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Dynamics in Acute Myeloid Leukemia.*
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Abstract—1In this paper we propose a coupled model for
healthy and cancer cell dynamics in Acute Myeloid Leukemia
consisting of two stages of maturation for cancer cells and
three stages of maturation for healthy cells. The cell dynamics
are modeled by nonlinear partial differential equations (PDE).
Applying the method of characteristics enable us to reduce
the PDE model to a nonlinear distributed delay system. For an
equilibrium point of interest, necessary and sufficient conditions
of local asymptotic stability are given. The results are illustrated
with numerical examples and simulations.

I. INTRODUCTION

Blood cells are produced by hematopoiesis. Starting in the
bone marrow by hematopoiteic stem cells (HSCs), the blood-
forming system is an example of a multistage system. At the
first level, HSCs can proliferate, self renew and differentiate
into multiple lineages. The process of cell division, called
proliferation or cell cycle, consists of four phases: Gy, S,
G5 and M. At the end of the M phase cell division occurs
and two different daughter cells are produced: either with
the same biological properties as the parent (self-renewal)
or progenitors. The production of progenitors at cell divi-
sion is called differentiation. Finally, several stages down,
fully differentiated cells are released in blood circulation.
One of the first mathematical models on hematopoiesis
was proposed by [4]. This model consists of a system of
differential equations, describing haematopoietic stem cell
dynamics, considering a rest (or quiescent) phase and a

*This work was supported by the DIGITEO Project ALMA partly funded
by the Région Ile-de-France, France

INRIA  Saclay -  fle-de-France, Equipe DISCO, LSS
- SUPELEC, 3 rue Joliot Curie, 91192  Gif-sur-Yvette,
Cedex, France. Jose.Avila@lss.supelec. fr

Catherine.Bonnet@inria.fr

2Dept. of Electrical and Electronics Eng., Bilkent University, Ankara,
06800, Turkey. hitay@bilkent.edu.tr

3INRIA—Rocquencourt EPI BANG and UPMC Univ. Paris 06, CNRS
UMR 7598, Lab. Jacques-Louis Lions, 4, pl. Jussieu F75252, Paris, Cedex
05, France. Jean.Clairambault@inria.fr

41.2S (UMR CNRS 8506), CNRS-Supélec, 3 rue Joliot Curie, 91192,
Gif-sur-Yvette, France. Silviu.Niculescul@lss.supelec.fr

5Sorbonne Universités, UPMC Univ Paris 6, GRC n. 07, Groupe de
Recherche Clinique sur les Myéloproliférations Aigués et Chroniques
MyPAC, F75012 Paris, France, AP-HP, Hopital Saint-Antoine, Labora-
toire d’Hématologie, F75012 Paris France, Sorbonne Universités, UPMC
Univ Paris 6, UMR_S 938, CDR Saint-Antoine, F-75012 Paris, France
and INSERM, UMR_S 938 CDR Saint-Antoine, F-75012 Paris, France
pierre.hirsch@sat.aphp. fr

6Sorbonne Universités, UPMC Univ Paris 6, GRC n. 07, Groupe de
Recherche Clinique sur les Myéloproliférations Aigués et Chroniques
MyPAC, F75012 Paris, France, AP-HP, Hopital Saint-Antoine, Service
d’hématologie et de thérapie cellulaire, F75012 Paris France, Sorbonne
Universités, UPMC Univ Paris 6, UMR_S 938, CDR Saint-Antoine, F-
75012 Paris, France and INSERM, UMR_S 938 CDR Saint-Antoine, F-
75012 Paris, France francois.delhommeau@sat.aphp.fr

ISBN: 978-90-367-6321-9

proliferative phase during the cell division cycle. Several
dynamical models of hematopoiesis have been proposed and
studied in the literature, see e.g. [1]-[7] and their references.

