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Impedance-conservative overdetermined multidimensional systems

Victor Vinnikov!

I. THE CLASSICAL CASE: 1D SYSTEMS

A continuous time scattering conservative
input/state/output linear system is given by
dz
j— = —Axz(t) + Bu(t

y(t) = Cx(t) + Du(t).

Here H, £ and &, are the state space, the input space and
the output space of the system, respectively, and A: H — H,
B: & —H, C: E — H are linear operators (all the spaces
are assumed to be Hilbert spaces, and all the operators are
assumed to be bounded). The conservation of energy is given
by the energy balance equation

B8L) )~ (y.9) @
Assuming that D = I (as we may without loss of generality
for scattering conservative systems with bounded operators)
this translates to

i(A—A*):BB*, C = —iB". 3)
1

In general, the transfer function of the system (1) is given
by
S(z)=D+C(z—A)'B. )

For a scattering conservative system (2)—(3), the transfer
function is analytic and contractive in the open upper half—

I—5(2)S(w)*
plane C,, and the kernel M
—i(z —w
There is a related class of impedance conservative systems

which is governed by the energy balance equation
d{z, x)
dt

(we assume here that the input and output spaces coincide:
E = &,). In terms of the realisation, impedance conservative
systems are characterized by the equations

A=A*, C=iB*, D=—-D" (6)

is positive.

*

= 2R(u, y) (5)

The transfer function has now a positive real part in the
S(z) + S(w)* .
open upper half-plane C_, and the kernel —-———— is
—i(z — w*)
positive.
For impedance conservative systems, two functional mod-

els are available. The first one in the reproducing kernel
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the second one in the space Lo (dpu), where dy is the measure

appearing in the Herglotz representation of the function S,

1 1

(a € R, b > 0). In the first model the operator A becomes the
compressed multiplication operator by the independent vari-
able, and in the second model it becomes the multiplication
operator by the independent variable. The link between the
two models is given by the Cauchy transform with respect
to the measure dy.

Scattering conservative and impedance conservative sys-
tems are related by the so called diagonal transform

Hilbert space with reproducing kernel

U’:%(Hy), y’:\%(u—y), (8)
where unprimed variables refer to scattering conservative
systems and primed variables refer to impedance conserva-
tive systems. The main operator of the impedance conserva-
tive system is A’ = R A and the transfer functions are related
by the Moebius transformation

§'(z) = (I = 8(2))(I + 8(=)) " ©)

We mention Livsic [8], Arov [1] and Willems [15], [16]
as core references for scattering conservative and impedance
conservative systems. For a recent account in a very gen-
eral setting of possibly unbounded operators, see Staffans
[13] (whose terminology we largely follow). The diagonal
trasform is explicit in [8], but it is implicit already in the early
work on characteristic functions for nonselfadjoint operators
[6]; in a different setting, see Clark [7]. In the one variable
setting impedance conservative systems and their transfer
functions play an important role in the inverse scattering
problem and operator models. See de Branges [5].

II. SCATTERING CONSERVATIVE OVERDETERMINED
MULTIDIMENSIONAL SYSTEMS

We consider now an overdetermined 2D input/state/output
linear system

o) ~
zﬁ—txl = —Aiz + Boiu,
1o ~
267:2. = —Asx + Bosu, (10)
y = Cx + Du,

where A; and A commute: A3 Ay = Ay A;. This system
is overdetermined hence we assume that it comes equipped
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with compatibility conditions

ou ou
op) Bt o1 ot +yu ) (11)
dy oy .
* - * *Y = 0 12
op) Bt o1 ot + 1YY (12)

for the input and the output signals. Here

Ay, Ay: H —MH, B:E - H, C: H— &,
01,02,7: & =&, 014,024, V5 Ex — &y, D715:£H5*,

satisfying B _ _
AsBoy — A1 Boy = B, (13)
(the input vessel condition),
01:.CAy — 09, CAy = v,.C, (14)
(the output vessel condition), and
o1+sD = lN)ol, o9x D = lN)Ug,
%D = Dy = 01.CBos + 05.C Boy (15)

(the linkage equations). A collection of spaces and operators
(A1 Ay = A Ay) satisfying (13)—(15) is also called a (com-
mutative two) operator vessel. We will always assume that
dim &, dim &, < oo.

