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Identifying network structures that can cause multistationarity

Bernhard Kramer!, Carsten Conradi®

Abstract—In systems biology there is a growing interest
in the question, whether or not a given mathematical model
can admit more than one steady state. As parameter values
are often unknown or subject to a high uncertainty, one
is often interested in the question, whether or not a given
mathematical model can exhibit multistationarity at all. And,
if this is the case, one is interested in those parts of the
network that are responsible for multistationarity. For certain
networks with mass action kinetics, multistationarity can be
established by FeinbergaAZs Deficiency One Algorithm. This
algorithm, however, is limited to so-called regular deficiency
one networks and many realistic networks have a deficiency
greater than one. In a previous publication it was suggested to
analyze certain well defined subnetworks that are guaranteed
to be of deficiency one. If these subnetworks are regular,
then one can use the Deficiency One Algorithm to establish
multistationarity and, if successful, extend it to the overall
network. We call those subnetworks multistationarity causing
structures. Unfortunately realistic reaction networks often lead
to subnetworks that are irregular. The results presented here
exploit the structure of such subnetworks to derive conditions
for multistationarity that are independent of the Deficiency One
Algorithm. Thus, in particular, these conditions are applicable
to irregular subnetworks. As a proof of principle we apply
these results to a model of E. coli’s metabolism and establish
a multistationarity causing structure.

I. INTRODUCTION

In Systems Biology there is a growing interest in the
question, whether or not a given mathematical model can
admit more than one positive steady state. In cell cycle
regulation, for example, one can identify different phases of
the cell cycle as different (stable) steady states. The cell cycle
process itself can then be considered as a switching between
these steady states. As parameter values (rate constants and
total concentrations) are often unknown or subject to a high
uncertainty, one is often interested in the question, whether or
not a given mathematical model can exhibit multistationarity.

A partial answer is given in Feinberg’s chemical reaction
network theory, in particular in the deficiency related theory.
The network deficiency is a nonnegative integer that can be
computed for every reaction network [5], [6], [7], [8]. The
theory links multistationarity to the structure of the reaction
network defining the dynamical system. Of particular interest
here is the the Deficiency One Algorithm that can decide
about multistationarity by analyzing a, potentially large,
set of linear systems that are independent of parameter
values. If at least one of these linear systems is feasible,
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then multistationarity is guaranteed and one can compute
steady states and rate constants from its solutions. If all are
infeasible, then multistationarity is impossible [5], [8].

The Deficiency One Algorithm, however, is limited to so-
called regular deficiency one networks [8]. Many networks
are of deficiency greater than one, thus the algorithm cannot
be applied directly. In [3], [9] it was therefore suggested to
partition the network uniquely into a set of subnetworks that
are guaranteed to be of deficiency one. If these subnetworks
are regular, then one can use the Deficiency One Algorithm
to establish multistationarity. If this is successful, then [3]
gives sufficient conditions (based on the implicit function
theorem) that allow to extend multistationarity from the
subnetwork to the overall network.

Many networks, however, can only be partitioned into
irregular subnetworks, (especially metabolic networks; see
[13] for an analysis of the upper part of glycolysis in E.
coli). Consequently, the Deficiency One Algorithm cannot
be applied. If the irregularity is of a special kind, then one
can regularize the subnetwork and apply the Deficiency One
Algorithm to the regularized subnetwork [13]. It is then again
possible to extend multistationarity — so it exists — to the
overall network based on [3].

Here we follow a different approach: instead of trying to
regularize a subnetwork, we use the special structure of the
subnetworks to derive inequality conditions for multistation-
arity. These conditions are independent of the Deficiency
One Algorithm and thus applicable to irregular subnetworks.
Again, multistationarity can be extended to the overall net-
works as described in [3] (provided it can be established).

This paper is organized as follows: in Section II we present
the notation used to describe the dynamical systems defined
by a reaction network. In Section III, we discuss positive
steady states and in Section IV the partition of a reaction
network into subnetworks. In Sections V and VI we present
conditions for multistationarity and how to verify them. In
Section VII, finally, we present the application of those
results to a model describing the metabolism of E. coli.