Leukaemia, in common language also termed a blood can-
cer, is characterized by uncontrolled proliferation of blood
cells. It may occur that some genetic alteration, appearing in
a haematopoietic stem cell, escapes the various physiolog-
ical controls and is transmitted by subsequent divisions to
daughter cells to eventually yield a leukaemia. Acute Myel-
ogenous Leukemia combines at least two molecular events
: a blockade of the maturation / differentiation program
(class I mutations), leading to the accumulation of immature
myeloid cells, and an advantage of proliferation (class II
mutations), leading to the flooding of bone marrow by
immature and proliferating immature cells (blasts). A third
type of mutation, reducing the rate of cell death (apoptosis),
could also occur. Until now, the treatment of AML relies on
heavy chemotherapy. In [8], a system of delay-differential
equations, inspired by the model of [4], with discrete ma-
turity structure has been proposed as model for AML. The
model takes into account the differentiation blockade that
is frequently observed in AML. For the equilibrium and
stability analysis (linear and nonlinear system) of this model
see [15], [4] and the references given there.

In this paper, we address the problem of modeling the
interconnection of healthy and cancer cells. The model of
healthy cell population dynamics is based on the mathe-
matical model introduced in [8] but without considering
the effect of leukemic cells and maintaining the philosophy
of modeling the phases of the cell cycle. The dynamical
behavior of the cancer cell population is based on the model
studied in [8] which models the effect of AML cells as
follows: the self-renewal phenomenon is written in two
parts where fast and slow dynamics are separated. For both
populations of healthy and cancer cells, we consider that its
proliferating cells are separated into three phases: G1, S,
G2 M. We do not consider the phases G, and M separately
since there exist technical difficulties with the identification
of their parameters. The interconnection phenomenon be-
tween the healthy and cancer cells takes place on the re-
introduction functions leaving the resting compartments to
the proliferating compartments of both populations of cells
at the first stage. Finally, we consider a second compartment
of healthy and cancer cells and only a third compartment
of healthy cells. The preliminary results for a single stage
coupled healthy and cancer cell populations are reported
in [10] where we can also find a biological and medical
discussion that we do not want to repeat here. In the present
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work multi-stage configurations are analyzed, with coupling
in the first stage only.

The structure of this paper is as follows. Section 2 provides
a detailed exposition of the partial differential equations that
governs the dynamics of the healthy and cancer cells. It
is also shown how to derive a nonlinear distributed delay
model, by using the method of characteristics. Section 3
first deals with the study of the existence of non-negative
equilibrium points of the nonlinear delay model. Then, a
linearized model is obtained and a stability analysis of the
linear system around a chosen equilibrium point is discussed.
A detailed academic example is presented in Section 4.
Finally, in Section 5, some concluding remarks are outlined.

II. MATHEMATICAL MODEL OF A COUPLED POPULATION

OF HEALTHY AND CANCER CELLS

A. System of Partial Differential Equations

In this section, for completeness of the presentation, we
perform a mathematical model derivation that is similar
to the earlier works [8] and [10], where special cases of
the coupled multi-compartmental model considered here are
analyzed, see also [9], and its references.

Let us consider two populations of cells representing the
healthy and the cancer cells. We denote by p;(t,a), I;(t, a),
n;(t,a) and r;(t, a) the cell populations of the Gy, S, Go M
and G, respectively, of cancer immature cells at the i-th
compartment, with age @ > 0 at time ¢ > 0. We consider
only two compartments of cancerous cells, that is ¢ = 1, 2.
The fast-renewal effect of AML cells is represented by a new
phase, located at the end of the phase M, called éo and its
population is denoted by 7;(¢,a). The dynamical behavior
of the cancer cell population is represented by the following
system of transport equations dependent on age a:

Opi+0upi=— (1} +9f (@) pi, 0<a<7lt>0,
8tl,-—|—8ali=—(%2—|—gl( ))lt, 0<a<t?t>0,
On; + Ogniy = — ('lergl a))m7 0<a<tit>0,
Oyr1 4+ g1 = — (01 + S (2 (8))) 1, a>0,t>0,
Ogro + Oarg = —0272

—|—Bg<f0 ta)da)rg,a>0t>0
B4Fs + Oui = 51(10 rlta)da)rz, a>0,t>0.