Quasi—hermitian, or scattering conservative vessels, have
01,02,7 and 014, 024, Vx selfadjoint and are characterized
by the energy balance equations

0
o) i)~ o) (1)
0
<;jt,2x> = <0'2U/, u> - <U2*y7y>~ (17)

We suppose without loss of generality D = D = I; the
energy balance is then translated into the equations:

l(Al_A;) = B*01 B, l(AQ_A;) = B*0,B, C = —iB*.
i i (18)

We return to general (not necessarily quasihermitian)
vessels. The polynomial

p(/\l, )\2) = det()qu — Ao + ’y)

is called the input discriminant polynomial of the ves-
sel. The generalized Cayley-Hamilton theorem holds:
for a controllable vessel (\/, ;. cn im Ay AR B = H),
p(Ai, A3) = 0. We define also the homogeneous polynomial
P(uo, 1, o) = det(pioo — pooy + po7y), and a family of
vector spaces

E(p) =ker (pui1o2 — p201 + o)
on the associated projective curve P(ug, pi1, p2) = 0. Simi-
larly, the polynomial
P«(A1, A2) = det(A102. — X201 +74)

is called the output discriminant polynomial, and here too the
generalized Cayley—Hamilton theorem holds: p.(A7, A3) =
0 for an observable vessel (\/; . cnim Al Ak

‘H). We consider also the homogeneous polynomial

P.(p0, p1, o) = det (p102. — p12014« + f107«) and the
corresponding family of vector spaces

E.(pn) =ker (p102s — p20o1s + fovs)

on the projective curve P (uo, i1, ft2) = 0.

We are mostly interested in the case where
dim€& = dimé&, and the polynomials P(ug, 1, u2)
and P (uo, i1, p12) coincide, up to a multiplicative constant.
(It happens in particular when the matrices D and D are
invertible, or more generally — see below — when the
the transfer function and the adjoint transfer function are
both somewhere invertible on every component of the
discriminant curve.) We then have two families of vector
spaces £ and £, on a common projective curve. This curve
is called the discriminant curve of the vessel, and will be
denoted by C. The joint transfer function S of the vessel
is a mapping from the family £ into £, defined by (it is
independent of the particular choice of (£1,&2))

S(p) = D+ C(&1p1 + Eapo — E1pi0 A1 — EapipAa) ™
x B(&101 +&00) g, + E(1) = Ea(p).

Assume for simplicity that the discriminant curve C irre-
ducible: P = F” where F is an irreducible polynomial, and
has only nodes as singularities. The determinantal representa-
tions det (109 — oo +poy) and det (g oo — 2015+ 107V+)
of F" are said to be maximal if the dimensions of the fibers
E(w) and E.(u) reach for all u € C the maximal possible
value sr where s is the multiplicity of  on C. £ and &,
can then be lifted to vector bundles of rank r, which we still
denote by £ and £, on the desingularising Riemann surface
X of C (and the joint characteristic function .S is a bundle
map between these bundles). Furthermore,

19)

ERO0M—-2)(—D)=V, ®A and

E,90(m—-2)(-D)=V, @A (20)

where m is the degree of the curve, D is the divisor of singu-
larities, V,, ® A and V,, ® A are bundles of multiplicative
differentials of order 1/2, that is, A® A = Kx (Kx is the
canonical bundle of X) and V, and V,  are flat bundles
associated to representations x and x.. of 71(X) in GL(r, C).
Moreover, these bundles of multiplicative differentials have
no global holomorphic sections: h°(V, ® A) = h%(V, ®
A)=0.

The isomorphisms (20) are given explicitly by matrices
of normalized sections u* and u} for £ and &, [3],
[4]. Under these isomorphisms the joint transfer function
S: €& — £, becomes the normalized joint transfer function
T:Vy®A = V. ®A; explicitly,

Sp)u”(p) = ui(P)T(P),

where p is a point on the universal covering X of X above
p € X. Notice that concretely, T' is simply a multiplicative
meromorphic 7 X r matrix valued function on X with
multipliers given by the representations y and . of 71 (X).