II. NOTATION

We use the same notation as in [1] that we introduce by
means of the following reaction network with 2 species A
and B, 5 complexes A, 0, B, A+ B and 2 A and 6 reactions
(represented by arrows in the network below):

k1 ks
A=——0=—=838

ks
A+B=—=24 (1)
ke

2 4

The nodes of network (1) are called complexes. Let z; be
the concentration of A and x5 the concentration of B. By

1548



MTNS 2014
Groningen, The Netherlands

associating A with e; and B with e (the unit vectors of
Euclidean 2-space), one can define 5 complex-vectors y, =
e; for A, y» = 0, the 2-dimensional zero vector for the
complex 0, y3 = ey for B, y4 = €1 + ey for A+ B and
ys = 2e; for 2 A. Collect these in a matrix Y € IR?*5:

1 0 0 1 2
001 1 0]

The complex at the tail of a reaction arrow is called
reactant complex, the complex at the tip of a reaction arrow
is called product complex.

Let Z € {—1,0 — 1}°*C be the incidence matrix of the
graph associated to the reaction network (1) (i.e. a matrix
whose columns have exactly two nonzero entries, —1 for the
reactant and +1 for the product complex):

-1 1 0 0 0
1 -1 -1 1 0
T = 0 0 1 -1 0
0 0 0 0 -1
0 0 0 0 1 -

Y = [yl, Y2, Y3, Ya, y5] =

_ =0 OO

A reaction rate is associated with every reaction. If mass
action kinetics is used, each reaction rate is composed of a
rate constant multiplied by the product of the concentrations
of its reactant complex. With the notation

v o_ n Vi
a” = 1oy 2

for n-dimensional vectors x and v and the vectors vy, ...,
y5 defined above one has vy = ky x1, vo = ko, v3 = ks,
vy = ki4 X9, V5 = k‘5 T X2 and Vg = k‘ﬁ l‘%

Using the vector of rate constants k := (kq, ...
the monomial vector

, ke)" and

T
(I)(l‘) = (JUh 17 1, T2, T1 T2, JZ%) ,
one can write the vector of reaction rates as
v(k, ) = diag (k) ® (x).

Note that ® () is completely defined by the exponent vectors
y;. Hence we collect those in the rate-exponent matrix ),
which, in case of network (1), is given by

Y =[y1, y2, Y2, Y3, ya, ys) € R**C. )

The ODEs describing the dynamics of network (1) are then
given with the help of the stoichiometric matrix N that is
defined as the product N :=Y 7 as

#(t) = No(k, z(t))

We note that the matrix )/ contains multiple copies of the
vector s, as the corresponding complex is reactant complex
in two reactions (labeled k9 and k3 above). Hence we can
represent ) as the product of two matrices, the reactant
matrix Y, and the doubling matrix D: for

Y; = [ylv Y2, Y3, Y4, ys] and D =

SO OO
oo o~ O
oo o~ O
OO = OO
o= O OO
o O oo

one has ) = Y, D. We use the column vectors of Y, to
define the following monomial function

T
U(z) = (21, 1, 22, 71 T2, 77) 3)

and note that

®(z) = DT U(x).

Note that in the special case of network (1) one has
Y, = Y (as every complex is reactant in at least one
reaction). This need not be the case in general.

In general, we assume a reaction network with mass action
kinetics of n species, m complexes and r reactions and use
the symbols Y, Z, V, and N to describe the corresponding
dynamical system in an analogous way: Y € IR™*™ denotes
a matrix whose column vectors are the complexes of the
network and Z € {—1,0,1}"*" denotes the incidence
matrix of the graph.