1
On the other hand, p;(t,a), I;(t,a), n;(t,a), and 7;(t,a)
represent the cell populations of the G, S, GoM and G,
respectively, of healthy cells at the j-th compartment, with
age a > 0 at time ¢ > 0. We consider three compartments
of healthy cells, this is j = 1,2, 3. The dynamical behavior
of the healthy cells is represented by the following system

77

of transport equations dependent on age a:

0ipj + 0apj = — (37 + 3 () j,  0<a<7}t>0,
8Jj+6‘al}:7<%+gﬂ()>l— 0<a<7t>0,
Oy + Oanty = — (75 + g7 (a)) 75, 0<a<%§’,t>0,
Byt + 01 = — (01 + B (2 (1)) 7 a>0,t>0,
OyFj + 0aF; = —0;7;

+B; (Jy ta)da())Fj,a>O,t>0.

(2)
The functions and variables, at the compartments ¢ or j,
needed to read (1) and (2) has the following properties and
biological meaning: the death rates J; > 0 and Sj > 0;
fB; and Bj are re-introduction function from the resting
subpopulation into the proliferative subpopulation of cancer
and healthy cells, respectively; v}, 77, 77 and 7}, 77,77 are
constant death rates in the G; , S, GoM phases of cancer
and healthy cells, respectively, the amount of time spent in
the Gl, S, GQM phases are 7}, 72, 72 for the healthy cells
and TJ, ?j, TJ for the cancer cells and, the division rates
of the phases G, S, Ga2M are functions depending on a,
denoted by g7, gﬁ, g;* for the healthy cells and gf , gj., g;? for

the cancer cells.
+oo

At the compartments i = 1,2, x; (t) := [, ri(t,a)da
and Z; (t) := O+°O 7; (t,a) da stand for the total popula-

tion of resting and fast-self renewing cells at the time f,
respectively. Otherwise, at the compartments j 1,2,3
the total population of resting healthy cells is denoted by
zj (t) = O+°° 7; (t,a) da. The interconnection between the
cancer and healthy cells occurs at their first compartments
by means of the common feedback of resting cells z (t) :=

x1 (t) + Z;1 (t), which acts on the functions $; and f;.

G S Cells leave the
! bone marrow
=l =2
Vs 18
Fig. 1. Interconnected model of healthy cells (left) and cancer cells (right)

Boundary conditions associated with (1) and (2) are given
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by:
p1(t,a=0) = Bz (t)+71 (1) x1 (F)
+B (21 (t)) &1 () )
p2(t,a=0) = Ba(x2(t)) 22 (t) + B (22 (1)) T2 (¢)
L(ta=0) = [T g (@)pi(ta)da,
n; (t,a=0) = fo gl a) l; (t,a) da,
m; (t,a =0) fo gl Yn; (t,a) da,
ri(t,a=0) = L; fo g™ (a)m (t,a) da
Fi(t,a=0) = I foﬁl g™ (a)m (t,a) da
for the cancer cells; and
pr(ta=0) = PBi(xr(t)+21(8) 21 (1)
pi(ta=0) = 5@ (1)7; ()
Li(t,a=0) = [ g5 (a) p; (t, a) da,
Aj(tba=0) = [ gl(a)l;(t a)da,
mi(ta=0) = [ g} (a)n, (t.a)da,
7i(t,a=0) = Lj[77 ¢ (a)m; (t,a)da
for the healthy cells; L; = 20(1—K;), L; :=
2(1—0y)(1-K;) and L; = 2(1—Kj). The constants

K;, and K; represent the probability of differentiation of
daughter cells so that 0 < K; < 1 and 0 < K; < 1. The
constant o; represents the probability of fast self-renewal
0<o; <1

