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Perturbation and Sensitivity of Inhomogeneous Markov Chains in Dynamic
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Abstract—1In this paper, we study robustness problems of
inhomogeneous Markov chains in dynamic environments. First,
we define the natural distributions of nonstationary Markov
chains as a sequence of probability distributions, which repre-
sents a non-autonomous dynamical system on a suitable state
space. Then, we study the robustness and sensitivity analysis of
these distributions under the assumption of geometric ergodicity
of the underlying Markov chain.
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I. INTRODUCTION

Markov chains represent a class of probabilistic models
widely used in practical applications. Many engineering,
biological and social systems can be modelled by Markov
chains. Different types of perturbation may affect the system
because of the external environment and control. The purpose
of perturbation analysis (PA) is to study the effects of small
perturbations on system properties. Mainly, PA studies the
robustness of the system and then estimates the deviations
of its behaviours caused by different types of perturbation.

The literature regarding perturbation bounds for Markov
chain is very rich. Some papers derive, using matrix analysis
methods, bounds for the sensitivity of the stationary distri-
butions of finite stationary Markov chains ([19], see also
the survey [6] and the references therein). Others obtain
perturbation bounds of the invariant measures of Markov
chains with a general state space via ergodicity coefficients
of the iterated transition kernel using functional analysis
(operator theory) and probabilistic methods (see, e.g., [14]).

The purpose of this paper is to study robustness and
sensitivity analysis of the probability distributions that may
depend on some external parameters of an inhomogeneous
Markov chain evolving in a dynamic environment under
possible perturbations. A Markov chain is a very simple
way of describing the probabilities that the system will move
from state to state. When the transition matrix of a Markov
chain changes at each step we deal with the concept of
inhomogeneous (nonhomogeneous or nonstationary) Markov
chain.

Our perspective is to view the sequence of probability dis-
tributions associated to an inhomogeneous Markov chain as a
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non-autonomous dynamical system on a suitable state space.
Then, we study the robustness of these distributions under the
assumption of geometric ergodicity of the underlying Markov
chain. Furthermore, supposing that the perturbations to the
dynamics depend on some parameter, we study the sensitivity
of the resulting distributions with respect to this parameter.

II. BACKGROUND

In this section, we present preliminary definitions regard-
ing inhomogeneous Markov chains and their connections
with other mathematical objects.

A. Inhomogeneous Markov Chains

An inhomogeneous Markov chain (IMC) is constructed
using the following ingredients [13]:

o a finite set X := {1,...,r} whose elements are called

states;

o a probability distribution p = (p(4));cx over X, whose

components are called initial probabilities; and

« asequence of matrices Py = (p;;(¢,t+1)); jex,t >0,

whose entries are called transition probabilities.

A sequence of X-valued random variables (X;);>o is
called an inhomogeneous (nonstationary) finite Markov chain
with state space X, initial probability distribution p and
transition matrices Py, ¢t > 0, if and only if

P(Xo =1i) =p(i), i € X,
and

P(Xi11 = 1| X =g, .., Xo = do)
= Py(Xpp1 =011 Xy = iy)

whenever the states ig,...,it41 € X and t € Z, (discrete
time inhomogeneous Markov chain, abbreviated DTIMC), or
t € [0,00) (continuous time inhomogeneous Markov chain,
abbreviated CTIMC).

We denote by p;;(r, s) the probability that the system is in
state j at time s under the hypothesis that it was in state ¢ at
time r, where r < s. The r xr matrices P(r, s) with elements
pi;(r, s) are stochastic matrices (matrices with nonnegative
elements and row sums equal to one) and they satisfy the
Chapman-Kolmogorov equation, i.e.,

P(r,s)P(s,t) = P(r,t), for r < s <t.

Note that the classification of states and the description of
limiting behaviour from the case of homogeneous Markov
chains, no longer apply.
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1) Wasserstein space: Let

D} :{(p17p277p7‘) GRZJ Zp7:17
=1

0 < pi<li=1,.,r}

the set of all stochastic vectors of dimension 7.

