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Abstract— The Non-symmetric Algebraic Riccati Equations
are an extension of Algebraic Riccati Equations: they are
equations which are quadratic in a rectangular matrix variable.
Such equations may exhibit distinct solutions. Several among
them have particular properties in terms of robustness and are
useful in control system theory and in game theory. One can
cite, if they exist: the strongly stabilizing solution, dichotomic
solutions and reverse dichotomic solutions. This paper provides
numerical efficient algorithms to compute them by using the
Matrix Sign Function of appropriated characteristic matrices.
The suitability and efficiency of these algorithms are illustrated
by several academic examples.

I. INTRODUCTION

Standard algebraic Riccati equations (ARE) are quadratic
equations in a square matrix variable. They appear in a great
number of problems in control system theory: optimal control
problem for linear systems with quadratic costs and optimal
filtering problem via Kalman filter design (See [1] and [2]
for example). Their numerical and theoretic solvings have
generated an important literature (see for instance [3]-[6]
and the therein mentioned references).

In other frameworks like game theory [6]—[8], or transport
theory [9]-[11], a more tricky class of equations occurs:
the rectangular or non-symmetric algebraic Riccati equations
(NARE), that is quadratic equations in a rectangular matrix
variable [6]. For example, when considering a linear differ-
ential game with quadratic cost functions, the Nash [12] or
Stackelberg [6] strategies with open-loop information struc-
ture may be solved via coupled algebraic Riccati equations
(CARE), which can be rewritten as a NARE.

As the ARE, the NARE may offer several solutions,
among which we can cite the stabilizing ones or strongly
stabilizing one (See [12, Definition 7.2]). The strongly stabi-
lizing solution, when it exists, is the single solution stabiliz-
ing the state closed-loop matrix and anti-stabilizing the co-
state closed-loop matrix. This property is of great importance
in control system theory in terms of robustness, due to the
unicity of the stabilizing solution. Other particular solutions
are, when they exist, dichotomic and reverse dichotomic
solutions [13]. They are also of interest in control system
theory and game theory and their numerical computation will
be the focus of this paper.

The lack of symmetry of NARE introduces on one hand
increased difficulties in their solving and on the other hand a

greater number of solutions. A large literature on ARE pro-
vides several techniques which have been extended to cope
with NARE. The technique based on invariant subspaces of
an Hamiltonian matrix (see [14]) has been extended to the
one related to a characteristic matrix (without Hamiltonian
symmetry) [6] and to the deflating subspace of a matrix
pencil in continuous-time [15] and discrete-time [16]. The
Newton’s method [17] has been extended for the NARE (see
for instance [10]).

Concerning the method using invariant subspaces of
a characteristic method, several numerical procedures are
available. The two main numerical procedures for ARE
involve a Schur decomposition [18] or the Matrix Sign
Function (details may be found in [19], [20] and refinements
in [21]). Even if the Schur decomposition method has been
extended naturally for solving the NARE, this is not the case
in what concerns the Matrix Sign Function. As noted in [22],
the literature offers only an extension for solving the strongly
stabilizing solution. This is due to the important fact that the
stable invariant subspace should have exactly the number
of columns of the matrix variable. As far as we know, this
extension has not been provided in the literature for other
types of solutions, like dichotomic and reverse dichotomic
solutions of the NARE. This constitutes the aim of this paper.

The paper is organized as follows. In Section II, the
definition of Non-symmetric Algebraic Riccati Equations,
the definitions of the particular solutions and their main
properties are presented. Section III provides the definition,
the algorithm and the properties of the Matrix Sign Function.
The procedures to solve the strongly stabilizing solution,
reverse dichotomic and dichotomic solutions of a NARE are
given in Section IV and illustrated by numerical examples
in Section V, before concluding remarks in Section VI.

Notation. By R and C we denote the real axis and the
complex plane, respectively. The open left-half plane (the
stability domain in continuous—time) is denoted by C~ and
the open right-half plane by C*. N and N* are respectively
the set of non-negative integers and the set of positive
integers. For a constant matrix A we denote by A’ its
transpose and if A is invertible by A~! its inverse. A(A)
is the spectrum of a square matrix A. An eigenvalue of
A is called stable provided it is inside C~, and antistable
otherwise. I,,; and 0, x», denote the identity matrix of size
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II. NON-SYMMETRIC ALGEBRAIC RICCATI EQUATIONS
A. Definition

The algebraic equation, with the variable K € RP*™
(n,p € N)

My + Mo K — KMy — KMo K = Opxn, (D

where M1 € R"*", Mo € R™"*P, Moy, € RP*™ and Moy €
RP*P_ is called Non-symmetric Algebraic Riccati Equation
(NARE) in continuous time. The term Non-symmetric is
applied in order to specify that p and n are not necessary
equal, that is the variable K is a rectangular matrix.