The matrices Y and Z define the stoichiometric matrix

N:=YT. “4)

From the rate exponent matrix

V=1, -, Grls ®)
with columns g; one obtains the monomial vector
O (z):= (wﬂl, e x@‘)T =: Y (6a)
and the vector of reaction rates
v(k, x) = diag(k) @ (z), (6b)

where k := (ki, ..., k)" is the vector of rate constants.
Then the ODEs describing the dynamics of a mass action
network are given as

#(t) = No(k, z(t)). )

In general, the stoichiometric matrix N does not have
maximal row rank. For s := rank (N) there exist n — s
conservation relations

Whe=c¢ (8)

with WI'N = 0 for a W € R™ (") of rank n — s.
Note that parallel translates of im(N), that is, sets {x €
R™ : WTz = const} are invariant under the flow of
(7) due to WTz(t) = WTx(0) along solutions z(t) of
(7). Every biochemical reaction network with mass action
kinetics defines a system of the form presented in (7), (8).
We further use m to denote the number of reactant
complexes and Y, to denote the reactant matrix, that is, the
matrix whose column vectors are the reactant complexes of
the network. As in the example above the matrices ) and Y,
are connected by the doubling matrix D of dimension m X r
that relates ) and Y, via ) = Y, D. Here the ¢-th column
vector of D is defined as the unit vector e; of IR™ such that
y; is the reactant complex vector of the i-th reaction. The
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columns of Y. define the monomial vector W(x) in the same
way the columns of ) define the monomial vector ®(x):

U(x) =z )

We will use the symbol II to denote

II:= D7 (10)
and later on exploit the fact that
O(x) =1TY(x) (11

and hence
v(k, x) = diag(k) ®(x) = diag(k) I ¥ (x).

As we are interested in positive steady states only, the
pointed polyhedral cone ker(N) N IRL, is of particular
interest. The symbol E is used to denote the unique (up
to scalar multiplication) generators of ker(N) N IRZ, [10].
Let p be the number of generators; then E € IR"™*?P_ Define
the set of all nonnegative vectors A € IRY , such that E X is
positive:

A(E) = { A€ R | EA>0}. (12)

For the network (1) one obtains the generator matrix

1 000
100 1
0100
E=101 0 1 and A (E) = IRY,. (13)
0010
00 11

III. SOME REMARKS ABOUT POSITIVE STEADY STATES

The structure of (7) motivates the following result con-
cerning positive steady states:

Lemma 1 (Existence of positive steady states): Consider
a system of ODEs as in (7), with stoichiometric matrix N
and let E € IRU;" be the generator matrix of ker(N)NIRZ,,.
Let k£ € IRZ, be given. Then a positive vector a is a solution
to the polynomial equation N v(k, a) = 0, if and only if
there exists a vector A € A (E) such that

k= diag (® (a™')) EX (14)

Proof: Follows from the fact that @ > 0 and k£ > 0
implies v(k, @) > 0. Thus N v(k, a) = 0 holds if and only
if v(k, a) € ker(N) N IRL,, that is, if and only if v(k, a) =
E )\, for some A\ € A(E). As v(k, a) = diag (k) ® (a)
condition (14) follows immediately. |

Remark 1: If a positive steady state exists, then (14) must
hold. The condition (14) can thus be used to constrain the set
of rate constants that allow the existence of positive steady
states.

Remark 2 (Positive steady states): Consider the system
(7) with generator matrix £ € IR . The system has a
positive steady state, iff ker(N) N IRZ is nontrivial and F
does not contain a zero row. B

Remark 3: Consider the system (7) with generator matrix
e ]Rgzp . Suppose that £/ does not contain any zero rows.

Then every positive vector a can be a steady state of (7), by
choosing k as in (14), where A € A (F) is free and takes the
role of the rate constants.

IV. SUBNETWORKS DEFINED BY GENERATORS

First recall that r is the number of reaction and note that
every vector v € IR" defines a subnetwork: let supp v denote
the support of the n-vector v, that is,

supp(v) ={i € {1, ..., n}|ly; #0}.

Then v defines the subnetwork that consists of all reactions
indexed by supp(v). If v is a generator of ker(N) N IRZ,
then subnetworks are unique (as generators are unique up to
scalar multiplication).

For example, the 4-th column of £ from (13), the vector
(0,1,0,1,0,1)T defines the subnetwork displayed below.