2L
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We return now to the quasihermitian case. In this case
C is a real algebraic curve so that X is a compact real
Riemann surface, i.e., a compact Riemann surface with an
antiholomorphic involution 7 induced by the antiholomorhic
involution p — 7 on C. We denote by Xg the set of real
points of X, i.e., the fixed points of 7. The selfadjointness
of the input determinantal representation translates into the
flat vector bundle V, being parahermitian, i.e., there is a
parahermitian nondegenerate pairing between V,, and V-
(in other words, V;(’T &~ V, where we use ¥ to denote
the dual bundle); similarly, of course, for the output bundle.
The normalized joint transfer function 7' is now (V,,V, )-
contractive in the sense that the kernel

iK(x+:D,q") — T (p)K(x;p,q7)T(q)"
is positive. Here K (;p,q) (and similarly for x.) denotes
the Cauchy kernel for V,, ® A [3], [4] — the unique
meromorphic section of V, ® A in p and of V>V< ® A in
q which is holomorphic except for a pole along the diagonal
p = q with residue 1.

In the case when the real Riemann surface X is dividing
(meaning that X \ Xy consists of two connected compo-
nents X, and X_ interchanged by 7) and the paraher-
mitian bundles V, and V,  are positive (meaning essen-
tially that the parahermitian pairings are positive at real
points), the positivity of the kernel (22) means simply that
1K (x+;0,0") —iT(p)K (x; 0,07 )T (p)* > 0. If furthermore
the vector bundles are of the form L®" for a line bundle L,
this says simply that 7" is contractive on X . The positive
dividing case always occurs if A; and A, are dissipative
operators, so that o1,05 > 0, but it can also take place in
other situations.

Overdetermined systems, both in the general case and in
the scattering conservative case, were actively studied by
several mathematicians over the last decade [12], [3], [14],
[10], [2]. The original motivation for the study of these
systems came from operator theory (spectral analysis of tu-
ples of nonselfadjoint and nonunitary operators) and function
theory (study of meromorphic matrix valued functions on a
Riemann surface, especially the analogues of the classical
interpolation problems). They also arise naturally in a variety
of applications: the wave-particle duality in quantum me-
chanics [11], the study of DNA chains in molecular biology
[9], and most recently, in signal processing.

(22)

III. IMPEDANCE CONSERVATIVE OVERDETERMINED
SYSTEMS

We consider an overdetermined 2D system (10) with the
compatibility conditions (11)—(12), i.e., a vessel. We assume
that the input and output spaces coincide: £ = &,, that the
input and output compatibility equations are adjoint to each

other: o1, = o7, 02« = 05, 7. = 7%, and that all the
trajectories of the system satisfy impedance energy balance
Oz, x)
AN 23
8t1 <O'1U7y>, ( )
0
2) _ 2R (u,y). (24)
Jta

This is (essentially) equivalent to

Af= Ay, A=A, C=iB*, D=-D* (25

A slightly different way to arrive at (25) is to require
that for each system trajectory (u,x,y), (—u,z,y) is a
trajectory of the adjoint system, and conversely, for each
trajectory (., Zx,y.) of the adjoint system, (—us, Tx, Yx) is
a trajectory of the original system (this also explains why
the input and output compatibility equations are required to
be adjoint).

A selfadjoint vessel is a vessel satisfying (25). It thus
involves a pair of commuting selfadjoint operators Aj, Ay
on H; notice that the input (13) and the output (14) vessel
conditions now coincide,

A2§0'1 — Alédg = E'y, (26)
and the linkage conditions become
01D =—D%0y, 05D = —D*09,
~v*D =—D%y — ia}‘é*éag + iagé*éal. (27)

We will always assume that the input and the output dis-
criminant polynomials of the selfadjoint vessel coincide.
The discriminant curve C is thus real, but in contrast to
the quasihermitian case it comes now equipped with a pair
of determinantal representations that are adjoint to each
other, rather than with a pair of selfadjoint determinantal
representations. Of course the situation when the input and
the output determinantal representations coincide and are
selfadjoint is an important special case.