This equation is associated with the characteristic matrix

M = { ,,,,,,, l ,,,,,,, } e R(ntp)x(n+p) )

More precisely, the solution of the NARE (1) are closely
related to the invariant subspaces of the matrix M, as
emphasized in the following section.

B. Invariant subspaces solving method

The following theorems are inspired by the Radon’s
Lemma [23], [24]. They are also discussed in [6], [12], [25].

Theorem 1: Let K € RP*™ be a solution of equation (1),
then there exist three matrices X € R™"*", Y € RP*"™ and
J € R™"*™ such that X is invertible, J is a Jordan canonical
form verifying

X X
[ F]-[7 ] @
and
Y = KX. “4)
Proof: If K is a solution of the NARE (1), then
VS IR I L S VAR Vg 0o 5)
k1= K 11 + M2 /5).

The proof is obtained by choosing J and X via the Jordan
canonical form of the matrix (M7, + M2 K), that is

(M + M,K) = XJX 1 (6)

and finally ¥ = K X. [ ]
Theorem 2: Let V C R(™*P) an invariant subspace of the
characteristic matrix M _Let also X € R"*™ and Y € RP*"

be such that YV = Im . Then there exists a Jordan

X
Y
canonical form matrix J € R™*" verifying

X X

MR
If X is invertible, then X = Y X! is a solution of the
equation (1). Due to the latter relation, it is clear that K is

independent of the specific choice of the basis of V.
Proof: See [6, Theorem 3.1.1] for instance. |
Remark 1: 1t should be observed that the reduction matrix
J has its spectrum included in the spectrum of M. The
solution K = Y X! is thereby associated with the n

eigenvalues of J, which are also eigenvalues of M.

Among the possible solutions of the NARE (1), several
have specific properties and should be distinguished. They
are defined as follows.

Definition 1: A matrix K, solution of the equation (1), is
said to be stabilizing if (M1 + M2 K) is Hurwitz:

A(Mll + M12K) cC . ®)

Definition 2 (Definition 7.2 in [12]): A matrix K, solu-

tion of the equation (1), is said to be strongly stabiliz-

ing (or (n,p) c-splitting see [22]) if it is stabilizing and
(Myy — K M) is anti-Hurwitz, that is

A.(M22 — KMlg) c CH. 9)

In order to define more particular solutions, let us denote

the eigenvalues of the matrix M ordered by nondecreasing
real part by

Re (A1 (M)) < Re (Aa(M)) < -+ < Re (A (M)) . (10)

Definition 3 (Definition 2 in [13]): If the characteristic
matrix M verifies

Re (Ap(M)) < Re (Aps1 (M), (an

M is called dichotomically separable. In this case, the
solution of the NARE (1) associated with the n eigenvalues
{1 (M); -+ 5 Apgn (M)} is called the dichotomic solu-
tion. If M verifies

Re (A (M) < Re (Angr (M) (12)

M is called reverse dichotomically separable. In this case,
the solution of the NARE (1) associated with the n eigenval-
ues { A\ (M); -+ ;A (M)} is called the reverse dichotomic
solution.

Thanks to Theorem 2, the existence of the stabilizing and
the strongly stabilizing solution of the NARE is related to
the spectrum of the matrix M; like the existence of the
(reverse) dichotomic solutions. These conditions are gathered
in Propositions 1 and 2.

Proposition 1: The NARE admits a stabilizing solution if
and only if the matrix M has at least n stable eigenvalues.
That is

Re (A, (M)) < 0. (13)

Proposition 2: The NARE admits a strongly stabilizing
solution if and only if the matrix M exactly has n stable
eigenvalues and p antistable eigenvalues, that is

Re (An(M)) < 0 < Re (Anp1(M)). (14)

Furthermore if a strongly stabilizing solution exists, it is
unique.