The space D} equipped with the transportation metric is
known in the literature as the Wasserstein space. One way
to define the transportation metric is as follows:

/X fdv - /X fdu‘

where the supremum is taken over all functions f in the
space

lipy(X) == {f : X = R| [f(i) = ()| <d(i,5), Vi, j € X}

where d is a metric on the space X. This metric is called also
Hutchinson distance and it was introduced by Kantorovich
and Rubinshtein in the 1950s. Here, d is an arbitrary discrete
metric on X since the state space is finite.

2) Zero charge measure space: Recall that D! is the
simplex of probability distributions on the space {1,..,7}
and it is not a linear space. It can be ‘embedded’ in the
space of zero-charge measures, denoted by Z(X). A Borel
signed measure v on X is with zero charge if its positive part
v and its negative part v~ have the same integral. Formally,
for our discrete space X, we have:

Dr(v, 1) = sup

Z(X) :={(a1,a2,...,a,) € R"| Zai =0}.

The Kantorovich-Rubinshtein norm ||v||x of an element
v € Z(X) is defined as the Kantorovich distance between
the positive and negative parts of v, i.e.,

vl = Dr(v*,v7).

The space of all Lipschitz (up to additive constants) func-
tions with the Lipschitz norm is the conjugate normed space
of the space (Z(X), || ||x), so Z(X) is complete (Banach
space). Note that the simplex of probability distributions D}
is homeomorphic with a closed set of the Banach space
Z(X).

Denote

T
Pri={M = (Hij)i,j:l,..,r| Hij = 0, Z:U‘ij =1}
j=1
the set of r-dimensional stochastic matrices.
In the following, we will consider stochastic matrices from
‘P, with the operator norm derived from the ‘transportation
norm’ on the Banach space Z(X). The operator norm of a

matrix M € P, will be
[[M]| := sup{||uM||x| p € Z(X); |lullx =1} (D

This is a key hypothesis of our paper. It is worthy to note
that this norm is not longer equivalent with the traditional
matrix norms that can be defined also for stochastic matrices.
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IITI. IMCs AS NONAUTONOMOUS DYNAMICAL SYSTEMS

In this section, we explain how an inhomogeneous Markov
chain can be specified as nonautonomous dynamical system.
The reason for doing this is the fact that the ergodic related
issues treated in this paper are closely related to the analo-
gous ones existing for dynamical systems.

An autonomous dynamical system is described via a group
or semi-group of (homogeneous/autonomous) mappings (i.e.,
they depend only on the elapsed time ¢ — ¢ since starting
and not directly on the current time ¢ or the starting time %).

For a nonautonomous system both the current time ¢ and
starting time ¢, are important rather than just their difference.
The semi-group formalism existing for autonomous dynami-
cal systems can be generalized to nonautonomous dynamical
systems as the two-parameter semi-group or process formal-
ism of a nonautonomous dynamical system, where both ¢
and to are the parameters. The process formulation is given
below.

The process formulation of an abstract nonautonomous
dynamical system on a metric state space (X, d) and time set
T, where T' = R (for a continuous time process) or 1" = Z
(for a discrete time process) is motivated by the study of
nonautonomous ordinary differential equations on R,

Process formulation. A process is a continuous mapping

(t,to, wo) — (¢, to, x0) € X

for t,typ € T and zg € X with t > ty, which satisfies the
initial value and evolution properties:’

@) o(to,to, xo) = xo for all tg € T and xg € X,

(11) (p(tz, tQ, 95‘0) = (p(tg, tl, Qﬁ(tl, to, ;L'())) for all t() §

t1 <tg and xy € X.

In order to present an IMC as a nonautonomous dynamical
system, we need to identify its underlying evolution process.

Let us consider an inhomogeneous Markov chain defined
on the state space X = {1,2,...,r} with r X r transition
probability matrices

P(to,t) = (pi,j(to,t))s j=1,.r for all t,ty € T with to < t.
Such matrices satisfy
P(to,to) = I, forall to € T
and the Chapman-Kolmogorov equation, i.e.,
P(tg,s)P(s,t) = P(to,t) for all ty < s <t.

If the states of the Markov chain at time t, satisfy the
probability vector p(tg) € D!, then they are distributed
according to a probability vector

p(t) = p(to)P(to,t) at t > to.

Therefore, on D} we can define a process

@(t, to, po) := poP(to,t).