The initial age-distribution of the populations of (1)
are nonnegative age-dependent functions and they are as-
sumed to be known: p; (t =0,a) = p? (a), l; (t =0,a) =

19(a), n;(t=0,a) = nf(a), mz(t—O a) = mf(a),
ri (t =0,a) =19 (a), 7 (t = 0,a) = 7 (a), p; (t = 0,a) =
p]() l (t=0,a) = l?(a), N (t—O a) ﬁg(a),

m; (t = O,a) = mg (a) and 7; (t =0,a) = F? (a).
We need the following assumptions to complete the math-
ematical model:
1) The division rates g7, ¢, gl'.g™, gf, gé, g;_‘ and g7

are contmuous functions such that fo g’ (a)da =
Jroo fo gZ )da = +o0, f g2 )da = 400,
fo 9" = +oo, fo gj = +oo,
fo gj = +oo, fo g7 ( )da = +oo,
fo g7 ( da— +00.

2) lim r; (t a) = 0, lim #(ta) = 0 and
a—+00 ——+00
lim ’Fj (t, Cl) =0.
a——+00 _ _

3) The re-introduction terms (3;, 5; and 3; are differ-

entiable, non-negative and uniformly decreasing func-
tions.

In this paper, we are interested in functions f3;, Bi and Bj
of the form

i (0
51'(:0):%,

£ B; (z) =

) B; (0)
1+ b;zNe ’

fi(@) = 14 bz
where N;, N; and N; are integers greater or equal to 2;
bi > 0, b; > 0, b; > 0 and b; < 1. These functions are

known as Hill functions.

78

Now, we shall show how a system of ordinary differential
distributed delayed equations is obtained from the PDE’s (1)
and (2) .

B. Distributed Delay Differential Equation Model

By using the method of characteristics and applying the
same rationale as in [8] we obtain the following systems of
distributed delay differential equations

i1 (t) = —(@+p(n(®)+z@)er(t) G
+Ly (h$ * hi = hi *w1) (t)
n(t) = —Bu(@ (1)) (1) @)
+Ly (h? % h? * hi*w;) (t)
1(t) = —(+B(m(t)+z 1)z (1) 5
+Ly (h} * b3 = hy *@1) (t)
Ty (t) = —(02+ B2 (22(1)))z2 (1) (6)
+Lo (h * h3 x hy * ws) (1)
+2K (b3 * hi* b xwy) ()
Ta(t) = —Pa(T2(1) (1) ™)
+Ly (B3 = h3 * hy * ws) (t)
Tp(t) = —(2+ P2 (T2(1)) T2 (¢) (®)
+Lo (h * h3 x hy * @s) (1)
+2K, (B‘I’ * B% * E% *&11)
z3(t) = (53 + B3 (73 (1)) 73 (1) ©)
Ly (h3 = h3 * hy = @3) ()
where  w (%) = Pr (o (1) + 21 () 21 (1) +
B (31 (1)@ (t), w1 (t) = PBi(21(t)+21(t)Z1(2),
wa (t) = Be(m@))z2(t) + PBa2(Z2(1) 22 (1),
@2 (t) = Po(w2) Ty (f), Wy (t) = Ps(ws) T3 (D),
) = P@enit m fl (1) e .
hi(t) = fP (t)eﬂit, hp(t) = ff(&)e ",
h2(t) == fi(t)e” Vft, h3(t) := fI(t)e” 7. The functions

P rl D rl A
H P FA J; and f7' are density functions defined

on the intervals [0,7}], [0,77], [0,77], [0,7}] .[0,7}],
[O,T’f] and [0,7‘;’}, respectively. The symbol * stands for
the usual convolution operator.

