP algorithm. Based on the formulae,
the effect of the weighting matrices in the singular value
decomposition is analyzed. It is also shown that the original
PO-MOESP method is optimal in a sense that singular values
of some matrix in the Frobenius norm of the estimation error
are minimized.

I. INTRODUCTION

Subspace identification method is remarkably developed
and widely applied to real systems. Some famous approaches
are CCA([13]),N4SID([17]), MOESP([20], [21], [18], [19]),
etc., and the asymptotic variances of the estimates in these
methods are analyzed and are now emerging. ([3], [4], [6],
[51, [71, (2], [14], [9], [12]).

In the analysis of the variance, [12] derives a formula of
the variance of the estimates in the MOESP type algorithm,
while [9] derives more comprehensive formulae of the vari-
ance by using a kind of state approach. It is also shown in
[8] on some equivalence relation between the robust N4SID
and MOESP type methods. But to the best of the author’s
knowledge, there are no direct derivation of a comprehensive
formulae of the variance in MOESP type methods. The
difficulty comes from the complexity of the perturbation
formula to the singular vectors. For this problem, it reveals
that a more simple formula can be given for the perturbations
to the singular subspace instead of the singular vectors([11]).
The advantage comes from considering a gap between two
singular subspaces and the fact that the perturbation on the
estimates of the system matrices can be analyzed by using
the gap. In this paper, an explicit formula of the estimation
errors of A and C matrices in PO-MOESP method is to be
derived by using a lemma on the perturbations to the singular
subspaces.

In the estimation of A and C' matrices, weighting matrices
W;r and Wp_ are introduced as in [7]. The effect of Wp_ is
anlyzed by using the obtained formulae and the estimation
error will be compared to that in the original PO-MOESP
method.

This paper is organized as follows. Section 2 formulates
the problem and the assumptions. Section 3 describes some
preliminaries on the subspace identification methods while
Section 4 gives formulae of the estimation errors of A
and C matrices in PO-MOESP methods. Section 5 analyzes
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the effect of the weighting matrix based on the obtained
formulae. Finally Section 6 concludes the paper.
Notations: Let X' denote a pseudo inverse (Moore-Penrose
generalized inverse) of X ([10]).

Let a spectral radius of a matrix A is denoted by p(A) =
max;(|]A;(A4)|) where A\;(A) is an eigenvalue of A.

Big O notation is adopted to describe the error term in an
approximation, i.e. the least-significant terms are summarized
in a single big O term.

Let O (A, C) denote an extended observability matrix com-
posed of the system matrices (A, C') for a given index f > n
where n is a degree of the system. Namely,

Os(A,C):=[CT (CAT (CAF-HT )T (1)
Let C¢(A, B) denote an extended controllability matrix as
Ci(A,B):=[A/"B AB B]. )

Let T (A, B,C, D) be a block Toeplitz matrix composed
of the Markov parameters of the system (A, B,C, D) as

D 0
B D
Tf(A,B,C, D) = . .
CA'=?2B CA/=3B --- D

3)
Block Hankel matrix composed of a time-series data {uy}
is denoted by

Uj Ui41
Ui4+1  Ui42

Ui+ N—1
Ui+ N

U = 4)

Uy Uj+1 Uj+N-—1
II. ARMAX MODEL
Consider the following innovations (ARMAX) model:

$k+1:A$k + Buy + Keg, 5)
ypr=Cxr + Duy + ey, 6)

where ur, € R™, yp € R, e, € RY, and x, € R™ are
the input, the output, the noise, and the state, respectively
and A € R"", B € R"™™, C € R**", D € R™™, and
K € R™! are the system matrices to be estimated. The
following assumptions are made for this system:

(Al NA)| <1, INMA-KO)<1,i=1,...,n.

(A2) The innovations process {ej} is a white Gaussian
process with mean E{e;p} = 0 and covariance
E{ekelT} = Qee(skb

(A3) The processes {uy} and {er} are mutually inde-

pendent.
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(A4) The processes {xy}, {ur}, and {ex} are ergodic
and stationary ([1]).
(A5) {ur} is a white Gaussian process with mean
Elur] = 0 and covariance matrix E[ukul—r] =
Quudr Where Q. = O’ZIm.
From the assumption (AS5), the required PE (persistence
of excitation) conditions required ([22]) are automatically
satisfied.