Proof: A sketch of proof is given by a change of basis
of matrix M (see [6], [26] for more details). Assume that
K is a strongly stabilizing solution of the NARE, let us

introduce
O1’L><;D :| . T—l _ |: In On><p :| )

L,
T_[—K I, K I,

5)

That implies

M1 + MoK
0p><n

M12

-1 _
TMT -~ = { Mys — K Myo } . (16)
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The matrix M has then exactly n stable and p antistable
eigenvalues. The converse is obtained by selecting the unique
stable invariant subspace of M of dimension n and checking
with Equation (16) that this stabilizing solution is a strongly
stabilizing one. [ ]

Remark 2: 1t is noteworthy that if the strongly stabilizing,
dichotomic and reverse dichotomic solutions exist, they are
real. This fact is induced by the splitting of the eigenvalues
imposing to select the both eigenvalues of a non-real complex
conjugate pair of eigenvalues. See for more details [13]
and [6].

This is noteworthy that the strongly stabilizing solution is
a particular dichotomic one. This property will be judiciously
considered to solve a dichotomic solution by transforming it
into a strongly stabilizing solution of an other characteristic
matrix. The research of solutions of Equation (1) is very
close to the design of invariant subspaces of the characteristic
matrix M. As explained in the next section, the Matrix Sign
Function preserves the invariant subspaces of a matrix. This
main property will be the heart of the provided algorithm.

IT1I. MATRIX SIGN FUNCTION
A. Definition
The sign function for complex scalars is given by
+1 if Re(a) > 0,

—1if Re(ar) < 0,
undefined otherwise.

Vo € C, sign(a) = (17

The Matrix Sign Function is defined as an extension
of the sign function for matrices as follows. Other def-
initions and properties may be founded in [27]. Let be
A € R(+P)x(n+p) - without purely imaginary eigenvalue.

A Jordan canonical form of A is given by
A=V(D+ NV (18)

where D = diag(dy,--- ,dn1p) and N is nilpotent and

commutes with D. Then
sign (A) = Vdiag(sign (dy),-- - ,sign (dny,))V "

The main properties of the Matrix Sign Function are

(19)

o sign(A) is a diagonalizable matrix;

o sign(A) is a square root of the identity matrix;

o sign(A) commutes with 4;

o the rank of (sign (A) — I,,+p) is equal to the number of
anti-stable eigenvalues (multiplicity counted) of A and
the rank of (sign (A) + Ip4p) is equal to the number of
stable eigenvalues of A;

o If A is Hurwitz, sign (4) = —I,4p;

e for any real scalar a # 0, sign(ad) =
sign () sign (A). (called scaling property).

o The invariant subspaces of the matrix A are also in-
variant for the matrix sign(A). If there exists Z and
@ with appropriated dimensions such that AZ = ZQ,
then sign (A) Z = Zsign (@), see [22, Lemma 1.7].

These properties are useful to compute the Matrix Sign

Function.

B. Algorithms computing Matrix Sign Function

In [28], an algorithm is provided to obtain the Matrix
Sign Function, for any matrix M, without purely imaginary
eigenvalues. It is based on a Newton—Kantorovich procedure
and on the observation that (sign(M))?> = I,.,. The
sequence of matrices defined by

Mysr = (My + M"Y, My=M (20)

satisfies
lim Mj = sign(M).

k——+oo

2y

Thanks to the scaling property of the Matrix Sign Func-
tion, a refinement improving the convergence rate is given
by the modified sequence [29]:

1
My = — (My, + g M; ),

My =M,
QCk

(22)
where

_1
n+p |

¢ = | det (M)

(23)

Several improved algorithms and their cost per iteration
are proposed in the literature (See [30], [29], [31]). A
discussion about the breaking condition of the algorithm is
available in [32] or in [28]. Here we will select as breaking
condition, the condition ||My41 — My less than a fixed
threshold.

The Matrix Sign Function has been used in the literature
to compute invariant subspaces of matrices and the positive
definite solution of Hermitian Riccati equations [32], [33],
but also [19], [28]. The key idea is to transform the NARE
into an overdetermined linear system of equations. This
method is presented in the following section.

