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Abstract— A linear-quadratic control problem with an in-
finite time horizon for some infinite dimensional controlled
stochastic differential equations driven by a fractional Brow-
nian motion is formulated and solved. The feedback form of
the optimal control and the optimal cost are given explicitly. The
optimal control is the sum of the well known linear feedback
control for the associated infinite dimensional deterministic
linear-quadratic control problem and a suitable prediction of
the adjoint optimal system response to the future noise. The
noise covariance operator as well as the control operator in the
system equation can in general be unbounded, so the results
can also be applied where the noise or the control are on the
boundary of the domain or at discrete points in the domain. A
continuous dependence of the optimal cost on some parameters
of the systems is also verified. Some examples of controlled
stochastic partial differential equations are given.

I. PROBLEM FORMULATION

Consider the infinite dimensional controlled linear stochas-

tic equation

.
<

=
I

(AX(t) +Bu(t))dt + dBy (t) L1

X0) = «x (L2)

where x €V, X(¢) € V, V is an infinite dimensional real
separable Hilbert space with inner product < -,- > and norm |-
|. The process (By (t),t > 0) is a V-valued fractional Brownian
motion with the Hurst parameter H € (%7 1) and having the
incremental covariance Q where Q is trace class (Tr(Q) < o)
so that

1 ~
5 <Ovy> (21

2H
|t —s]7).

E < By(t),x ><Bg(s),y> =

(1.3)

for x,y € V. The operator A : Dom(A) — V with Dom(A) CV
is a linear, densely defined operator on V which is the
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infinitesimal generator of a strongly continuous semigroup
(S(¢),t >0). Let % = (U,< -, >y, | |v) be another Hilbert
space, the state space of controls, and assume that B €
Z(U,V). Furthermore consider the family of admissible

controls, % , defined as follows

U ={u:Ry xQ — U,u is progressively measurable,

T
E/ lu(t)dt < oo for all T >0}
0

where the progressive measurability is understood with
respect to the stochastic basis (2,.%,P, (% (t),t >0)) where
(Z(t),r > 0) is the natural filtration induced by the fractional
Brownian motion (Bg(t),t > 0).

The solution of the equation (I.1) is defined as the mild

solution, that is,
X(1) = S(t)x + /0 "S(t — $)Bu(t)dt + /0 "S(t—5)dBu(t) (14)

for + > 0 and it is known that with the above assumptions
there is one and only one V- continuous solution to (I.1) (cf.
[2], [3] and the references therein). Now the cost functional

is defined for the control problem. Let J7 be given as follows
Ir(eu) =5 / (ILX(5)P+ < Ru(s),u(s) >v)ds  (LS)
0

where L€ Z(V), Re £ (U), R is self-adjoint and invertible.
The control problem is to minimize the following ergodic

cost
. 1
lim supram?]EJT (x,u). 1.6)

The following standard conditions are imposed.
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(A1)
that

There are K € Z(V),Mg > 0, and wx > 0 such

| AL | gy < Mge™ %! L7

for all # > 0 (detectability).

(A2)
that

There are F € £ (V,U),Mp >0, and F > 0 such

|e(A+BF)t |‘Z(V) S MFe—(OFt (18)

for all # > 0 (stabilizability).

II. MAIN RESULT

In this section the ergodic control problem described by
((I.1) - (1.6)) is solved. The following result on the solution
of the algebraic Riccati equation for the control problem here
is used ([9], Theorem 4.4 or [1], Theorem 6..2.7).

Proposition 1: If (A1)-(A2) are satisfied then there is a
unique self-adjoint nonnegative operator P € £ (V) satisfying

the following algebraic Riccati equation

< Px,Ay > + < Ax,Py > + < L*Lx,y >

— <R 'B*Px,B'Py >=0 (IL1)

for all x,y € Dom(A). Moreover the strongly continuous
semigroup (®(t),t > 0) generated by Ap = A — BR™'B*P

is exponentially stable, that is

|D(1)] 2(v) < Mpe™™ (I1.2)

for some constants Mp >0 and @ > 0.
Let W(t) = @*(¢) be the adjoint semigroup of (P(z)),t > 0)
that is generated by Aj. It is well known [3] that the stochastic

integral

orle)= [ is—)PaBy(s -

for r € [0,7] is a well defined centered Gaussian process in

LP(Q % (0,T),V)for each p € [1,00). Define Vy and V as

Vr(t) = Elor (1)|.7 ()] (IL4)
V(1) =E[p(t)|-7 ()]
where
(1) = /[ W(s—1)PdBy(s). (IL5)

By (I.2) the semigroup (¥(¢),z > 0) is exponentially stable
so it is easy to see that (¢(z),z > 0) and (V(¢),r > 0) are
well-defined processes with values in L?(Q x (0,T);V) for
each 7 >0 and 1 < p < «. The following theorem is the
main result of this section.

