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Abstract

An Sq[t,k,v] q-Steiner system is a collection of
k-dimensional subspaces of the v-dimensional vector
space Fv

q over the finite field Fq with q elements, called
blocks, such that each t-dimensional subspace of Fv

q is
contained in exactly one block. The smallest admissible
parameters for which a q-Steiner system could exist is
S2[2,3,7]. Up to now the issue whether q-Steiner sys-
tems with these parameters exist or not is still unsolved.
In this paper we investigate the automorphism group of
a putative S2[2,3,7] q-Steiner system. We conclude that
in case of existence the automorphism group is cyclic
and of order at most 4.
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1. Introduction

Let Fv
q denote the v-dimensional vector space over

the finite field Fq with q elements. A t-(v,k,λ ) de-
sign over Fq is a collection of k-dimensional subspaces
B of Fv

q, which are called blocks, such that each t-
dimensional subspace of Fv

q is contained in exactly λ

elements of B.
Since in this definition finite sets are replaced by

finite vector spaces over finite fields and their orders are
replaced by dimensions t-(v,k,λ ) designs over Fq are
called q-analogs of combinatorial designs. Thomas [16]
introduced the notion of designs over finite fields.

In particular, t-(v,k,1) designs over Fq are also
called q-Steiner systems and will be abbreviated by
Sq[t,k,v]. It is well-known that Sq[1,k,v] q-Steiner sys-
tems exist if k divides v. For this set of parameters the
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corresponding q-Steiner systems are called trivial. We
note that q-Steiner systems have applications for error-
correction in networks, under randomized network cod-
ing, as shown in [11].

The issue whether Sq[t,k,v] q-Steiner systems do
exist for t > 1 tantalized many researchers [1, 7, 13,
16, 17] since the early 70s when Cameron [5, 6] ex-
tended the notion of designs over finite sets to designs
over vector spaces. Recently, the existence of nontriv-
ial q-Steiner systems could be proved [3] by an explicit
construction for the parameters S2[2,3,13].

Nevertheless, there are many open cases to be con-
sidered. The existence of the q-analog of the Fano
plane, a q-Steiner system with parameters Sq[2,3,7], is
still an unsolved issue which has attracted many authors
[7, 8, 13, 14, 16, 17].

In this paper we investigate the automorphism
group of a putative S2[2,3,7] q-Steiner system. The
goal is to eliminate possible groups of automorphisms
and restrict the automorphism group to some few cases.

2. Groups of Automorphisms

Let Gk(Fv
q) denote the set of k-dimensional sub-

spaces of Fv
q, called the Grassmannian, and let GL(Fv

q)
denote the general linear group of Fv

q whose elements
are represented by n× n matrices. The elements α of
GL(Fv

q) act on the set of subspaces of V by left multi-
plication αK := {αx | x ∈ K}.

An element α of GL(Fv
q) is called an automor-

phism of an Sq[t,k,v] q-Steiner system B if B =
αB := {αK | K ∈ B}. The set of all automorphisms
Aut(B) of a q-Steiner system B forms a group, called
the automorphism group of B. Every subgroup of the
automorphism group of a q-Steiner system is denoted
as a group of automorphisms of the q-Steiner system.

If G is a subgroup of GL(Fv
q) the G-orbit on a k-

dimensional subspace K is denoted by G(K) := {αK |
α ∈ G}. The G-incidence matrix AG

t,k is defined to be
the matrix whose rows and columns are indexed by the
G-orbits on the set of t- and k-dimensional subspaces of
Fv

q, respectively. The entry indexed by the orbit G(T )
on Gt(Fv

q) and the orbit G(K) on Gk(V ) is defined by
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|{K′ ∈ G(K) | T ⊆ K′}|.

According to Kramer and Mesner [12] an Sq[t,k,v]
q-Steiner system admitting G as a group of automor-
phisms exists if and only if there is a zero-one column
vector x satisfying

AG
t,kx = 1, (1)

where 1 denotes the all-one column vector.

Two q-Steiner systems B and B′ are called iso-
morphic with respect to GL(Fv

q) if and only if there
is an element α ∈ GL(Fv

q) mapping B onto B′, i. e.
B′ = αB. It is well-known [9] that the automorphism
groups of isomorphic q-Steiner systems are conjugate.
As an immediate consequence for a computer aided
search of q-Steiner systems we obtain that it is sufficient
to test exactly one representative G of the conjugacy
classes of subgroups of the whole subgroup lattice of
the general linear group GL(Fv

q). Conjugate subgroups
G and H yield the same existence results of q-Steiner
system admitting G or H as group of automorphisms.