As in [8], we will consider the following general form for
the division rates h¥ and h?, k=1,2,3:

k
R = e T r0 < e <
emiTi —
and
_— mk _k
by (t) = —= (M5 =75t for 0 <t< T
e™ili —1
This gives
Tk 1 77‘.}9(577“1?)
/ hf (t) e Stdt = qzk ( ‘ - ) = Hlk (s)
0 S — Ti
and
—k =k k
i _ 1—e i (S*TJ) _
/ RE (1) e~*dt = b ( < ) = H (s)
0 S — 7’]
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k — k
: E._ _ m L | k k k
with ¢ == —4—, qj = Ty m; — v and
. L A A— e J'J—1
Ti =my — ’y]

For 51mphc1ty, we write H;
Hj (s) H (s )H3(8)

and H; (s) = f It is not difficult to show
that HHk H = Hk ) and H 7 (s)|| = HF (0). Thus
1 ()], = o HH ) = H, (0).

The compartmental model is illustrated in Figure 2, and
each compartment ; and X; is depicted in Figures 3 and
4, respectively.

Fig. 3. Internal Structure of the Compartments X1 (left) and o (right).

Fig. 4. Internal Structure of the Compartments 1 (left) and £;, j =
2, 3(right).

In what follows, we will study some qualitative properties
of the nonlinear system.

III. EQUILIBRIUM EXISTENCE, MODEL LINEARIZATION
AND STABILITY

A. Nonnegative equilibrium points

We call z¢, z7, x5, =5, 5, 5 and x5 the equilibrium
points of (3)-(9). It follows easily that the origin, 2§ = z§ =
T = 25 = 25 = 75 = 7§ = 0, is an equilibrium of the
nonlinear system.

Equating to zero the right hand side of (3)-(9), it may
be concluded that on the equilibrium the re-introduction
functions satisfy the following relations:

Br (2§ +27) = —c1d1, (10)
By (&) = —&101 (v1/a5), (an
2 e —e\ _ 51
Bl ('731 +x1) - 1—E1H1 (0), (12)
( ) = —Co (041(52—2K1H1 (0) (51 (IT/I;)), (13)
/82 (~§) = —52 (041(52(E2 — 2K1H1 (0) (511‘?) (1/55) , (14)
3 (me) _ —by + 2K1H1 (0) By (z5) (#3/as5)
ﬁQ (.%'2) = 1— E2H2 (O) B (15)
5 ey —03 1+ 2K H (0) Bo (75) (75/a5)
53 (xs) 1_ ngj[s (0) P (16)

where a1 (=1 — (L1 + Zl), ag =1 — (LQ + f@),
1—LiH, (0)) agt, é == LiHy (0) a7t
1-— .Z/QHQ (0) (a1a2)71 and

Gy i= LoHs (0) (aq )"

We can draw the following two conclusions about non-
negative steady states: 1) the right-hand side of (10)-(16)
must be positive due to the non-negativeness of the re-
introduction functions [, 51, b1, Po, 32, B2 and fB3; 2)
in the first compartment, the decreasing property of the
functions 3; and (; implies that 3; (0) > 3 (2§ + z$) and
B1(0) > B(x§+ 7). We have in this way proved that
the following conditions are to be satisfied on any positive
equilibrium point:

C1 =

c161 < B1(0), (17)
5 _

—m<51 (0), (18)

1
- 0) < =—, 19
A 1(0) 1 (19)
i < Hy (0), (20)

1
= 0) < =—, 21
[P 2(0) . (21)
i, < H, (0), (22)

1 _

s < H3(0) (23)

Now, we discuss under which conditions the following
two cases of equilibrium points have solutions: 1) ¢ = 0,
2§ =0,z > 0,25 =0, 25 =0, 25 > 0 and z5 > 0;
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2) 2§ > 0,2 >0,zf >0, 25 >0, 25 > 0, § > 0 and
z5 > 0.

First, when z§{ = 2§ = 2§ = 5 = 0, the conditions
(17)-(23) are necessary and sufficient for the existence of a
unique equilibrium point z{ > 0, 5 > 0 and z§ > 0, see
[4].