III. PRELIMINARIES
A. I/O Data Equation

I/O data equation derived from the innovations model (5)
and (6) plays important roles in analyzing and implementing
subspace identification methods:

Vi =O05Xo + Tilhy +HyEy, @)

where
0;:=04(A, B), (8)
Tr:=T;(A,B,C,D), ©)]
Hep=T¢AK,C,I), (10)
Xi=[z; Tip1 TiyN-1], (11)
Up:=Ug|j_1. (12)

Yy and &y are defined similarly to U;.

B. Instrumental Variable Matrix
From the innovations model (5) and (6), the state matrix
is given by:
Xo=XP + Arx_,, (13)
X =K,2; (14)
where K, := [C,(A, B),C,(A,K)], A:= A— KC, B :=
B-KD =B, Z; := (R ) = U_,_¢€

p P
R™PXN and y,; =Y _p-1 € RP*N  Thus, the I/O data

equation becomes
Vi =0KpZ, + Ty + Hplf + OpAPX_,
C. LQ Decomposition

15)

Subspace identification methods are based on the follow-
ing LQ decomposition:

Uf L1 I
Zy | = | La Lo s |, (16)
Yy L3y L3y Las a9

where Q;, i = 1, 2, 3 is an orthonormal matrix which satisfies
Q/Qi=1and QQ; =0 for i # j. L;; is a matrix with
appropriate dimensions.

Let [y, 3] be a projection of V¢ onto [U] Z)71,
namely,

N N _ [/{f f
Then,
Bu=Ls1Ly}' — LsaLyy - Lot Ly, (18)
B.=LszLy;" (19)

From Egq. (15), Bz and Bu become estimates of 5, = O;K,
and (3, = Ty, respectively and their estimation errors are
given by

B=H (2, T )T + O APX_ (2,11 ), (20)

B Bao
Bu=HsEr (UML) + O(A? /VN), @21
where
Mg, =T —Uf UsU) U =T - Q107 , 22)
Iy =1-(2,)(2,(2,))7'2,. (23)

The error term (,; = O(1/V/N), while 3., = O(AP).

Furthermore,
Jimfp=0,4705,0;
% [0, 0] +Hy (I @ Q)M
x[Tp I].
This term will cause an asymptotic bias in the estimation of
KC,, while it will be neglected in the estimation of Oy.

D. SVD
In order to estimate Oy, pre- and post-multiplying ap-
propriate positive definite matrices WJZ" and W to 3, and

(24)

decompose W;r BZWP_ into singular spaces as:

WhBW, =U.Z,V, +R. (25)
Weighting matrices:
e\ ok 1 -3
wi=(0") 7= (Nyfﬂafy;) .6
N, 1 3
- —m\2 ._ —7l —\T
Wy =(1,1) = (sz 4, (Z;) ) , QN

or identity matrices are often used.

The following lemma on the perturbations to the singular
subspaces is useful.

Lemma 1: [11] Let X and X = X + X have the singular
value decompositions as:

2n

X=[U, Uni][ o] Vo VT, (28)

X=[0, U;]F” ii}m VT

(29)

Then, for any SVD’s of X and X, the following equations
hold
(30)
(€29)
where [zn = [7" - U,, f/n = Vn — V... Furthermore,
when || X|| is smaller enough than the smallest singular
value of X, then there exist SVD’s (Unz ¥, V) of X and
([Un, U], diag(n, 2:5), [Vi, Vi) of X such that
(U2) " On=(U3) " XV, 35" + O(I XP%),
V) Vi =St XV + O X ).

(U#)TUn:(UrJf)TXVnirzl
V] V=S XV

n

(32)
(33)
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Proof: See the appendix.

Remark 1: 1t is often the case that the perturbation of the
left (or right) singular subspace is more important than the
perturbation of the singular vector U, (or V,,) itself. In such
cases, Lemma 1 is useful because taking into account, for
example,

U, =UUU, +UHUHTT,,

U’ U,, does not affect the left singular subspace.