(15)

A< g p
. (16)
A+B<6—2A

Clearly this is a reaction network of its own, with stoi-
chiometric matrix
1 0 -1
N - [ ] .

0 -1 1 17

Taken with mass action kinetics one obtains for k& and ®(z):
k= (ko, ka, ke)” and ®(z) = (1,20, 27)7.

One can obviously obtain a rate exponent matrix, a reactant
complex matrix and a monomial vector ¥(z) for that net-
work as well. Note that for this network ker(N) N IR, is
generated by (1,1,1)7. -

From hereon we have to distinguish between objects (e.g.
the stoichiometric matrix) of a subnetwork and the corre-
sponding objects of the overall network. For this purpose we
use the symbol "to denote objects of the overall network: the
complex matrix }7, the incidence matrix Z. , the stoichiometric
matrix N , the rate exponent matrix )> and the reactant
complex matrix Y, all belong to the overall network, while
Y,Z, N, Y and Y, denote the corresponding objects of the
subnetwork. Which subnetwork we are considering will be
clear from the context. Likewise, we use ‘il, U and 9 to
denote the monomial vectors of the overall network. The
number of reactions in the overall network is called r, the
number of reactions in the subnetwork p.

We note the following relation between objects of the
subnetwork defined by E; and the overall network:

N = (N)
iesupp(E;)

with Ni columns of N and

k= (k) _and & = () o
i€supp(E;) i€supp(E;)

Finally, we use E; to denote a generator for the overall
network and F; for the corresponding generator of the
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subnetwork. We note that F; can be obtained by

L = ((Ei)j)jesupp(f?i) .

In the example from above we have for the generator By =
(0,1,0,1,0,1)7 of the overall network and for the generator
Es = (1,1,1)T (observe that E is the 4-th column of the
generator matrix given in (13)).

Next we recall from [3] concerning subnetworks defined
by a generator E;:

Lemma 2 (Subnetworks defined by a generator E;, cf. [3]):
Let N be the stoichiometric matrix of a subnetwork defined
by a generator E;. Recall the corresponding generator F; in
the subnetwork (cf. equation (18)). Then ker (N) = im(E;).

The following corollary is an immediate consequence of
Lemma 2 and Remark 3.

Corollary 1: Consider a biochemical reaction network
defined by a generator E; and the generator F; corresponding
to E;. Then a positive vector a is a steady state of (7), if
and only if k is chosen as

k= diag (® (a™')) E; A, A > 0. (19)
For positive a, the vector k as in (19) is fixed up to
the positive A\ and as positive scalar multiplication of &
corresponds to a time scaling of the ODEs one can — w.l.o.g.
— choose A = 1. From here on we assume
Assumption 1: The vector of rate constants is given by

k = diag (® (™)) E;

(18)

for some a € IRY,.
Recalling equation (11) for ®(z) we assume in fact that
k is of the form

k = diag (E;) IV (™) (20)

where we have used the fact that diag (¢ (a™')) E;
diag (E;) ® (a™'). Thus (recall that N, k, ® are objects
of the subnetwork defined by a generator E; with E; as in

(18))

N diag(k) ®(z) = N diag (E;) I (g)
= N diag (E;) 11 diag (¥ (a™')) ¥ (z).

We define

Ng = N diag (E;) 11 1)

Obviously (recall p, the number of reactions in the subnet-
work):

ker (Ng) =al,,a € IR (22)
One obtains the dynamical system
i = Ng diag (¥ (a™ ")) ¥(z). (23)

For W a matrix of maximal rank with W Ng = 0 one has
WL z(t) = WL z(0) for solutions of (23). Thus solutions
of (23) are confined to parallel translates of im(Ng).
Recall the discussion following (8), in particular the obser-
vation that solutions of (7) are confined to parallel translates

of im(NN). Observe that solutions of (23) are solutions of
(7) for the special choice of k as in (19), (20). Further note
that im(Ng) C im(N). Hence for k as in (19), (20) and for
im(Ng) C im(N) solutions of (7) are not only contained in
parallel translates of im(/N'), but also in parallel translates of
im(Ng), that is, in affine subspaces of smaller dimension.