Therefore, an inhomogeneous Markov chain induces a
nonautonomous dynamical system defined on an appropriate
space of probability distributions. At each step, a stochastic
matrix (that depends on time) dictates the next ‘state’ of this
dynamical system.
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IV. SETTING THE PROBLEM

In this section, we present the framework of inhomo-
geneous Markov chains in dynamic environments and the
problem of perturbation analysis of its natural distribution.

A. DTIMC in dynamic environments

Let us consider a stochastic chain {Xy|k € Z,} with
a finite state space X := {l,..,r} but with transition
probabilities matrices {Py|k € Z;}. We see {Pylk € Z4}
a Pr-valued semi-dynamical system. This semi-dynamical
system is called dynamic environment and {Xy|k € Z4} is
called a Markov chain in a dynamic environment. For the
purpose of this work, it is convenient to extend the semi-
dynamical system (Pj) from Z, to Z.

1) Geometric ergodicity: Now we define the concept of
geometric ergodicity (exponentially mixing) for a DTIMC.
This concept is essential for the results of this work, but it
is well-defined only if we use the operator norm defined by
(1).

Definition 1 (Geometric ergodicity): A Markov chain
(Xg) is called exponentially mixing (or, geometrically
ergodic) if there exist C' > 1, A € [0;1) such that

||PkP}€+1...Pk+.,—,1|| <CXN',VkeZ,Te Z: 2)
The condition (2) can be written in a simplified way using
the Chapman-Kolmogorov equation, as follows:

|P(s,t)|| < CX5t Vst e Z, s <t

for some C' > 1; A € [0;1).

Note that in the exponential mixing condition can not be
fulfilled if we use matrix norms. The novel idea is to use an
operator norm defined on appropriate Banach space that is
strictly embedded in R".

Proposition 1: Exponential mixing is an open property
with respect to supremum norm of the sequence P. In fact

1—

A
[|Qr — Pil] < 5<7,VkeZ:>

|QkQrt1---Qrtr—1l| < CA+CS)",VEEL, T L.
Proof: Assume that ||Q), — Py|| <6 < 152, Vk € Z.
The proof can be easily done by induction with respect to
TELY.
Stepl. Take 7 = 1 and prove that ||Qk|| < C(A + C§),
Vk € Z. This comes as a consequence of the fact that C' > 1
and then, we have:

[ Qr|| [Qr — Prll + || Pr]| <

5+ CN< COA+ C6).
Step 2. Suppose that ||QQx+1---Qrri—1]|] < C(A+C9),

Vk € Z, forall | € Z*,1 < 7 € Z. Then we have to prove
that

IN A

|QrQrr1--Qrirl| < CN+C6™, VE € Z.

This is an easy consequence of the following sequence of
inequalities:
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| QrQrr1--Qryrl| [(Qr — Pr)Qrt1--Qrir +
PeQrt1--Qrirl| = [(Qk — Pr) Qi1+ Qrepr + Pi(Qr1 —
Prot1)Qit2---Qrsr + PuPry1Qrt2--Qrarl|| = ...

< @k — Pell - 1Qk+1---Qrirll + [Pl - [|Qr41 —
Peill - ||Qrr2--Quirll + |PePrtill - [|Qrt2 — Prgall -
|| Qrts--Qutrll + o + [|PePrgrPrgr—al| - ||Qrerr —
Pk—i—TH <

< O[CAFC)T+C2ANHCH) T 1 HC2ANP(A+CO)T 2+
o ONT] < 5CRRECNTINT < (A4 C5)H qed. W

2) The forward equation:

Definition 2: A sequence (u*)rez C D} is called natural
distribution (or, set of absolute probabilities in the terminol-
ogy of [1], [16]) for P if

prtl = kP, Yk € Z.

3)

The absolute probabilities have been defined initially by
Kolmogorov [16] as a set of 1 x r Markov matrices that
satisfy:

p*P(s,t) = put, s < t.

Because (3) is defined recursively by going forward in
time, this relation represent the forward equations for the
Markov chain. In fact, the relation (3) describes the transfer
(Perron Frobenius) operator associated to the underlying
inhomogeneous Markov chain. The absolute probabilities
always exist, but the uniqueness is true only under some
certain conditions. The following characterization result was
proved in [16]:

Theorem 2: There exists a unique set of absolute proba-
bilities (1*)xez if and only if

P(s, k) — Q(k) as s — —o0, )

where (Q(k) has identical rows. Each row of Q(k) is then
identical with p*.