3. Successive Exclusion of Automorphism
Groups

We are going to successively exclude possible au-
tomorphism groups of the S2[2,3,7] q-Steiner system
which are subgroups of GL(F7

2). Furthermore, by ex-
cluding a possible group we immediately exclude all
subgroups within the same conjugacy class of sub-
groups. Since constructing representatives of all con-
jugacy classes of subgroups of GL(F7

2) exceeds reason-
able time limits we successively restrict the set of pos-
sible groups of automorphisms.

Cyclic subgroups

We start with the conjugacy classes of cyclic sub-
groups of GL(F7

2). Using MAGMA [2] immediately
produces representatives of the 60 conjugacy classes of
subgroups of GL(F7

2). For each of the computed repre-
sentatives G we solved the Kramer-Mesner system (1)
using an implementation of Knuth’s dancing links algo-
rithm [10]. For most of the 60 cyclic groups no solu-
tion does exist which means that they cannot occur as
groups of automorphisms of an S2[2,3,7] q-Steiner sys-
tem. The following nontrivial cyclic groups remained

as open cases:

A = 〈



0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1


〉, |A|= 2

B = 〈



0 1 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


〉, |B|= 3

C = 〈



1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 1 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 1


〉, |C|= 3

D = 〈



0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 1 0 1
0 0 0 0 0 1 1


〉, |D|= 4

E = 〈



0 0 0 1 0 0 0
1 0 0 1 0 0 0
0 1 0 1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


〉, |E|= 5

F = 〈



1 0 0 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 0 1
0 0 0 0 1 0 1
0 0 0 0 0 1 0


〉, |F |= 7

The size of a q-Steiner system with parameters
S2[2,3,7] is given by the q-packing bound which is in
this case 381 (cf. [15]).

Considering the orbits of E on the set of 3-
dimensional subspaces of F7

2 we obtain one orbit of
length one that must be fixed since 381 = 76 · 5 + 1.
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Solving the slightly smaller system of equations showed
that no S2[2,3,7] q-Steiner system does exist admitting
E as group of automorphisms.

Considering the orbits of F on the set of 3-
dimensional subspaces of F7

2 we obtain two orbits of
length one and all other orbits have full length seven.
Obviously the size 381 = 1 · 3+ 7 · 54 cannot be com-
bined of F-orbits since exactly three orbits of length one
are required. Hence, an S2[2,3,7] q-Steiner system can-
not admit F as group of automorphisms.

p-groups

The order of GL(F7
2) is given by 221 · 34 · 51 · 72 ·

311 ·1271. According to Sylow’s theorem subgroups of
all admissible powers of prime factors of the order of
GL(F7

2) do exist. For each prime factor we are now go-
ing to find the smallest power for which a group of au-
tomorphism of S2[2,3,7] could exist. We use MAGMA
in order to compute the conjugacy classes of p-groups.

All subgroups of order 5, 7, 31, and 127 which are
cyclic due to the prime order were already investigated
with the result that they cannot occur as groups of auto-
morphisms of S2[2,3,7]. Hence, all these factors cannot
occur in the order of the automorphism group.

There are four conjugacy classes of order 32 for
which the Kramer-Mesner system (1) has no solutions.
Finally, only the two mentioned groups B and C of order
3 could occur as subgroups of the automorphism group.

For the order 23 there exist 867 conjugacy classes
of subgroups. Only 37 contain conjugates of A and D
as subgroups of order 2 and 4. The Kramer-Mesner
system (1) has again no solutions for each representa-
tive of the remaining 37 conjugacy classes. Hence at
most 22 could occur as a power of 2 in the cardinality
of the automorphism group. Checking the value 22 we
get eight conjugacy classes of subgroups of this order
where seven could again be eliminated by solving the
Kramer-Mesner system (1). Only the mentioned group
D remained as possible subgroup of the automorphism
group of S2[2,3,7].

Summarizing, we obtain that the automorphism
group of S2[2,3,7] has at most the cardinality 22 · 3 =
12.

Subgroups of order 6 and 12

Since the orders 2, 3, and 4 are already considered
we construct conjugacy classes of subgroups of GL(F7

2)
of order 6 and of order 12 with MAGMA: There are
96 conjugacy classes of order 12 and twelve conjugacy
classes of order 6. Solving the Kramer-Mesner system
(1) again eliminates all these groups of order 12 and of

order 6.

4. Conclusion

By successive elimination we determined that the
possible automorphism group G of S2[2,3,7] (up to con-
jugation of subgroups with respect to GL(F7

2)) is cyclic,
has order at most 4, and satisfies G ∈ {{1},A,B,C,D}.
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