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Robustness of large-scale stochastic matrices to localized
perturbations

Giacomo Como

How much can the invariant probability distribution
7 of an irreducible row-stochastic matrix P be af-
fected by perturbations localized on a relatively small
subset W of its state space V? Such a question arises
in an increasing number of applications, most notably
in the emerging field of large-scale networks.

As an example, many notions of network centrality
can be formulated in terms of invariant probability
distributions of suitably defined stochastic matrices.
In particular, Google’s PageRank algorithm [6] as-
signs to webpages values corresponding to the en-
tries of the invariant probability distribution 7 of the
matrix P obtained as a convex combination of the
normalized adjacency matrix of the directed graph
describing the hyperlink structure of the World Wide
Web (WWW), and of a matrix whose all entries
equal the inverse of the total number of webpages
[22], [10]. A well-known problem in this context
is rank-manipulation, i.e., the intentional addition or
removal of hyperlinks from some webpages (hence,
the alteration of the corresponding rows of P) with
the goal of modifying the PageRank vector [4], [21],
[13]. A natural question is then, to what extent a small
subset VV of webpages can alter the PageRank vector
m. Similar robustness issues have been raised for ac-
cidental variations of the WWW topology occurring,
e.g., because of server failures or network congestion
problems [19].

More generally, the problem is of central interest
in the context of distributed averaging and consensus
algorithms [34]. There, linear systems of the form
xz(t +1) = Px(t), or their continuous-time analo-
gous, are studied, e.g., as algorithms for distributed
optimization [39], [40], [5], control [20], [33], [7],
synchronization in sensor networks [35], or reputation
management in ad-hoc networks [26], as well as
behavioral models for flocking phenomena [41], [14],
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or opinion dynamics in social networks [15], [16],
[18], [1]. Equilibria of such systems are consensus
vectors, i.e., multiples of the all-one vector, and
standard results following from Perron-Frobenious
theory guarantee convergence (with the additional
assumption of aperiodicity of P, in the discrete time
case) to a consensus vector with all entries equal to
7'2(0). Depending on the specific applicative context,
the natural question is to what extent the consensus
value 7'z(0) is affected by perturbations of P corre-
sponding, e.g., to malfunctioning of a small fraction
of the sensors, or conservative/influential minorities
in social networks [2].

Other applications can be found in the context of
interacting particle systems [24], [25]. In particular,
in the voter model on a finite graph [11], [12], [3,
Ch. 14], [17, Ch. 6.9], the probability distribution of
the final consensus value is determined by the invari-
ant distribution of the stochastic matrix associated to
the simple random walk on the graph. Perturbations in
this case may model the presence of inhomogeneities
or ‘zealots’ [30], [31].

The above-described problems all boil down to esti-
mating the distance between the invariant probability
distribution 7 of an irreducible stochastic matrix P
and an invariant probability distribution 7T = P'7 of
another stochastic matrix P, to be interpreted as a
perturbed version of P. In some applications, P may
be reversible, i.e., coincide with the normalization
of a symmetric positive matrix, so that 7 can be
easily computed in terms of the latter. However,
even in these cases, the considered perturbations will
typically be such that P is not reversible and thus 7
does not allow for a tractable explicit expression.

Remarkably, standard perturbation results based on
sensitivity analysis [36], [37], [38], [27], [8], [9], [28],
[29], [2] do not provide a satisfactory answer to this
problem. Indeed, they provide upper bounds of the
form
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P only. Such condition numbers are lower bounded
by an absolute positive constant (e.g., 1/4 for the
smallest of those surveyed in [9]) and typically blow
up as the state space V grows large. Therefore, such
results do not allow one to prove that the distance
|| — m||, vanishes in the limit of large network size,
even if P and P differ only in a single row, unless
||P — P||, itself vanishes.

In this paper, we obtain upper bounds on the total
variation distance || — || := 3|7 — |1 of the form

fr-nli<o(~X). @)
Tw
where 6 : [0, +00) — [0, 1]

0(z) := { :fln (€*/2)

where z* = 0.31784... is the smallest positive
solution of e?/x = exp(1/x), is a continuous, non-
decreasing function such that 6(0) = 0;

r<x*
x> x*,
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is the mixing time of the original stochastic matrix P;
Tyy denotes the minimal expected hitting time on the
set WV for a Markov chain with transition probability
matrix P; and x stands for the escape time from W
for a Markov chain with transition probability matrix
P. As opposed to the aforementioned sensitivity re-
sults, all derived from algebraic arguments, our proofs
rely on coupling techniques, combined with an argu-
ment similar to the one developed in [1] for ‘highly
fluid’ networks. Clearly, (2) implies that ||7 — 7||
vanishes provided that 7y /7y, does. As we will show,
this finds immediate application in the PageRank
manipulation problem. More in general, our results
prove useful in many of those aforementioned large-
scale network applications where classical sensitivity-
based results fail to provide a satisfactory answer.
Mixing properties of stochastic matrices have been
the object of extensive recent research [3], [32], [23],
and several results are available allowing one to esti-
mate the mixing time 7 of a stochastic matrix P, e.g.,
in terms of the conductance or other geometrical prop-
erties of the graph associated to P. It is worth pointing
out that a connection between mixing properties and
robustness of stochastic matrices is already unveiled
by the perturbation results of [28], [29], where (1)
is proven for p = 1, ¢ = oo, and condition number
K p proportional to 7. Of a similar flavor are Seneta’s
results [37], [38] estimating the condition number  p
in terms of ergodicity coefficients. Also the estimates

proposed in [2] for symmetric P can be rewritten
as (1) with for p = ¢ = 2 and kp equal to the
inverse of the spectral gap of P. As compared to these
references, the fundamental novelty of our bound (2)
consists in measuring the size of the perturbation
in terms of the ratio x/7y;, instead of the distance
||P — P||,, thus enabling one to obtain significant
results in scenarios where W is small but P — P is
not necessarily small in any norm.

In fact, of the last two parameters appearing in
the righthand side of (2), the escape time Y is the
only one truly depending on the perturbation P-P,
and is indeed easily estimated in typical cases when
W is a small subset of V. On the other hand, the
minimal hitting time 7y,,, which depends on P and
W only, turns out to be the hardest to get lower
bounds on in typical applications where P is sparse
and WV remains small but not necessary localized
as the state space grows large. While Kac’s formula
([23, Lemma 21.13]) readily implies the upper bound
Tyy < 1/m(W), lower bounds on 73, typically involve
finer details of P than just (V). We will propose
an analysis of 7y, for networks with high local
connectivity, which finds natural application when the
graph associated to P is a d-dimensional grid, and the
size of YV remains bounded (or grows very slowly)
as the network size grows large. We will also discuss
results for random, locally tree-like networks will be
the object of a forthcoming work.

Note: This extended abstract is based on a recent
journal submission of the authors available online at
http://arxiv.org/abs/1309.0158. Please refer to it for
full proofs and examples of the results discussed
above.
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