The condition in the Th.2 is called some times weak
ergodicity for the Markov chain and the matrices (k) are
the limit regimes.

In the following, we suppose that P = (Py)kez is a
discrete-time dynamical system.

Theorem 3 (Uniqueness of natural distribution): 1f
Markov chain (X}j) is exponentially mixing then there
exists a unique natural distribution (u*),cz associated to
our DTIMC.

Proof: According to the Th.2, we have to prove that
when s — —oo the matrix P(s,k) converges to a matrix
with identical rows. Using the exponential mixing condition,
we have

|P(s,k)|| < CN* T Vs k€ Z, s < k.

If we fix k, and make s — —oo, the quantity PLE goes
to zero since A € [0, 1). So, the norm of P(s, k) goes to zero
as s — —oo. Now, since this norm is defined with respect to
the Kantorovich-Rubinshtein norm || - ||x on Z(X), we can
take the supremum with respect to all zero charge measures
w with ||u||x = 1. In particular, if we take zero charge
measures of the form y := d; — d; (¢ # j), with §; equal to
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the Dirac distribution, we obtain that the rows ¢ and j in the
matrix Q(k) := lims_,_ P(s, k) are identical, and so on.
Note that since Kantorovich-Rubinshtein norm is compatible
with the metric of the underlying space X, we have, indeed,
that [[ul|x = [16; = 0;][x = d(i,j) =1 (i # J). m

There is a unique probability over the o-algebra generated
by the Markov chain trajectories (paths consistent with the
Markov chain realizations from time —oc). We will denote
it also by P. It can be defined by its marginals on time
intervals m to n > m by starting in g™ at time m and
evolving forwards, i.e.,

P(imv ) Zn) = /’I’m(im)pim1im+l (mv m+1)“'pin717in (n_17 TL)

Applications of Markov chains in dynamic environments can
be found in robotics. An example at hand is the walking robot
modelled as a DTIMC from the recent paper [22]. In the
above reference, the authors develop a new control strategy
for the dynamics of a walking robot in a real changing envi-
ronment based on the properties of inhomogeneous Markov
chains.

B. CTIMC in dynamic environments

Let us consider an inhomogeneous Markov chain {X;|t €
R, } with continuous time and the state space X :=
{1,...,7}. Denote by P(s,t) the transition matrix for the
chain (X;) and the intensity matrix A(t) = (a;(t)); ;—o-
The elements of the intensity matrix are defined as follows:

. N Qij (t)/aii(t)h + O(h) if j #£1,
P =lXe=1) = { 1= hau(t) +o(h) it j =i,
where all o(h) are uniform in ¢ and a;;(t) = — >, ; aw(t).

To be consistent with the previous section, we extend the
time interval from [0, +-00) to (—o0, +00).

1) Geometric ergodicity:

Definition 3 (Weak ergodicity): The Markov chain (X;)
is called weakly ergodic if for all ¢ there exists a matrix
Q(t) with identical rows such that

ggmoo P(s,t) = Q(2).

We can remark that the weak ergodicity of the Markov

chain is equivalent with
ngoo aP(s,t) =0,
for any ¢ and any o € Z(X).

Definition 4 (Geometric ergodicity): The Markov chain
(X¢) is called geometrically ergodic (or, exponentially mix-
ing) if there exist the constant C' > 1 and A € [0,1) such
that

[[P(s,t)]| < CA'°, Vs, t €R, s < t. 5)

It is clear that the geometric ergodicity implies weak
ergodicity.

The ‘computation’ of the transition matrices using the
intensity matrices can be realised using the product integral
formula (see [7]):

P(s,t) =] [ (I+ A(du)), s <t. (6)

(s,t]
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We expect that the geometric ergodicity for CTIMC to be an
open property, but the proof is not straightforward as in the
case DTIMC. Our conjecture is that we could use the formula
(6) to prove the openness of the geometric ergodicity.
Using the properties of the product integral and the
Duhamel equation, according to [8], it is possible to prove
that if A is another intensity matrix such that a(t) = A(t) —
A(t) is bounded with respect to the supremum norm, then

ITT( + Aldw) - T +Adw)llse < Cllalls

2) The forward equation:

Definition 5: A function y : R — D} is called natural dis-
tribution (or, u(t) represents the set of absolute probabilities)
if

p(s)P(s,t) = p(t), s <t. (7

From the theory of Markov chains, it is well known
that the natural distribution is solution of the forward Kol-
mogorov equation for the Markov chain, i.e.,

dup/dt = pu(t)A(t), t € R, (8)

which is a time varying linear system on the whole line.
As in the case of CTIMC, the uniqueness of the natural
distribution is ensured by the weak ergodicity property.