To establish multistationarity we need to show the exis-
tence of a second steady state b € IRZ, with

Nu(k, b) =0,
for the same vector k. That is b must satisfy:

Ng diag (¥ (™)) ¥ (b) =0 (24)

We note (24) is equivalent to (recall (22) and observe that
a, b> 0 implies ¥ (%) > 0):

v (b> =al,,a>0
a

Apply In (-) to obtain the linear system (where we recall that
U(x) is defined by the matrix Y,.):
Y pu=1In(a) 1

T

(252)

P

b b b\ "
u::ln:(lnl,...,lnn> .
a ar an

The previous discussion motivates the following Lemma
(recall m, the number of reactant complexes and columns
of Y,.):

Lemma 3 (Parameterizing positive steady states): Recall
that by Assumption 1, k£ is of the form (20). Let (i, o)
€ IR™ x IR be a solution of

Y7~ 1] ([j) =0.

b = diag (e") a.

where

(25b)

(26a)

And let
(26b)

Then N diag(k)®(a) =0 and N diag(k)®(b) = 0.

Proof: Let u, po be a solution of (26a). Observe that
N diag(k)®(a) = Ng diag(¥(a=1))¥(a) = 0 follows from
(20) and (22). Next we have to show that N diag(k)®(b) =0
holds. To this end observe that

N diag(k)®(b) = Ng diag(¥(a1))¥(b)
= N diag(¥(a™'))¥(diag(e")a)
= Np diag(¥(a™")) diag(¥(a)) P (e")
= Nge"™ # = Ngeo 1, =0
|
Remark 4: If either (i) 1, € im(Y,T) or (ii) ker (V,T) is
nontrivial (i.e. rank (Y;.) < n), or both, then every vector
a € IRY, together with k as in (20) defines an infinite set of

positive steady states b € IRZ. To see this assume that (i),
(i1) or both hold. Then (25a) is solvable and the solution set

M = {p € IR"3uo > 0, such that Y," i = pol,, } (27)
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defines a linear subspace. As every p € M defines a
positive b and as a linear vector space contains infinitely
many elements i, there exists, for a fixed a € IRZ infinitely
many b € IRY, with

bo (1) = diag (") a, u € M.

V. SUBNETWORK MULTISTATIONARITY

If the conditions of Remark 4 hold, then there exists
an infinite set of positive steady states, even for a given
a € IR%, (recall that ¥ (a') takes the role of the rate
constants). Fix a € IR~ and thus by (20) the vector of rate
constants k. Then all b, (k) as defined in (28) are steady
states. However, for a given initial condition the system
‘sees’ only a subset of a set of positive steady states. (Recall
that solutions are confined to parallel translates of im(N)
and, in case im(Ng) C im(N), to parallel translates of
im(Ng).)

Thus, for a given initial condition, the system ‘sees’
only those positive steady states that are in the intersection
of b, (k) and and im(N) and im(Ng), respectively. This
motivates the following definition of multistationarity with
respect to a linear subspace as introduced in [9]:

Definition 2: Given a subspace V C IR", the system & =
N v(k,z) from (7) is said to exhibit V-multistationarity if
and only if there exist a positive vector k € IRL, and at
least two distinct positive vectors a, b € IRZ, with

Nuv(k,a) =0, Nuw(k,b) =0, (29a)
b—acV. (29b)

Remark 5: Note that if V = im(N), then Definition 2 is
equivalent to the familiar definition of multistationarity [5],
[8].

Remark 6: Note that for subnetworks defined by genera-
tors two linear subspaces are of particular interest: im(Ng)
and the image of the stoichiometric matrix of the overall
network im(N):

o im(Ng)-multistationarity, that is, multistationarity with

respect to im(Ng) means that the subnetwork can
exhibit multistationarity, if it is considered in isolation.

o im(N)-multistationarity, that is, multistationarity with

respect to im(/N') means that the subnetwork as part of
the larger network can exhibit multistationarity.