IV. COMPUTING THE (REVERSE) DICHOTOMIC SOLUTION
OF NARE WITH THE MATRIX SIGN FUNCTION

As explained in the previous section, a strongly stabilizing
solution is a dichotomic one. We will first show how to obtain
a strongly stabilizing solution via the Matrix Sign Function.

Theorem 3 (Theorem 3.9 in [22]): If the NARE (1), char-
acterized by the matrix M admits a strongly stabilizing
solution, then it is the unique solution of the overdetermined
system

W12 Wit + I,
K=-— 24
Ly ==
where .
. Wi | W
sign (M) {Wiwﬂ , (25)

with Wy € R™ "™, Wio € R™*P, Wy € RP*™ and Woy €
RP*P,

Proof: 1If the NARE admits a solution K, we have the
relation (5). Thanks to the last property of the Matrix Sign
Function, this implies

sign (M) [ IK" ] = { .Ir?. } sign (My1 + M2 K) . (26)

1647



MTNS 2014
Groningen, The Netherlands

If the solution K is stabilizing, we have
sign (My1 + M12K) = —I,, and we have finally
senon) | 2 | == | 2. 7

which rewrites as Equation (24). The unicity is due to the
strongly stabilizability of the solution and concludes the
proof. [ ]

It should be underlined that the method is based on
the fact that the stable invariant subspace is exactly of
dimension n. The method cannot apply straightforwardly for
reverse dichotomic solution which is not strongly stabilizing.
Nevertheless by noticing that for any scalar J:

SK = (61,)K = K(51,), (28)

we infer

Moy + (Mg — §1,)K — K (Myy — 61,,) — KMy, K

= My + Moo K — KMy, — KMs K. (29)

The idea for solving the reverse dichotomic solution of
the NARE is to shift the characteristic matrix as stated in
Theorem 4, reformulating the reverse dichotomic solution as
a strongly stabilizing one.

Theorem 4: Consider a reverse dichotomically separable
matrix M and K the associated reverse dichotomic solution.
Then K is also the strongly stabilizing solution associated
with the characteristic matrix M — 6r4s /145, Where the scalar
Oras Verifies

Re (A (M)) < bas < Re (Ap+1(M)) . (30)
Proof: The proof is based on Equation (29), emphasiz-
ing two writings of the same NARE. The distinction between
them is related to the characteristic matrices, namely M
and M — 0I,4p. The shift of the characteristic matrix M
modifies the eigenvalues of M and thus allows to modify
the size of the invariant subspaces of sign (M — 61,4p)
related respectively to the eigenvalues —1 and 1. By selecting
0 = d45 verifying the relation (30), M — 61,1, has exactly
n stable eigenvalues and p anti-stable eigevalues. K is
then the strongly stabilizing solution associated with this
characteristic matrix. [ ]
Remark 3: The shift provided in Theorem 4 is applied on
the whole matrix M. This is a different shifting technique
from the ones presented in [34] or in [35], which act only
locally on the partitions of M.
The same technique can be used to compute the di-
chotomic solution of the NARE, as presented in Theorem 5.
Theorem 5: Consider a dichotomically separable matrix
M and K the associated dichotomic solution. Then K is
also the strongly stabilizing solution associated with the
characteristic matrix —(M — 045/ 4p), Where the scalar dgs
verifies

Re (Ap(M)) < dgs < Re (A\pp1(M)). (3D

Proof: The proof of this theorem follows the one

of Theorem 4. Firstly, the matrix M being dichotomically
separable, the shifted matrix M — dq4s1,,4p, With dgqs chosen

to verify the relation (31) have exactly p stable eigenvalues
and n anti-stable ones. This yields that —(M — 04slp+p)
has exactly n stable eigenvalues and p anti-stable ones.
In addition, the NARE being linear with respect to the
weighting matrix M, changing the sign of M does not
affect the NARE (1). The solution K is then the strongly
stabilizing solution associated to the characteristic matrix
—(M — bdsli+p)- |

The next section will emphasize the numerical efficiency
and the suitability of the provided results to compute strongly
stabilizing, dichotomic and reverse dichotomic solutions via
the Matrix Sign Function.

