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Abstract— The application of Dynamic Programming tech-
niques to hybrid systems leads to a Hamilton–Jacobi–Bellman
equation in the form of a quasi-variational inequality, whose
approximation may be carried out by an adaptation of classical
monotone schemes. We present here some further improve-
ments which aim at applying this numerical framework to
problems of applicative interest, and in particular the use of
policy iteration to speed up the iterative solution, and a practical
construction of the (approximate) optimal control in feedback
form.

I. INTRODUCTION

In recent times, the notion of hybrid system [1], [3], [4],
[6], [7] has provided a unified framework for treating a large
class of control systems of heterogeneous structure. In the
hybrid framework, control may be applied to a dynamical
system either in the conventional form, or by choosing
among a certain number of different dynamics, or even by
performing discrete jumps from one point to another in the
state space.

We define therefore a set of dynamics in Rd, indexed by
the integer Q(t) ∈ I, with I a finite set of integers, so that{

Ẋ(t) = f(X(t), Q(t), u(t))

X(0) = x, Q(0) = q,
(1)

and two sets A and C such that:
• On hitting A at a time τi, the state switches

from (X(τ−i ), Q(τ−i )) to (X(τ+i ), Q(τ+i )) =
g(X(τ−i ), Q(τ−i ), v) on the basis of the value of
a discrete control v, and the cost Ca(X(τ−i ), Q(τ−i ), v)
is associated to this transition.

• When the trajectory evolves in the set C, the controller
can choose either to switch or not. In the former
case, given a switching time ξi, the state is moved
from (X(ξ−i ), Q(ξ−i )) to (X(ξ+i ), Q(ξ+i )), with a cost
Cc(X(ξ−i ), Q(ξ−i ), X(ξ+i ), Q(ξ+i )).

For such a system, a control strategy is a quadruple

θ := (u(·), v(·), {ξi}, {τk}),

composed of:
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Roma Tre, Roma, Itlay ferretti@mat.uniroma3.it

2Achille Sassi and Hasnaa Zidani are with
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• A measurable control u : R+ → U , mapping the
positive time axis into a bounded set of admissible
control values U ;

• A discrete control v : R+ → V mapping the set of
autonomous transition times {τk} into a finite discrete
set V;

• Two (possibly empty) sets {ξi} and {τk} of positive
times, associated respectively to controlled and to au-
tonomous transitions.

In the infinite horizon case, given a control strategy θ,
a running cost ` and a discount factor λ > 0, the cost
functional is then defined as

J(x, q, θ) :=

∫ +∞

0

`(X(t), Q(t), u(t))e−λtdt (2)

+

∞∑
k=0

Ca(X(τ−k ), Q(τ−k ), v)e−λτk

+

∞∑
i=0

Cc(X(ξ−i ), Q(ξ−i ), X(ξ+i ), Q(ξ+i ))e−λξi .

While optimality conditions in the form of a Maximum
Principle have also been proposed for hybrid systems (see,
e.g., [9]), we will work here in a Dynamic Programming
(DP) setting. As customary in DP techniques, we define the
value function of the problem,

V (x, q) := inf
θ
J(x, q, θ), (3)

where the infimum is taken over all θ belonging to the set of
strategies defined above. Under suitable, technical assump-
tions ensuring continuity of the value function, it has been
proved [4] that V solves in the viscosity sense a Bellman
equation in the form of a quasi-variational inequality on the
product space Rd × I. We will refer to this framework of
hypotheses as “basic assumptions” in what follows.

On the numerical side, two of the authors have shown
in a previous work [5] that classical monotone schemes
for Hamilton–Jacobi–Bellman equations (e.g., upwind, Lax–
Friedrichs, Semi-Lagrangian) can be recast for the case under
consideration to provide a convergent approximation of the
value function. A possible form of the final scheme is the
value iteration

V hk+1(x, q) = Th(x, q, V hk ) (4)

=


MhV hk (x, q) x ∈ A
min

{
NhV hk (x, q),Σh(x, q, V hk )

}
x ∈ C

Σh(x, q, V hk ) else
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where h denotes the discretization step, Σh is a monotone
approximation scheme for the continuous Hamiltonian and
Mh and Nh are suitable discretizations of the jump operators
(see [5] for details). Denoting by I[φ](x, q) a monotone
space reconstruction of φ computed at the point (x, q),
the approximate jump operators (defined respectively for
(x, q) ∈ A and for (x, q) ∈ C) are in the form

Mhφ(x, q) := inf
w∈V
{I[φ](g(x, q, w)) + Ca(x, q, w)},

Nhφ(x, q) := inf
(x′,q′)∈D

{I[φ](x′, q′) + Cc(x, q, x
′, q′)}.

Via the Barles–Souganidis theory [2], it is possible to
prove the following result [5]:

Theorem 1: Under the basic assumptions, the value iter-
ation (4) converges to a unique fixed point V h as k → ∞.
Moreover, V h converges to V for h→ 0.

However, convergence of value iteration can be very slow,
and a first improvement towards an efficient scheme would
be to accelerate it, for example by replacing value iteration
with policy iteration. A second important point for control
applications is the synthesis of the optimal feedback.