In the shift invariance approach, o ¢ is estimated from the
left singular subspace by using an appropriate nonsingular
matrix T)s:

OpKp=(W) U Tas T SuV,T (W)L (34)
—_———
Os

o + is decomposed into the signal/noise components as

Op=(W})'Un(I + U, Un)Ts

’
Of

+(WH U (Uy) U (35)

Oy
The difference between (9} and O; comes from the
difference of the coorinate systems: (A’,B',C",D’) =
(T~YAT, T~'B,CT,D) for T = Ty (I + U, U,)Tu.
However, the effect of this difference is small enough be-
cause

O = 04T = Oy + O(52). (36)
The estimation error of O ¢ is given by the following lemma.
Lemma 2: Under the assumptions (A1)~ (AS), the esti-

mation error Oy defined in Eq. (35) is given by
0=

(W;)_lné;W?Wfogf(Z;Hﬁf)lf

X W (W, ) TIC) (K, W, (W) Ty )
+0(B2), (37)
Hg;w:I —WSO(OF (WHTWHOH) T (WO,
) (38)
Proof: Because T;' S, V," (W, )~! = K, and K, has a full
row rank,
VoS, Ty = (KW )t (39)
From this and Lemma 1, @f is given by
Op = (W)™ 'Uy (U) "W B, (I, W,)T. (40)

By using U,, = VAV;F(’)fol,

vtuohT=r-uv,u,’
=1t

=1-U,(U, Uy~ 'U,
oTW (4D
Substltutlng this into Eq. (40), Eq. (37) is obtained. Note that
the term f3., disappears because HOTW+W Oy = 0. This
proves the lemma.

547

When W;r = I and Eq. (27) for Wp* are adopted,

@f:HéfT Hfgf (’szyjnzftfv)T + O( 31)7 (42)
Hgyzf—of(o}of)—loy. (43)
IV. ESTIMATION OF SYSTEM MATRICES
In the shift invariance approach, A is defined by
A=0,'0; (44)
=007+ 0,1(0; = 0;4) + O(1/N),  45)
i ' hat
A A
C=[1,010; (46)
[ (47)

=1, O]Of + [Il, O]Of
—_— Y=
c e,
where O; = [Il(f_l),O]@f and O = [O,Il(f_l)]@f. It is
also used that O; = O(1/+v/N). The following lemma gives
a formula of A.
Lemma 3: Under the assumptions (Al) ~ (A5), together
with (’)f in (34), the estimation errors of A and C in the
shift invariance approach (44) and (46) are given by

={10,0}_\] = AW ONIWF } 1pep(2, 10
xW, (W, )T, (KK, W, (W) Tk )~
+O\ /VN) + O(1/N), (48)
C={1,0] = COVF O Wit | 1 (2,1, )
xW, (W) K, (KK, W, (W) Tk )™
+0O(1/N), (49)
A=max{p(A), p(A)}. (50)

Proof: The estimation error of C' matrix can be obtained
straightforwardly. The estimation error of A matrix can be

obtained as follows. Because OJ»THJéT = 0(A7),

A= 010, + 0\ JVN) +O(1/N).

From Lemma 2, the 1st term in the R.H.S. of the equation
above is calculated as

OfTOf Of L0 —1yixts 1] = O 1 AW FOp) W)
><,Hfgf(zp HL{f)
x W, (W) TK (KK, W, (W, ) Ky )™

+O(1/N).

This proves the lemma.
Remark 2: In (48) and (49), the noise {e;} appears as

%é’fﬂﬁf (z)" (")

(51

—II

Ep(Z, T, )T = . (52)

f‘; I converges to a constant matrix as N — oo while
1 1 —\T . . . . .
—NEfHM s (Zp ) converges in distribution to a gaussian

random matrix of mean 0 and a ﬁnige cova~riance from the
central limit theorem. Thus, each of A and C' converges to a
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gaussian random matrix of mean 0 and covariance of order
1/N.