Finally, when we are interested in strictly positive equilib-
rium points at the first compartment the following relation
must be fulfilled by z§ and Z{ on the assumption that i,

By and By are Hill functions:
i 1/(N1—Ny)
) aNl > N17

((/31 (0) — 16 — 1)
1/(Ny—Ny)
) ,Nl < Nl,

(Br(0)+c—1)b

(B1(0)+c—1)by
(8(0) = c161 — 1) by

and when N; = N;
26+ 3 = (51(0)—0151—1)1/% _ (W)I/M
b1

z{+z5 =

b1
5

1— LH(0)
x5, T4, T4 and Z§ are obtained uniquely from (13)-(16).

The perturbation of a healthy solution i.e. 1 () = 0,
T (t) =0,2 (t) >0, o (t) =0, Zo (t) =0, Zo (t) > (0 and
Z3 (t) > 0 for all ¢ > 0, may provoke the born of cancer cells
and therefore we analyze its behavior in the next section.

where ¢ = — . The remaining equilibrium points

B. Stability analysis

Consider the following perturbed trajectories: X (t) :=
€1 (t) — 9, X4 (t) = .’1~31~(t) — x5, X1 (t) = fl_(t) — 5,
X2 (t) = X2 (t) - l‘g, X2 (t) = i‘g (t) — .f;, X2 (t) =
ZTo(t) — 7§ and X5 (t) = Z3(t) — 5. Taking the time
derivative of the perturbed trajectories and setting

(L':(.’El 1 T1 T2 T T 373)T,

e

T
T :(:Ef z{ xf x5 x5 x§ x§) ,

we deduce that the linearized model around the equilibrium
point 2§ > 0, 2§ > 0, 25 > 0, 5 > 0, 25 > 0, 5 > 0 and
z§ > 0 is represented by:

Xi(t) = — (61 +m) X1 (t) — 12X (1) (24)
+Ly (h} % hi = hy = Wy) (t)

X (t) = —iXi () +Li (B «hfxhi«Wi) ()  (25)

X, (t) = —(614m)X1(t)— 15X () (26)
+Ly (h} * hi = hy = Wy) (t)

Xo(t) = — (024 po) Xo (t) + Lo (3 * h3 % hl  Wa) (t)
+2K (b3 = hi * hi = W) (t) (27)

Xo(t) = —finXo(t)+ Lo (B3+hd«hisWa)(t)  (28)

Xo(t) = —(8o+fi2) X1 (t) + Lo (B3 h3 = hy + Wa) (1)
+2K (b3 = hi * hl * W1) (t) (29)

Xs(t) = — (63 + i) X3 (£) + Ls (h3 *h3*h3*wg)()
+2K5 (h3 * h3 * hy * Wa) (t) (30)

80

where W) ()_ = X1 () + c2Xy (t) + X (t),
Wi (t) ==

X1 (t) + c15 X1 (2),

Wa (t) = X2() + M2X2Cg ) Wa(t) = aaXs (),
Ws (t) X3 (t), p1 = e (B1 (z1 +21) 1) o
c12 = ?1(51 (14 Z1) 1) K I =
difcl (51 (55"1)51) o f1 = dixl (81 (z1 + 71) T1) o
C15 = dixl (51 (1 4 1) 51) K M2 =
d d /-~ ...

iz, (B2 (x2) x2) s flo = ity (52 (Z2) fz) . fig =
dy (B2 (Z2) Z2) and fiz = (53( 3)T )I

The linear system (24)-(30) is stable if and only if
1/det(A(s)) is stable, where