V. ROBUSTNESS OF IMC DISTRIBUTIONS

The aim of this section is to investigate those conditions
that ensure the existence of the IMC natural distributions
when the transition probabilities are perturbed at different
moments of time. Note that due to the nonstationarity of the
underlying Markov chain, we cannot use directly the operator
semigroup and the potential kernel like in the homogeneous
case. The mathematical tool to address this issue is the
evolution semigroup of operators associated to the IMC.
The exponentially mixing condition is equivalent with the
exponential stability of this semigroup. Then the robustness
of the natural distribution will be closely related with the
existence of the Green operator under perturbations of the
transition probabilities.

The purpose of this section is to study the robustness
of the non-autonomous (time-varying) difference/differential
equation that defines the natural distribution of an IMC (see
(3) and (8)). The main assumption is that the underlying IMC
is exponentially mixing.

Note that although D! is not a Banach space, D! is
homeomorphic to a closed subset of the Banach space Z(X)
through the following embedding:

D)o p— = p—py € Z(X),

where 11 is a fixed probability distribution.
For DTIMC, the non-autonomous difference equation on
the space Z(X), which we need to study is

gttt =P+ L vk e 2, )

where f¥+1 = y (P, — I) € Z(X) and I is the identity
matrix.
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For CTIMC, the non-autonomous differential equation on
the space Z(X), which will be the studied is the following
Cauchy equation:

dfi/dt = fi(t)A(t) + f(t). t € R,

where f(t) 1= iy A(t), where A(t) is the intensity matrix
at time ¢. Note that f(¢) € Z(X) since any A(t) is a zero

row-sum matrix.

(10)

A. Discrete Evolution Semigroup

Let us consider the nonautonomous difference equation
given by (9). In a standard way (see [2] and the refer-
ences therein), we can associate an evolution family U =

{Un,m|m > n € Z} on the Banach space Z(X) by
[ P(n,m) ifn<m
U"’m_{ I ifn=m an

Note that Uy, ., = Uy, pUp,m for all m > p > n € Z (due to
the Chapman-Kolmogorov equation).
For each j € Z,; let T; be the linear operator given by

(T;F)(n) :== U, _j . for all n € Z, (12)

for any f = (ﬂ)kez € lw(Z, Z(X)). Here, I (Z, Z(X))
represents the Banach space of all Z(X)-valued sequences
which are bounded (w.r.t. the Kantorovich-Rubinshtein
norm).

The family 7 = {T}} ez, is called the evolution semi-
group associated to U on I (Z, Z(X)).

The exponential mixing property ensures that the evolution
family U/ and the evolution semigroup 7 are uniformly expo-
nentially stable. As well, the image of natural distributions
of the underlying IMC belong to the space I (Z, Z(X)).

Having in mind the notion of infinitesimal generator for a
strongly continuous semigroup, we define the “infinitesimal
generator” for a discrete semigroup as being
—1I.

L= T1 (13)

The following proposition provides the expression of the
kernel operator (Green kernel) associated to the semigroup
7. This is just a simple consequence of Lemma 4.1 from [2]
for our evolution family U.