V. ILLUSTRATIONS

Consider the academic example, with n = 1; p = 3 and
where

113 -1 3
0:2 3 4
M=1311 3 5|
5:0 -1 -2
which eigenvalues are
5.9624

0.9011 + 2.58321
0.9011 — 2.5832¢
—3.7645

A(M) =

The matrix M has one stable eigenvalue and three anti-
stable eigenvalues. Due to Proposition 2, it admits a strongly
stabilizing solution. The Matrix Sign Function algorithm
stops after 8 iterations, because ||[Mjyyq — M| < 10716
at this step as shown on Figure 1.

i i i i i i i i
1 2 3 4 5 6 7 8 9 10
Iteration k

Fig. 1. Evolution of the error || My, — M| in function of the iteration k.

The Matrix Sign Function of M is obtained as

0.3614  0.3584 —0.1501 0.6986

sign (M) = —0.6374 1.3577 —0.1498  0.6973
—-0.6767  0.3797  0.8410  0.7402

1.4261 -0.8003  0.3351 —0.5601
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and its spectrum is {—1; 1;1; 1} as predicted. The overdeter-
mined linear system in K defined by Equation (24) is given
by

0.3584 —0.1501 0.6986
Wia _ 2.3577 —0.1498 0.6973
Wa +1, | 0.3797 1.8410 0.7402
—0.8003  0.3351 0.4399
and
—1.3614
| Wt | 0.6374
Wai N 0.6767
—1.4261
The strongly stabilizing solution K is obtained by
0.9981
K= 1.0596
—2.2331

As a verification, we have
My + Mo K = —3.7645 = A (M).

Let us now consider the following example, with n = 2,
p =4 and

1 3: 1 0 1 4
2 1.3 2 -1 =3
1 0:'=2 0 0 0
M=, 1 0 -2 0 0]
0 -2: 0 0 -3 0
3 1,0 0 0 -3
which eigenvalues are

4.5535
0

—1.9991 + 0.20017%
—1.9991 — 0.20017%
—3.1037
—5.4516

The matrix M is singular, dichotomically separable and
reverse dichotomically separable. Let us notice that M being
singular, sign (M) does not exist by definition.

In order to obtain the reverse dichotomic
solution, via choosing the following shift &45 =
%(Re()u;(M) +As(M)) = —2.5514 associated with
Theorem 4. The resulting Matrix Sign Function is obtained
in a few iterations (7 iterations are only necessary to reach
| Myi1 — My|| < 10716, as depicted on Figure 2.

Solving the overdetermined linear system of equa-
tions (24) for the shift characteristic matrix M — 0raslp+p
leads to the reverse dichotomic solution

A(M) =

—0.2332 0.0974
K- —0.8568 —0.7678
o 11.7004  20.9855
—4.5335 —6.1135
As a verification, we have
—5.4516
A(My + M K) = { 3.1037 }

10

10° *

H
H

;I“ 10° +
z
=)
E 10
g 10 +

107" + + i

10’20 i i i i i i i i

1 2 3 4 5 6 7 8 9 10

Iteration k

Fig. 2. Evolution of the error || M}y, — M| in function of the iteration k.

which are the expected values, that is the A1 (M) and Ao (M).
To compute via the Matrix Sign Function the dichotomic

solution, we choose the shift 445 = }Re (A2 (M) + A3 (M)).
We compute the strongly stabilizing solution of the charac-
teristic matrix —(M — dg4sln+4p). The Matrix Sign Function
sign (—(M — dasIn1p)) is obtained after 6 iterations (see
Figure 3) and leads to

0.2464 —0.1690
K— 0.3521 0.0681
] 0.1628 —0.5581
0.4786 —0.0143
10°
10° +
i
+
=107
< .
é —10
S 107°F
107"k + + i +
107 ‘ : ‘ : ‘ : : :
1 2 3 4 5 6 7 8 9 10
Iteration k

Fig. 3. Evolution of the error || M}y, — M| in function of the iteration k.

We verity that

4.5535

which are As(M) and A\g(M).
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VI. CONCLUSION

The numerical solving of strongly stabilizing, dichotomic
and reverse dichotomic solutions of Non-symmetric Alge-
braic Riccati Equations (NARE) has been investigated in
this paper. The idea is to use the Matrix Sign Function of
a characteristic matrix because it allows firstly to preserve
the invariant subspaces and secondly to linearize the NARE
into a linear overdetermined system. The dichotomic and
reverse dichotomic solutions are reformulated as the strongly
stabilizing solution of a soundly shifted characteristic matrix.
Numerical examples are given to illustrate the provided
results.
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