0 0 0 0
A; (s) 0 0 0 0
0 0 0 0
A(s):= | asa1(s) aaz(s) aaz(s) 0
0 Az (s) 0
agl (8) 0 aes (S) 0
0 0 0 0 0 aze (s) a7 (s)
a1 (s) a2 (s) ais(s)
A1 (s) = [ a2 (s) a(s) as(s)].
asi (S) O ass (8)
ag4 (5)  ags(s) 0
As (s) = [ asa (s) ass5(s) 0 ,
0 0 QAo (S)
ai1 (s) == s+ 61 + p1 — p L1 H (s),
aiz (s) = —j1L1Hi (), a13(s) := cia — ci2L1Hi (5),
ag (s) == —pLiHy(s), ax (s) := s+ fix — fuL1Hi (s),
a23 (S) = _0172L1H1 (8), CL_31 (S) = C15 — Cl5L1H1 (8),
ass (s) == s+ 01 + i1 — i1 L1 (8), a1 = —2K 1 Hy (),
ago = —2K1 i1 Hy (s), asz := —2K c12H, (s),
ayqq (8) == s+ do + po — poLoHs (s), _
a4s (5) = 7[L2L2H2~(8), as4 (S) = 7[JJL2H2 (S),
as5 (5) = s+ fig — fiaLoH> (s), a1 = —2K1M1H1 (s),
ag1 := —2K1c15Hi (), age (8) := 8+ 62 + iz — fiaLa (s),

a76 = —2Ksji1sHs (), a7 (8) := s+ &3 + fiz — fizL3 ().

Consequently, since the matrix A(s) has a block lower
triangular form with diagonal blocks A; (s), As(s) and
a7 (s) we have

det(A(s)) = det(A1(s))det(Aa(s))arr ()

and the stability of the linearized model is determined by the
roots of

€1V

det(A1(s)) = as3(s)(a11(s)az (s) — a1z (s)az (s))

—az1 (s) (a12 (s) azs (s) — a13 (s) azz (s)),
det(Az(s)) = ace (5) (a4 (5) ass (s) — aas (s) asa (s))
and a77(s).

_Now, we will show how to obtain bounds on H; (0),
H, (0), H2(0), Ho(0) and Hs (0) such that the stability
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of the equilibrium point 2§ = 0, zf = 0, 2§ > 0, 2§ = 0,
z5 =0, 5 > 0 and x5 > 0 is guaranteed.

Proposition 1: Suppose that 6, + fi; > 0, &, + 1 > 0,
fir >0, 02+ fia >0, 02 + p2 > 0, iz >0, 65 + fig > 0,

H1(0) < 2(1—K1)((_TL:F—/:1(1—01)61) (32)
7,(0) < 2(1‘2;1“)1% (33)
1> (0) < 2(1K2)32ji2(102)52) 34
> (0) < 2(1%;2’“‘)2% (35)
A (0) < % (36)

Then the system (24)-(30) linearized at the equilibrium point
2§=0,2=0,2 >0,25=0,25 =0,z > 0and 2§ > 0
is Hoo stable. In particular, the nonlinear system (3)-(9) is
locally asymptotically stable.

Proof: At the equilibrium point of interest, we can see
that ¢12 = 0 evaluated at this point. This gives ay3 (s) = 0
and ag3 (s) = 0. Thus, the stability depends on the location
of the roots of a7 (s),

az3 (s) (a11 (s) agz (s) — a12 (s) az1 (s))

and
age () (asa (s) ass (s) — ass () asa (s)) .
Note that ass (s), ags (s) and ar7 (s) are of the form
s+0+pa—pLH(s); (37)

on the other hand, aq1 (s)ass (s) — a2 (s)as (s) and
44 (S) ass (S) — Q45 (S) as4 (3) are of the form

(s+6+u)(8+ﬁ)—(5E+(L+i)u>ﬁH(s). (38)

We can rewrite (37) and (38) as

and

L
S+0+p

Lji
s+ mu

(s+d+un)(s+p) (1—(

From the fact that ||H| . = H(0), |Ef||oo = H(0) and
ALH (s) Lp Lji
s+0+1 s+o+pu s+ [
whose H, norms are attained at s = 0. Then, by the Nyquist
stability criterion (due to positive feedback, i.e. — sign in the
characteristic equation) and substituting the corresponding
values, we see that the roots of det(A;(s))det(A;(s))arr (s)
are in the open left half plane if and only if (32)-(36) hold.