(28)

Note that a subnetwork that exhibits im(V)-multistationarity
but not im(Npg)-multistationarity can give rise to multista-
tionarity for the overall network (e.g. under the conditions
stated in [3]), even though, in isolation, it does not ex-
hibit multistationarity. Hence we consider both, subnetworks
exhibiting im(Npg)-multistationarity and subnetworks ex-
hibiting im(N )-multistationarity as multistationarity causing
structures.

Remark 7: As an illustration consider the network in
Fig.1(a). For this network the matrix N and the generator
of ker(IN) N IR%, are given by

10 0 -1
N=|[01 0 —1|adE=(111,1)".
00 -1 1

Using z7 for A, x5 for B and x3 for C, one obtains the
complex vectors y; = 0, Y2 = €3, Y3 = €1+ €3, Y4 = €1 and
Y5 = eo and one obtains for the matrices ) and Y.

Y =[y1, Y1, y2, y3] and Y. = [y1, yo, y3].

Hence one has
O (z)=(1,1, z3, 21 azg)T and ¥ (z) = (1, z3, 21 xg)T

and

with ®(z) = T ¥(x).

O = =
o= O O
_ o oo

0

The vector of rate constants is given by (cf. (20))

T
1 1
k= (17 17 ) )
az aias

for a > 0. For this example one obtains the following
solution to (26a): u© = (a, —,0) and py = 0. Hence one
has (cf. equation (26b)

(30)

ba(a) = (e% a1, e % ag, as)T.

As N has full row rank, the left kernel is spanned by W = 0,
the three-dimensional zero vector. Hence one has trivially
im(V)-multistationarity (even though it is not clear whether
or not this definition is at all meaningful for this example).
We obtain

1 0 -1
Ne=|1 0 -1
0 -1 1

with left kernel Wr = (1,-1,0)T. For im(Ng)-
multistationarity we need to find a scalar o and a positive
vector a such that W1 (b, () — a) = 0. Observe that

WE (ba(a) —a) = (e* — 1) a1 — (e7* — 1) ay.

This equation holds for positive a1, as for « = 0. But in this
case b, () = a, hence im(Ng)-multistationarity is excluded.

Note that for a = [1, 1, 1] and p = e® one obtains the
following curve of steady states:

ba(p) = (p7 %, 1) :

Fig. 1(c) shows simulations for ¢« = 1 and hence k =
(1,1,1,1)T and different initial conditions. The curve b, (p)
is depicted in red. For any initial condition, the trajectory is
confined to an affine linear subspace perpendicular to Wg
that contains a unique point of b,(p). And all trajectories
starting in this particular affine linear subspace converge to
the same steady state (cf. Fig. 1(d) for a projection to x1-z2-
space). Note that, using £ as in (30) the ODEs are equivalent
to a system of ODEs derived from the network displayed in
Fig.1(b), a weakly reversible deficiency zero network. From
the Deficiency Zero Theorem [4] follows that this network
has a unique, asymptotically stable positive steady state —
relative to an affine linear subspace perpendicular to Wg.
Finally we’d like to note that the network in Fig. 1(a) is
irregular in the sense of CRNT [5].

€Y
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A
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)
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(b) Transformed network

k2

(a) Example network

K AAAAAAAAAAAAAAAAL

kPP PEEEEEEEE IR E R

(¢) Simulation for selected initial
conditions

(d) Projection in the x1-z2-plane

Fig. 1. TIlustration of example network in Remark 7 with im(V)- and
im (N g )-multistationarity. The network in (a) admits positive steady states
for k as in (30). For such a k the dynamical system with mass action
kinetics is identical to the one defined by network (b), a weakly reversible
deficiency zero network. (c),(d) Simulation studies: Trajectories (gray in (c)
and green/red arrows in (d)) remain in affine linear subspace perpendicular
to Wg. Red curve represents bg (p) from (31). For every initial condition
(e.g. blue triangles in (d)) the trajectories converge to a unique point on

ba (p)

VI. ESTABLISHING MULTISTATIONARITY FOR
SUBNETWORKS

Consider a biochemical reaction network defined by a
generator. From Section IV it is known, that for a given
a € IRZ, all points b, (1) as defined in (28) are steady
states. Recall the set M from (27) and observe that

Inb, () —Ina € M

for b,(u) as in (26b). From Section V it is known, that V-
multistationarity requires

bo (1) —a € Vand Inb, (1) —Ina € M.