Proposition 4: Let f = (f™)nez and § = (V") pez be two
elements in I, (Z, Z(X)). The following two statements are
equivalent:

W Lg = f;

(i) For each n € Z, the following limit exists

ZPUl,n
=k

a" = lim
k——o0

and g" = u"™ for all n € Z.
As a consequence of Theorem 4.2 from [2] and the
exponential mixing property, we obtain the following result.
Proposition 5: Given the evolution family ¢/ given by
(11), which is uniformly exponential stable, and its as-
sociated semigroup 7 given by (12), the following two
conditions are equivalent:
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(i) The infinitesimal generator £ of 7 given by (13) is
invertible;

(ii) For each f
Z there exists

(f Ynez in loo(Z, Z(X)) and each n €

lim
k——oo

ZfUln

Moreover, (") belongs to I (Z, Z(X)).
Therefore, the kernel operator G = L~ can be defined as

ZfUln

Considering the theory of non-autonomous difference
equations, the solution of our difference equation (9) will
be given by

(Ty —

lim
k——oo

Gf(n):= (T, =) f(n

~N

P(l,n) + pio(Pa—y — 1)

Doing the calculations, we can recover the solutions of (3) as
the identical rows of the matrix Q(k) := lims_, o, P(s, k).

B. Continuous evolution semigroup

Let us consider the nonautonomous differential equation
given by (10). It is known that to this equation (see [23] and
the references therein), we can associate an evolution family
(more precisely, an evolution system) U = {U(s,t)|t > s €
R} on the Banach space Z(X) by

Do) = { P(s, 1)

I
The evolution semigroup 7 = {T} };>¢ is defined in a similar
way as in the discrete case, i.e.,

(T, H)(7) == f(r—=)U(r —t,7), TER, t >0,

for any f : R — Z(X) that belongs to Lo (R, Z(
Here, Lo (R, Z(X)) represents the space of functlons
R — Z(X) such that

if s < t;
if s=t

X))-
h

[1h]]oc = sup ||A(8)]| < oo,

The generator £ of the evolution semigroup 7 is given by

. df -
(LhH)(7) = fd—f + f(DA(r), T€eR
with domain the set of differentiable functions f such that
LF € Loo(R, Z(X)) (see [5]).

Then the kernel operator G is defined
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It is known that G is equal to (—£)~! provided that
the semigroup 7 or the evolution family ¢ is uniformly
exponentially stable. The uniform exponential stability of U/
is nothing else but the exponential mixing of the underlying
CTIMC, i.e. condition (5).

C. Perturbation of the IMC Distributions

Let us consider first a DTIMC and its associated forward
equation (which is nonautonomous discrete linear difference
equation):

pitt = 1k Py, VE € Z.

A perturbed version of this equation can be written as
follows:

= yF (P, 4+ Ay), VE € Z. (14)

where Ay is a zero row-sum perturbation r-dimensional
matrix.

Then the corresponding perturbed equation defined on Z(X)
can be written as follows:

AE = (P 4+ Ap) + L VR e Z
where fF+1 = to(Pe — I) + poAr € Z2(X).

In a similar way, we can consider the forward equation of
a CTIMC, and its perturbed version:

dp/dt = u(t)(A(t) + At)), t € R.

Now, the corresponding perturbed equation defined on Z(X)
is:
dpi/dt = fi(t)(A(t) + A(t)) + f(t). t e R
where f(t) := pg(A(t) + A(t)).
Then the stability of the perturbed equation is determined
by whether or not the perturbed generator £+ A is invertible.

Here, A is the multiplication operator, which is defined:
« in the discrete case, as Zf(k) = FREA, for all f =
(F)rez € l(Z. 2(X))s
« in the continuous case, as Af(t) :=
f e Lo(R, Z(X)).

o~

(t)A(t) for all

The stability of such a linear system is usually measured
using the concept of stability radius. This represents the
“size” of the smallest operator under which the exponential
stability no longer holds for the additively perturbed system.
This concept was introduced by Hinrichsen and Pritchard
for studying robustness of linear (autonomous and non-
autonomous) systems [10], [11].

Therefore, the stability radius pg,,;, () of U with respect
to a matrix perturbation is the largest [|A(,[|oo such that
L+ A is invertible.

In the literature, there exist many results that provide upper
and lower bounds for the stability radius. See, e.g., [4].

The geometric ergodicity allows us to apply the existing
results that are usually based on algebraic arguments and to
obtain the following proposition.
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Proposition 6: If the IMC (X) (in discrete time) or (X;)
(in continuous time) is exponentially mixing, we have:

1 1
||GH = pstab(u) — ’I"(G)

where 7(G) denotes the spectral radius of the kernel operator.
Recall that the spectral radius of an operator G is defined
as
r(G) :=sup{la| : @ € 0(G)},

where o(G) is the spectrum of G (i.e., the set of all scalars «
for which o — G is not invertible). It is relevant to mention
the following known Beurling formula:

r(G) = lim ||G™||V/™.