For the case when the (input hence also the output)
determinantal representation is maximal we can proceed now
to construct two different functional models for a minimal
selfadjoint vessel (i.e., B(&) is cyclic for A1, Ag; notice that
it follows that p(A;, A2) = 0). For notational simplicity we
assume that the discriminant curve C is irreducible and we
let as before X be the desingularizing Riemann surface and
E®O(m—2)(-D) =V, ®A, where V,, is a rank r flat
vector bundle on X with h%(V, ®A) = 0 and £ is the kernel
bundle of the input determinantal representation. Notice that
for the output determinantal representation we have

E.(\) = ker(\1o5 — Aao} +7%) = E,(N)*,
where £, denotes the left kernel bundle, hence (by the duality
theory for kernel bundles [3]) £,@0(m—2)(-D) =V, ®
A, and the joint transfer function 7: V, ® A — V;T Q A.
The first functional model is the reproducing kernel Hilbert
space with the (positive) reproducing kernel

(@K (G a ) +iK (™ q.7)T(E)",
the operators A; and Ay becoming in the model compressed
multiplication operators by the coordinate functions A; and
Ag.

The second functional model is a L? space, L?(V, ®
A, X, dp), of sections of V, ® A over Xp with respect to

an appropriate measure du. du is essentially the compression
of the joint spectral measure of the commuting selfadjoint

(28)
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operators A, A, to the input/output space £ via B:£—H
— because of the vessel condition (26) this compression is
supported on (the affine part of) the set Cg of real points
of the discriminant curve C, and it “lives” in the kernel
bundle. The operators A; and A become in this model
multiplication operators by the coordinate functions A; and
A2.

The mapping from the L2 model to the reproducing kernel
Hilbert space model is given by a Cauchy transform with
respect to the measure dp,

dp(p)
fro—=1 KX\~ f(D), (29)
. ( p) ) (P)
and we have the following identity
o~ ~ du(p ~
K(x V;q,@LmK(X;pF)
Xr w(p)

=iT(@K(:q,7) +iK(X;q,77)T(F)" (30)

for all ¢,7 € X \ Xg.

If A;, Ay are the main operators of a quasihermitian
vessel, then as shown in [12, Section 4.7] %[%Al, RA;) =
1B(y — 7.)B*; therefore A} = RA; and A = RA,
commute (essentially) if and only if v, = =, i.e., the input
and output determinantal representations coincide. So do
then the input and output compatibility conditions and the
usual diagonal transform can be applied to the quasihermitian
vessel yielding a selfadjoint vessel (with the same (selfad-
joint) determinantal representation, both at the input and at
the output).

However, one can modify the diagonal transform to handle
quasihermitian vessels with equivalent rather than equal
determinantal representations at the input and at the output,
i.e., arbitrary quasihermitian vessels with isomorphic input
and output bundles. If

proip =01, proap =02, pYp =1,
then we define the generalized diagonal transform by

1 1
/ /
U = —=(pu+ = —=(pu —y).
\/i(p ), Y ﬁ(p y)
(u,z,y) is a trajectory of the given scattering conserva-
tive system if and only if (u',z,y’) is a trajectory of an
impedance conservative system with (we use the prime
decoration for this new impedance conservative system)

(32)

€19

I = A, —iBop(p+ 1) ' B*
— RA, + %Eak(p D+ DB (k=1,2),

(B) =vaI -+, B,
D' =V2(p-D(p+1)~",

(33)
(34)

and with (both input and output) determinantal representation
A102 — X201 + v.. Conversely, given a selfadjoint vessel
with equal or equivalent determinantal representations at the
input and at the output, we can apply to it a similar diagonal
transform to get a quasihermitian vessel with equivalent input

and output determinantal representations. The normalized
joint transfer functions are related by

T=I-T)(I+T)". (35)

Thus instead of considering real parts of a pair of com-
muting nonselfadjoint operators — which in general do not
commute — we consider in (32) their adjusted real parts.

IV. CONCLUSIONS

In the classical 1D case, impedance conservative systems
play both an important role by themselves — from a mathe-
matical point of view as well as for engineering applications,
and as a tool for the study of scattering conservative systems.
We expect this to be the case also in the overdetermined
multidimensional setting. Much work here remains to be
done, especially as regards characterizing precisely the class
of transfer functions, and the generalized diagonal transform.
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