Theorem 1: Let (A1)-(A2) be satisfied and let u € % be

a control satisfying
1
limrﬂw?E < PX"(T),X"(T)>=0 (IL.6)

where (X"(T),T € [0,e)) is the solution to (I.1) with the

control u € % . Then

1
lim supTﬁw?EJT(x, u) > Jo 1.7)
where
. 1 T 1. 2
Joo 1= lim supT—m—E/ |[R2B*V (s)|yds (I1.8)
2T Jo
+ /0 Tr(QPP(t)) oy (r)dr (IL9)

for each x € V where ¢(r) = H(2H — 1)|r|*#~2,r € R. More-
over, the feedback control &(t) = —R™'B*(PX%(s) +V(s)) is

admissible, satisfies the condition (II.6) and

1
lim supT_,ooTEJT(x, i) = Jwo (IL.10)

for each x € V. Thus # is an optimal ergodic control and J. is
the optimal cost for the ergodic control problem ((I.1)-(1.6)).

An unknown parameter can be introduced with A in the
infinitesimal generator A in the system equation (I.1) and
continuity properties of the optimal cost can be established
with respect to this parameter and an adaptive control problem

can be solved.
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III. EXAMPLES

Example 1 (stochastic parabolic equation): Consider the

2m-th order controlled stochastic parabolic equation

d
TH1.8) = (Law)(1,) + (Bu)(E) + 17 (1,§) (LD
for (t,&) € Ry x D with the initial condition
¥(0,8) =x(&) (11.2)
for £ € D and the Dirichlet boundary conditions
ok
WY(H §)=0 (IL.3)

for (t,£) €Ry x 9D, k=0,1,...,m—1, where D C R? is a
bounded domain with a smooth boundary, % stands for
conormal derivative, x € L>(D) and Ly, is a 2mth order
uniformly elliptic operator of the form

Ly = Z aa(é)Da

|or|<2m
with ag € C; (D). Furthermore, u € % where the set % of
admissible controls is defined in Section 2 with an arbitrary
Hilbert space U, and B € .Z(U,L?*(D)). Finally, n formally
describes a space-dependent fractional noise with the Hurst
parameter H > % As usual, the formal system (IIL.1)—(II1.3)
is rewritten in the form (1)—(2) where V = L?(D), A = Ly,

k
Dom(A):{(peHzm(Dﬂ%(p:Oon dD; k=0,....,m—1}

and (By(t),t > 0) is an L?(D)-valued fractional Brownian
motion with a trace class incremental covariance é (formally
nf(t,-) = £By(t)) and H € (1,1). It is well known that the
operator A generates a strongly continuous (and analytic)
semigroup (S(7),7r > 0). The cost functional takes the form
(1.6) where L € Z(L*(D)) and R € £(U) is self-adjoint and
invertible.

In order to verify applicability of Theorem 1 to the above
formulated control problem it is necessary to examine the
detectability and the stabilizability conditions (A1) and (A2).
By [9], Theorem 3.3 (Al) and (A2) follow from exact null
controllability of the pairs (A*,L*) and (A, B), respectively,

that is, the following conditions must be satisfied
T
Range(S*(T)) C Range(( / S*(F)L*LS(r)dr)'/?)  (11L4)
0
and
T
Range(S(T')) C Range(( / S(r)BB*S*(r)dr)'/?)  (IIL5)
0

for some T > 0. Conditions of the type (II[.4), (III.5) have
been widely studied. For example, they are satisfied if L*L >
al, BB* > al for some a > 0 (see e.g. [2], Remark B.9).
Furthermore (IIL.5) is equivalent to the strong Feller property

of solutions to the auxiliary stochastic linear equation

dY (t) =AY (t)dt +BdW (t), t > 0, (111.6)

where (W (t),t > 0) is an arbitrary cylindrical Wiener process
on U (and similarly for (IIT.4)). The strong Feller property of
processes defined by (II1.6) has also been extensively studied
(see e.g. [8] for a general result of this type).

Example 2 (stochastic wave equation): General results of
Section 2 may also be applied to stochastic controlled hyper-
bolic equations. Only a simple example following Example

6.14 in [1] is given. Consider the controlled stochastic wave

equation
%%”(t,é) = 3?5(@5)%:(&) +n(@,6) L)

for (1,&) € Ry x (0,1) with the boundary condition
w(t,0) =w(,1)=0, t >0, (1I1.8)

and initial condition

w(0.8) =x1(&), 2(0.6) =m(&), &€ 0.1),

t

where u, € L*(0,1) and n? is a fractional noise on L?(0,1).
The above system is rewritten in the abstract form (1)—(2) in
the space V = Dom(Aé/Z) x L*(0,1) with

2

A0:T§27

Dom(Ag) ={h € L*(0,1);h,’ absolutely

continuous, 4" € L*(0,1),k(0) = h(1) = 0}.
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Then the operator
_ (01 _ 12
A= , Dom(A) = Dom(Ag) x Dom(A,"")
Ay O
generates a strongly continuous semigroup in V and let
0 2 2
B= 7 e Z(L°(0,1),V), U=L(0,1).

For the noise term choose an arbitrary fractional Brownian
motion (B (t),t >0) in V with H € (,1) and an incremental
covariance of the form

o-(¢ )

where él is a nonnegative, self-adjoint and trace class operator

on L%(0,1). The cost functional takes the form (1.6) where
T 1 ) 5
srxw = [ [ 0P +u(@)Pdza,
x=(x1,x2), X(t) = (X1(2),X2(2))-

In this case the detectability and stabilizability conditions
(A1), (A2) are satisfied ([1], p. 310) and Theorem 1 is
applicable.
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