Remark 3: When the weighting function W;r = I and
W, in Eq. (27) is adopted,

A={10,0]_,] - A0} } s (7, )
+O(\ /V/N) + O(1/N), (53)
C={[1,0] - COY} H,p(XPTIE, )T + O(1/N), (54)

where X" is in Eq. (14). In the original PO-MOESP
method, L35 instead of W;r /S’Z Wp_ is decomposed to the sin-
gular subspaces. Let a SVD of Lys be Los = USVT. Then
Wp_ in Eq. (27) can be represented as Wp_ =USUT/VN.
On the other hand, in order for W;r /S’Z Wp_ to be identical to

L3s, the weighting functions must be chosen

Wh=1 and W, =USU" - UV

In this case, Wp_(Wp ' = Us?u’ Nf;n. Thus,
the estimation errors of A and C' matrices in the original
PO-MOESP method are identical to Eqgs. (53) and (54),

respectively.

V. ON THE WEIGHTING MATRIX Wp*

In [7], an optimal weighting matrix W;‘ in the state
approach is analyzed. Similar discussion can be done for
Wp_ in the shift invariance approach. The estimation errors
A and C in Lemma 3 can be vectorized by using raw span

as follows:

1T
f=vec <{g} ) (55)
:vec(Hgé'fTF;) (56)
=(F; ®H, ) vec(&[ ) (57)
where
T N .
o5 %] [EJror o o

Hp:(Zp_HZ/LIf)TWp_ (Wp—)—l—’c;— (ICPWp_ (’CPWp_)T)_l'
(39
Then,
IATCT) =670 (60)
:Vec(EfT)T(F} ®H,)(F;oH,)) vec(EfT) (61)
:vec(E}r)T((FJTFf) ® (H,,H;)) vec(é’}r). (62)

On the other hand, H;Hp will be minimized when

Sr—1ir—\T - —T1 .
W, (W,)" is selected to be I'J" as in Eq. (27). Let

548

W,

H

W,

H,

(p) _

( )T = f‘;n + A and Q) = lef‘IjHlC;. Then,

T
P

1 4 _ - & TTy —
= () + KAL) G, (I, + A) () ™

< (DT + A Q) + KA )™

1
N

X

(63)
() + () GA(Z, Ty, (2,)T) 1 2, Ty,

(1 = T, ()T (T () ) )

>0

<y, (2,) (2, g, (2,) )T AT, (Q8) 7 + oA"Y
(64)

Thus, A = 0 minimizes H; H,. Since the non-zero singular
values of H; H,, are identical to the non-zero sngular values

of HH,, Wp_ (Wp_)T = f‘;n also minimize H,H] . Thus,

from Remark 3, the original PO-MOESP method gives an
optimal estimate in the sense that the singular values of
H,H are minimized.

VI. CONCLUSION

An explicit formula of the dominant part of the estimation
error on each of A and C' matrix in PO-MOESP is derived.
An optimal weighting matrix Wp_ is analyzed and it is shown
that Eq. (27) gives an optimal weight in the sense that the
Frobenius norm of the estimation errors are minimized. It
is also shown that the original PO-MOESP method gives
identical estimates with this optimal weighting matrix Wp*.

In the analysis of the estimation error terms, mathematical
expectation or limitting operations of N, f or p are avoided
in order to clarify the effect of the paraemters.

The formulae (53) and (54) have similar expression to the
one in [9]. So, the variance of A and C can be calculated as
in [9].
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PROOF OF LEMMA1
Let s <n and X and X = X + X have SVD’s as
=[U;, Uj"] diag(i, £ [Vi, Vit] T
X:[ﬁiv Uzl] diag(iw izL)[Vla Vil]—r

(65)
(66)

where 3; € R™* and ;- with appropriate dimensions are
composed of the singular values of X and [U;, U, [Vi, VA
are the unitary matrices. 3 € R and EJ- are composed
of the singular values of X and [U;, U;'] and [Vi, V1] are
unitary matrices. Let o; denote an i-th singular value of X
and &; denote an ¢-th singular value of X.