To this end the following result from [2] can be used. To
state the result, let sign (u) denote the sign pattern of the
vector w € IR™. Then v = sign (u) is a vector with entries
v; € {+,—,0} depending on whether u; > 0, u; < 0 or
u; = 0, respectively.

Lemma 4 (cf. [2]): Let M; C IR™ and My C IR" be two
nontrivial subsets of IR" and define M3 := {(ml,mg) €
My x M| sign (my) = sign (my2) } as the set of all ordered
pairs (m,mz) of elements m; € M; and mo € My with
the same sign pattern. Two positive vectors p and ¢ with
Ing —Inp € M; and ¢ — p € M, exist, if and only if
M3 # (). Then p and q are given by
%, lf mau; 7é 0

¢ : (32)
Di > 0, if my; =0,

(p’i)izl,.wn =

where p; denotes an arbitrary positive number and

@)y, . = €™ i (33)
Thus — using b, (u) instead of ¢, a instead of p and M
instead of M, V instead of M5 — all one has to do is to find
a vector © € M and a vector s € V with sign (1) = sign (s)
to establish V-multistationarity.

VII. MULTISTATIONARITY CAUSING STRUCTURES IN A
MODEL OF THE Escherichia coli METABOLISM

As a proof of principle we apply the results of the previous
sections to a mathematical model of the E. coli metabolism.
Thereby we use an extended version of the model proposed
by Kotte et al. in [12]. This model is not a mass action model.
Most reaction rates are described by rational functions.

In our analysis we treat the model, as if all reaction rates
were described by mass action kinetics. A subnetwork that
can exhibit multistationarity, may nonetheless be regarded as
a multistationarity causing structure: by using the ideas of
[3], one can compute a parameter vector k* where the mass
action network admits two steady states (together with a pair
of steady states a*, b* as witness). Then one can compute
the mass action reaction rate vectors v« = v(k*, a*) and
vpr = v(k*, b*) at those two steady states. Now, taken
with arbitrary kinetics and reaction rate vector F'(k, x) (with
parameters k) one may use the equations

Vg = F(k,a™), vpr = F(k,b")

to compute values of «, where a* and b* are steady states of
the reaction network with arbitrary kinetics. Provided such a
positive x exists, one has established multistationarity in the
reaction network with arbitrary kinetics. Failure to establish
such a « does of course not imply that multistationarity is
excluded.

A. Mathematical model of E. coli metabolism

To locate network structures in the metabolism of E.
coli that can cause multistationarity, we obtain a model
by extending the one published in [12]. This model in-
cludes the Embden-Meyerhof-Parnas (EMP) pathway, the
tricarboxylicacid (TCA) cycle, the glyoxylate (GLX) shunt,
isocitrate dehydrogenase catalysed carbon flux variation,
the anaplerotic reaction to the TCA, glucose uptake via
the phosphotransferase system (PTS), acetate (ACT) uptake
and excretion, transcription factor mediated regulation of
enzyme transcription and the enzymatic regulation of the
aforementioned metabolic pathways.

We extend this model by including pathways for methyl-
glyoxal (MG) production from dihydroxyacetone phosphate
(DHAP) via MG synthase and MG detoxification via gly-
oxalase I-II, glyoxalase IIT and MG reductase all leading to
the pyruvate (PYR) node. Furthermore, paths of the EMP
are modeled in greater detail to introduce the necessary
branching point for MG production (e.g. at the triangle
formed by the reactions between the metabolites fructose
bisphosphate (FBP), DHAP and glyceraldehyde 3-phosphate
(GAP)).
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Fig. 2. Map of E. coli unregulated metabolism model. Arrows denote reac-
tions. Reactions are named in blue according to the corresponding catalyzing
enzymes, numbers denote the corresponding column of the stoichiomet-
ric matrix. Oval boxes represent metabolites, rectangular boxes represent
external carbon sources, numbers denote the index of the corresponding
variable (row of the stoichiometric matrix). Green subnetwork corresponds
to a generator of ker(N) N IRZ ;. The subnetwork contains 10 reactions,
incorporating reaction 36 (catalysed by GpmM.r) and the metabolite MG
and one of its detoxification pathways to PYR (via LLA). In subsection VII-
B we show that for this subnetwork im (/N g )-multistationarity is impossible