that

are low pass filters

)H@).
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IV. NUMERICAL EXAMPLES AND SIMULATION RESULTS

Let us study a system with 6; = 2, 6, = 7, §y = 1.5,
dy = 0.85, 63 = 14, K1 = 0.1, K; = 0.2, Ky = 0.1,
Ky = 0.2, K3 =04, 07 = 0.9, 05 = 0.8 and the other
parameters as indicated in Table 1. The resulting equilibrium
point is ¢ = 0.5608, z§ = 3.3188, 7§ = 0.1295, z{ =
z§ x5 = x5 = 0 with the parameters p; 1.5215,
,&1 = 1, /],1 = 70159, Mo = 1, ﬂg = 1, ﬂQ = —0.0511 and
i3 = 0.9913.

TABLE I
SIMULATION PARAMETERS.

(i 18:0 [[6: 50 [[ b [ b o TN [N [N |
[ 2 T 5 [Tl T2 213
21 T T [T 03[ T[4 43
3 - - 6 -1 - 111 -1 -12

Cilmi T Tmf T T2 T T T o7 T 77 ]
T3 [[ I ][ 2 [[03[0I]02]003]00I][002
23 [ 1 [[ 2 [[03 0102005 001 || 008

Lilm [mf [mf I A T2 1210 % 5% 1% ]
T[] 3 [[ T [ 2 [13[01]02]003]001][L002
23 [ 1 [ 2 [[03 [ 0102003 001 | 002
303 [ 4 [ 2 [[03 0502003 001 | 002

Time domain simulation, performed in Matlab Simulink,
shows that with the initial conditions

21(t)=0.5 forall —0.6 <7 <0

Zi1(1)=0.2 forall —1.6<7 <0

x2(1)=0.5 forall —0.6 <7 <0

To(1)=0.2 forall —1.6<7<0;

Z3(r)=0.1 forall —1.0<7 <0
Z1(7) = Z2(7) =0, for all 7 <0, 1(0) =1, #1(0) = 0.38,
71(0) = 1.05, 22(0) = 1, #5(0) = 0.38, #2(0) = 1.05 and

Z3(0) = 1.05 the states converge to the equilibrium points
z§ = 0.5608, 75 = 3.3188, 2§ = 0.1295, z§ = 2§ = 2§ =
z5 = 0, see Figures 5-7. Indeed it can be verified that with
the parameters in Table 1 the local stability conditions stated
in 32-36 are satisfied:

01+ 1

H; (0) = 0.992 < — 1.136,
1 0) 2 (1= K1) (yal + (1 — 1) o1)
H, (0) = 0.968 < Lﬂl_ = 1.246,
2(1—Ky) |
5
Hj (0) = 0981 < 21 1 = 1.068,

(1= Ka2) (|| + (1 — 02) 62)

i 5y 4 i
Hy (0) = 0922 <« — 21 H2 _ g7659
2 (1K) ||
i 5s t i
Hs(0) = 0989 < — 231 H8 1 gog.
2 (1 - K3) ||
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Fig. 7. Trajectory of the state Z3. Fig. 10. Trajectory of the state Z3.

Further simulations showed that decreasing o; and o, V. CONCLUSION
and fixing the remaining parameters as in the previous In this paper, we have proposed a multi-stage intercon-
example the local stability condition is no longer satisfied. = nected model of healthy cells and cancer cells of AML. The
For example, when o1 = 0.4 and o2 = 0.5 the states 1 and PDE’s governing the dynamics of the cells are based on [8],
Zo are far from its equilibrium value, see Figures 8-10. for both populations of cells.
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Local stability conditions for a particular equilibrium
point, corresponding to a positive number of healthy cells,
are derived in terms of a set of inequalities involving the
parameters of the mathematical model.
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