D. Example: One Time Perturbation

As an example, suppose we perturb the probability tran-
sition matrix Py, at one time kq. Specifically, we consider
the perturbed stochastic matrix

Qro = Pry + Chy

where C}, is a zero row-sum perturbation matrix. The zero
row-sum condition is necessary to ensure that the perturbed
matrix (), remains a stochastic matrix. The natural distri-
bution associated to the perturbed Markov chain is denoted
by (V¥)kez.

Proposition 7: If the underlying DTIMC is exponentially
mixing, then the change of the natural distribution for & > kg
W* = ¥ + ApF) is given by

ApF = pkoCryUgy i1, 51
and the effect decays at least exponentially:

[ AE|| < [[C[[OXF R (15)
Proof: The proof is an easy consequence of the expo-
nentially mixing condition (2).

VI. PERTURBATION CONTROL

Let us consider a DTIMC {Xy|k € Z,} with a finite
state space X := {1,...,7} but with transition probabilities
depending on some global control parameters 6. Suppose that
6 € ©, where O is a compact convex set in R!. This could
be a parameter of the system design, or of an input process,
or one that is associated to a control policy.

Let us take {Py(0)|k € Z,} a controlled P,-valued
dynamical system. Py (6) will give the transition probabilities
of the chain (X}) at the time k depending on the control
input 6.

In this case, we say that the chain {Xy|k € Z,} is
Markov if for any k,n € Z, and ig,41,...,i, € {1,...,7}
the following relation is satisfied

P{Xr = 0, Xkt1 =101y, Xppin = in|0}
n—1
= P{Xy = iol0} [ [ prss(6,it,i110),
1=0

where p(0,1,7) are the elements of the matrix Py (6).
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We extend the semi-dynamical system (Pj(6)) from Z,
to Z.

For the Markov chain evolving in dynamic environment
depending on the parameter 6, the following assumption will
be in force for the most of our results.

Assumption 1 (Uniform exponential mixing): Suppose
that the family of Markov chains {Xj(0)|# € O} is a
uniformly exponentially mixing w.r.t. 6, i.e. the sequence of
transition matrices P = (Py(0))recz satisfies (2), where the
constants C' > 1, A € [0;1) do not depend on 6 € O.

A natural control problem is to design an optimal zero
row-sum perturbation matrix Ck such that the perturbed
environment (Q(6))rez has a natural distribution that con-
verges to a desired one, denoted by (p%)kez. In the light
of [3], this problem can be called the inverse perturbation
problem at step K. At the step K, we could have numerous
perturbation matrices C' (shocks) that can force the chain to
make a transition from a nondesirable natural distribution to
a desirable one. In principle, such environment perturbations
constitute feasible control strategies and can therefore be
used to drive the chain towards a targeted sequence of
absolute probability distributions.

We assume that the system remains in the exponential
mixing regime. The relation (15) shows that the perturbation
effect at step K in the structure of the natural distribution
acts mostly on the distribution X+, then it decays expo-
nentially. Therefore, the control strategies we are looking for
will be represented by continual changes to the environment
and are applied step by step in a model predictive manner.
Suppose we start with (u*).ecz, apply a shock at step K
obtaining (*)rcz, then apply another shock at step K’ and
getting another natural distribution (v'*),cz, and so on. We
continue the process until we obtain a natural distribution
that is close to the desired one (w.r.t. an appropriate norm).

Therefore, it is sufficient to describe the control strategy
we apply only for one step. Let Dx be the set of feasible
control strategies for which the perturbed Markov chain is
forced to have as natural distribution the sequence (7*)xez,
ie.,

Dy = {Ck(6) | 7 = i (Pic(6) + Ci (6))}.

Mainly, finding a feasible control input # means to design
the perturbation matrix Clg () such that (i )z is a natural
distribution for the perturbed Markov chain. The definition
of Dk is inspired by the similar concept of the reference
[3]. Dk is nonempty since we can always find the at least
one perturbation matrix as follows:

C9(0) = 1"+ — Py (6)

where 1 is the column vector whose components are equal
to 1.