An upper bound of the perturbations on the singular values
is given by

I o[ =]

(Mirsky’s theorem. See [16] for example.) Especially,
IE415 < 1X]l.-

As for the perturbations on the singular subspaces, the
gap[15] between the invariant subspaces Range (U;) and
Range (U;) plays an important role. The gap is given by

(67)

< HXHQ
2

~v(Range (U;), Range (Uz))

=|UUT = U0 | (68)
=0, U1 = OO0, UMl2 - (69)
UTUT
= e (70)
H [_(UZ'L)TU" 0 2
—max {[|(UF) T Uilla, [T TF | )

The fact that the pre- and post-multiplications of the unitary
matrices [U;, Ui~] " and [U;, U] do not affect the 2-norm is
used in the calculation above.

The first argument of max function in Eq. (71) is given as
follows. Calculate (U;-)T X'V; by using the SVD of X (66)
as

(72)
=(UH UL, (73)
=(UH U, (74)

On the other hand, calculate (U;*) T XV; by using X = X +
X and the SVD of X (65) as

(UH)TXVi=UH) T {USVT +UFSHVE T + X}V

(75)
=S (V) TV + (US) T XV (76)

From Eqgs. (74) and (76),
UH TS =S (V) TVi+ (U XV (77)

Calculating (V;X)T X TU; in two ways similar to the above
gives

(VTS = SHUS) O+ (VYT X0 38)
From (77) and (78), the following is obtained:
WU TT(2)? - (S (UH) O
=(UH "XV, +5H(VHTX T (79)

If 6; > 011, the Lyapunov equation above has a unique
solution for (U7 )T U; and it is of order || X ||2. When i = n,
(U) UnSn = (U7) " XV, (80)
is obtained because ;- = 0. Note that the condition o, >
On+1 is not required for ¢ = n. This proves Eq. (30).
The second argument of max function in Eq. (71) is given
as follows: Calculating UTXVJ- and VZTXTUJ- by using
the SVD of X (65) and by using X = X — X and the

SVD of X (66), a Lyapunov equation similar to Eq. (79) is
obtained:

U U (55 = (3)°U; U

=U'XVASE+ 2V, XTU- (81)

If 0; > 41, the Lyapunov equation above has a unique
solution for U;' U~ and it is of order || X||2.

From Eqgs. (79) and (81) and the Mirsky’s thoerem (67),
if HXHQ < (O'i — ai+1)/2, then

v(Range (U;), Range (U;)) = O(|| X |[2).  (82)

Eq. (31) and the gap between Range (V;) and Range (V;)
can be seen similarly.

When o; is a distinct singular value, ie., ;-1 > o; >
0i+1, the choise of the corresponding singular vectors wu;
and v; in real vectors is just a sign. Because the gap between
Range (u;) and Range (4;) is of order || X||» and so is the
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gap between Range (v;) and Range (9;), for a given pair of
@; and ¥;, there is a pair of u; and v; such that [ju; — ;|2 =
O(||X2) and [lv; = 9|2 = O(|| X[l2)-

When o; is a multiple singular value, say 0,1 > 0; =
Oit1 = -+ = Oi4m > Oitm+1, there is a degree of
freedom of the choise of the sign and the Givens rotation
of the set of corresponding singular vectors [u;, . .., Uitm]
and [vj,...,Vitm]. As in the distinct singular value
case, Because the gap between Range ([u;, ..., u;ym]) and
Range ([di;, . . ., @i1m]) is of order ||X|2 and so is the gap
between Range ([v;, . . . , Vitm]) and Range ([0;, . . ., Ditm])s
for a given pair of [ui,...,Ui+m] and [0, ..., Vitm],s
there is a pair of [u;,..., uitm] and [v,...,vipm] such
that ||[ui, ce 7ui+m] - [’&i, R ,’&H_m]HQ = O(HXHQ) and
[[vi- - vigm] = [0, ., Pigml]ll2 = O(]| X |2)

From the discussions above and Mirsky’s theorem, there
exist (U, S, Vy) and (U,,%,,V;) such that U, ;1 =
U271 4+ O(| X)) and V,, 31 = V.22 + O(]| X||). This
proves the second part of the lemma.
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