II. POLICY ITERATION

In a more abstract form, the value iteration (4) can be
written as

V hk+1 = min
α

(
B(α)V hk − c(α)

)
, (5)

where α represents the control strategy as a function of the
state (i.e., a policy), and B is a linear operator depending on
α (note that, depending on the set to which the state (x, q)
belongs, α may represent a switching and/or a continuous
control).

Slowness of the value iteration (4) is mostly related to
the need of performing a large number of minimizations. In
fact, at each node of the grid, a minimization is required
to compute the numerical Hamiltonian Σh, as well as the
switching operators Mh and Nh. The policy iteration algo-
rithm reduces the required number of minimizations, thus
achieving a speed-up in the computation of V h, by means
of the following general idea.

First, an initial policy α0 is chosen. Then, for k ≥ 0 and
until a suitable stopping criterion is satisfied, the algorithm
performs alternately the steps of policy evaluation, in which
V hk is defined as the solution of

B(αk)V hk = c(αk),

and policy improvement, in which a new policy is defined as

αk+1 = arg min
α

(
B(α)V hk − c(α)

)
.

While in conventional control systems the step of policy
evaluation requires solving nothing but a linear advection
equation, in hybrid systems a more complex definition of
the related linear problem is called for (see [8]).

First numerical experiments show that a considerable
increase in convergence speed is achieved by this strategy.
At the theoretical level, in the hybrid case the algorithm still

produces a monotone decreasing sequence of solutions (as
in the standard case) and is therefore convergent, although
no superlinear convergence result is still available.

III. FEEDBACK SYNTHESIS
While the use of DP techniques is usually motivated with

the possibility of constructing optimal controls in feedback
form, very few theoretical results exist on the topic.

A provably convergent strategy to construct feedback
controls (see [5]) might be based on a discrete DP process in
which the controller works by sampling the state at discrete
times tk = kδ, with a time step δ.

Once the state (x, q) = (X(tk), Q(tk)) is fixed, an
(approximate) optimal control strategy θδ∗ on the time interval
[tk, tk+1) is defined by

θδ∗ := arg min
θ

{
Γδ(x, q, θ) + e−λδV h

(
Xδ(θ), Qδ(θ)

)}
.

(6)
In (6), the term Γδ(x, q, θ) represents an approximation of the
cost of the strategy θ on the time interval [tk, tk + 1), while
(Xδ(θ), Qδ(θ)) is an approximation of the system’s state
at tk+1 as a result of applying the control strategy θ. Note
that this notation includes the case of both a conventional
control and a switch or jump in the state. More explicitly,
(6) is implemented as follows:

1) If (x, q) ∈ A, then define

wδ∗ := arg min
w∈V
{I[V h](g(x, q, w))+Ca(x, q, w)}, (7)

and in the time interval [tk, tk+1) perform an au-
tonomous transition to (xδ∗, q

δ
∗) = g(x, q, wδ∗);

2) If (x, q) ∈ (Rd × I)\(A ∪ C), then define

uδ∗ := arg min
u∈U
{δ`(x, q, u)

+e−λδV h(x+ δf(x, q, u), q)}, (8)

and apply the control u(t) ≡ uδ∗ for t ∈ [tk, tk+1);
3) If (x, q) ∈ C, set:

c1 = min
u∈U
{δ`(x, q, u)

+e−λδV h(x+ δf(x, q, u), q)}
c2 = min

(x′,q′)∈D
{V h(x′, q′) + Cc(x, q, x

′, q′)}.

Two subcases are possible:
a) If c1 ≥ c2, then define

(xδ∗, q
δ
∗) := arg min

(x′,q′)∈D
{V h(x′, q′)

+Cc(x, q, x
′, q′)}

and in the time interval [tk, tk+1) perform a jump
to the state (xδ∗, q

δ
∗);

b) If c1 < c2, then define a constant control via (8)
and apply it for t ∈ [tk, tk+1).

Note that in the time interval [0, δ) this approximate
feedback either applies a constant control, or performs a
jump, but does not blend the two forms of control.

In order to prove that this strategy of synthesis is quasi-
optimal, it is necessary to introduce both a suitable set of
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assumptions for the existence of an optimal control and a
compatibility condition between the two discretization steps
h and δ. We assume therefore that

1) The set of admissible controls U is convex;
2) The running cost `(x, q, u) is convex w.r.t. the control

u;
3) The dynamics f(x, q, u) is linear w.r.t. the control u,

that is,

f(x, q, u) = f1(x, q) + f2(x, q)u.

4) The value function is Hölder continuous with exponent
γ > 1/2.

The following result [5] states the asymptotical optimality
of the approximate feedback:

Theorem 2: Let the basic assumptions be satisfied, along
with assumptions 1–4 above. Assume moreover that ‖V h −
V ‖∞ → 0 and that δ is chosen so as to have ‖V h−V ‖∞ =
o(δ). Then, the control θδ∗ defined by (6) satisfies

J(x, q; θδ∗)→ V (x, q)

as h, δ → 0.
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