As well, using the above mentioned reference we can
also define the optimal perturbation matrix as solution of
the following optimization problem:

Minimize |||Ck||| subject to Cx € Dk, where ||| - ||| is a
suitable matrix norm.
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Since, Dy is a convex set, robust control techniques can
be adapted to characterize solutions or optimal solutions for
the desired perturbation matrices. See [3], and the references
therein.

VII. SENSITIVITY ANALYSIS

In this section we study the dependence of the probability
distributions associated to an IMC w.r.t. the parameter § € ©.
When a cost is associated to each state, a performance index
of the system can be defined. Optimal control of the system
requires the estimation of the performance index for a given
value of the parameter and, as well, sensitivity analysis, i.e.,
to modify the current value of the parameter for improving
the performance.

First, we consider a DTIMC. Suppose that its transi-
tion matrices are described by the dynamical system P
= (Py(0))rez, which depends smoothly on the control
parameter 6. In this paper, we consider the C''-dependance
on the parameter 6 of the transition matrices and other
probability distributions only with respect to the Kantorovich
metric. More precisely, we consider the concept of strong
differentiability with respect to this metric. We can extend
© C R! to an open set or to the whole Euclidean space
R!. Then the differentiability of the probability measures
depending on 6 will be given in terms of the Fréchet
differentiability.

Let us recall some definitions.

Definition 6: (i) Let V' and W be some Banach spaces,
and U C V be an open set of G. A function F : U — W
is said to be Fréchet differentiable at a point u € U if there
exists a bounded linear operator A, : V' — W such that

F(u+h)—F(u) — Ah
1]

If the limit (16) exists then we denote DF'(u) := A, and
call it the Fréchet derivative of F' at w.

(ii) A function F' that is Fréchet differentiable for any point
of U is called C* if the function u — DF(u) is continuous.

Using the above definition, we can define differentiability
of probability distributions (or of transition matrices) w.r.t.
the parameter 6 € ©.

Definition 7: (1) 7i(f) is called strongly differentiable,
with the derivative ‘Zl—’;, if the function § € © — [(0) €
Z(X) is Fréchet differentiable on O.

(i) u(f) € D! is called strongly differentiable if the
function 0 € © — i(0) = pu(0) — py € Z(X) is Fréchet
differentiable on ©, in which case we write Z—Z = 3—5.

Note that the Fréchet differentiability for our measures is
making use of the transportation metric. Since the topology
induced by this metric on a space of finite diameter coincides
with the weak topology [15], the strong differentiability of
our probability measures will coincide the weak differentia-
bility [18].

Since the chain rule is also valid for the Fréchet deriva-
tive, we can differentiate the natural distribution w.r.t. 6 as
follows.

lim
h—0

(16)

|-o
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Proposition 8: (1*(0))rez depends smoothly on P with
derivatives
it

de

de:—T
do

= Z Mk_T Py ry1..Py1, k€ Z.

TEN

The proof of this product rule is an easy consequence of
the Ass. 1.

This result can be used further for gradient estimations of
a suitable performance index.

Let us consider now a CTIMC, whose transition matrices
{P(s,t,0)|s < t} depend also on a control parameter 6.
Naturally, in this case, the intensity matrices depend on 6,
so we have A(¢,0). The scope is to differentiate the natural
distributions given by (7) and to obtain the dependance on
the differential of A(t,6).

By using the product integral differentiability [7] the Ass.
1, the following formula can be derived:

dp(t) _ / '

do

In this paper, we have presented our first results regarding
robustness of inhomogeneous Markov chains that evolve in
dynamic environments. The results are still in their infancy,
but we expect that a further study of sensitivity analysis of
IMCs will be possible based on this work.

The main assumption that makes our results possible
is the geometric ergodicity of the underlying IMC. This
assumption is fulfilled for many other stochastic models,
like homogeneous Markov families with unique and ape-
riodic communicating component, or “weakly dependent”
probabilistic cellular automata (PCA). In order to extend our
results to PCA we need to replace the Kantorovich norm
with a more suitable norm that captures the spatiality of
PCA. Such a norm is the Dobrushin norm [17]. This will
constitute the topic of a follow-up paper.

u(s) /( t] P(s,u—)

P R.
=0 (du)P(u,t)ds, t €

VIII. CONCLUSIONS
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