and establish im(V)-multistationarity.

Additionally galactose (GAL) uptake reactions via the
beta-methylgalactoside (MgIBAC) system and via galactose
permease (GalP) have been added. The resulting reaction
network is depicted in Fig. 2, the stoichiometric matrix
N = N; | N, in Fig. 3 (where | denotes the horizontal
concatenation of the two matrices).

B. Model Analysis and Results

The cone ker(N) N IRL, is generated by 597 generators
that have been computed with the freely available MatLab
tool CNA [11]. One such generator defines the subnetwork
marked in green in Fig. 2. The corresponding matrices N =
Nj and Y, = Y7 are given in Fig. 4. Note that we have & = 1
and that every complex in the subnetwork is reactant complex
of exactly one reaction Hence II is the identity matrix in this
case and Ng = Nj.

We examine the equation [Y7, —1] (i ) = 0 with Y7 from
Fig. 4 and observe the following:

Fact 1: () € ker ([Y{', —1]), if and only if

H12 = H13 = M14 = 16 = H17 = H18
= H19 = M20 = H23 = M24 = [0
For ease of notation we define the set

I={12, 13, 14, 16, 17, 18, 19, 20, 23, 24} (34)

and observe that by Fact 1 one has (i ) € ker([Y; — 1]), if
and only if

pi = po, i € 1. (35)

To show im(N; )-multistationarity, we nee to find a vector
s € im(Np) with sign(s) = sign(p) for p as in Fact 1.
Analysis of im(Ng) reveals:

Fact 2: s € im(Ng), if and only if s satisfies

S§1 =892 = 83 = 84 — S5 — Sg — S7T — S8 — 89 (36)
= 510511 = S15 = S21 = S22 = S5 = Sg6 = 0
S12 + 813 + S14 + S16 + S17 + S18+ 37

519 + 820 + S23 + s24 = 0.

We claim that p as in (35) and s as in (36) and (37) satisfy
sign(p) = sign(s), if and only if 4 = 0 and s = 0. To see the
if part, we first note that © = 0 and s = 0 satisfy (35), (36),
(37) and sign(u) = sign(s). To see the only if part, assume
s # 0 and pu # 0 as in (35) and (36), (37) with sign(u) =
sign(s) exist. Then, by (35) and sign(u) = sign(s) one has
either s; > 0 or s; < 0, Vi € I. But such a vector s violates
(37) and hence does not belong to im(Ng), a contradiction.
Hence ¢ = 0 and s = 0 is the only pair of vectors with
sign(p) = sign(s) where p satisfies (35) and s satisfies (36),
(37). Thus im(Ng)-multistationarity is excluded.

For im (N )-multistationarity we need to find a y as in (35)
and a vector s € im(N) with sign(y) = sign(s). Concerning
s € im(N) we observe:

Fact 3: s €im (N

) , if and only if s25 = —sag.
From Facts 1 and 3 we conclude that all ;¢ with

i = po,t € I and po5 = —piog (33)
satisfy ([Y", —1]) (/) = 0 and p € im(N). Hence for

every 4 as in equation 38 there exists an s € im (V) with
sign (s) = sign (). Thus we conclude that the green sub-

network in Fig. 2 can indeed show im (/N )-multistationarity.
In a similar way we found 5 more subnetworks for which
we were able to exclude im(Ng)-multistationarity and to

state im(N)-multistationarity. The shown subnetwork as in
Fig. 4 serves as example.
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