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Team Theory of Stochastic Decision Systems with Decentralized Noiseless Feedback
Information Structures via Girsanov’s Measure Transformation

Charalambos D. Charalambous

Abstract—In this paper we generalized static team theory to
dynamic team theory, in the context of stochastic differential
decision system with decentralized noiseless feedback informa-
tion structures.

We apply Girsanov’s theorem to transformed the initial
stochastic dynamic team problem to an equivalent team prob-
lem, under a reference probability space, with state process and
information structures independent of any of the team decisions.
Subsequently, we derive team and Person-by-Person (PbP)
optimality conditions, via the stochastic Pontryagin’s maxi-
mum principle, consisting of forward and backward stochastic
differential equations, and a set of conditional variational
Hamiltonians with respect to the information structures of the
team members.

Finally, we relate the backward stochastic differential equa-
tion to the value process of the stochastic team problem.

I. INTRODUCTION

In classical stochastic control or decision theory the con-
trol actions or decisions applied by the multiple controllers or
Decision Makers (DM) are based on the same information,
see [1], [3], [4] for full information problems and [4] for
partially observable problems.

In this paper, we deviate from the classical stochastic
control formulation by consider a system operating over a
finite time period [0, 7], with the following features.

1) There are N observation posts or stations collecting
information;

2) There are N control stations, each having direct access
to information collected by at most one observation
post, without delay;

3) The observation stations may not communicate their
information to the other control stations, or they may
communicate their information to the other control
stations by signaling part or all of their information
to some of the control stations with delay;

4) The N control stations may not have perfect recall,
that is, information which is available at any of the
control stations at time ¢ € [0,7") may not be available
at any future time 7 > ¢, 7 € (0,7;

5) The control strategies applied at the /N control stations
have to be coordinated to optimize a common pay-off
or reward.

In the above formulation we have assumed that one ob-
servation post is serving one control station without delay,
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and we allowed the possibility that a subset of the other
observation posts signal their information to any of the
control stations they are not serving subject to delay. Such
signaling among the observation posts and control stations
is called information sharing [S5]-[8].

The elements of the proposed system of study are the
following.

Zn 2 {1,..., N} : Set of observation posts/control stations;
x:[0,T] x @ — R™ : Unobserved state process;

W :[0,T] x Q@ — R"™ : State exogenous Brownian Motion
(BM) process;

For:=1,...,N,

u’ 1 [0,T] — A" : Control process action space A’ C R%
applied at the ith control station;

20 [0,T] x Q — RFi
collected at the ith observation post;

R':[0,T] x C([0,T],R™) — R¥: : Information functional
generating 2° at the ith observation post;

Distributed observation process

U~ [0,7] : Admissible strategies generating control actions
at the ith control station based on {z%(t) : t € [0,T]};

J: AN — (—00,00] : Team pay-off or reward.

We call as usual the information available as arguments of
the control laws, which generate the control actions applied
at the NV control stations, “information Structure or Pattern”.
Suppose, for now, there is no signaling of information
from the observation posts to any of the control stations they
are not serving, and let {z(t) : 0 < ¢t < T} denote the
observation available to the ith control station to generate
the control actions {u; : 0 < ¢ < T}, with corresponding
control strategies by U?'[0,T], fori = 1,...,N.
The performance of the collective decisions or control actions
applied by the control stations, is formulated using dynamic
team theory, as follows.

inf{J(ul,...,uN) St ) € xfiﬂUzi[O,T]},
(1)
T
T, ... ) :E{ 0 Ut (), ul(2Y), ... u (V) dt
+ (@)},

subject to stochastic Itd differential dynamics and distributed
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noiseless observations

1

da(t) =f(t, z(t),ul (z1),. .., ul¥ (zNV))dt
+o(t,x(t)dW(t), z(0) =0, te (0,T], (3)
2H(t) =hi(t,x), t€[0,T],i=1,...,N. 4)

We call the stochastic differential decision system (1)-(4)
with decentralized noiseless feedback information structures,
{2Y(#),22(t),...,2N(#) : 0 < t < T}, a stochastic dy-
namic team problem, and a u® = (ul°,u?°, ... uN?) €
xN ,U#[0,T] which achieves the infimum in (1) a team
optimal strategy.

P

2,0

Moreover, we call u® = (ul°u?o,...,ul?) €
xN U?'[0,T] a PbP optimal strategy if
Juh?, ... ulN)
< J(be, . uiThe ul uithe L uNe)
vu' € U0, T],Vi=1,...,N, (5)
and the infimum subject to constraints (3), (4) is achieved. In
team theory terminology {u!,...,u™'} are called the DMs,

agents or members of the team problem.

In this paper, we investigate the stochastic dynamic team
problem (1)-(4), and its generalization when, there is infor-
mation sharing from the observation posts to any of the
control stations, and there is no perfect recall of infor-
mation at the control stations. We apply techniques from
classical strochastic control theory to generalize Marschak’s
and Radner’s static team theory [9]-[11] to continuous-time
stochastic differential decision systems with decentralized
noiseless feedback information structures, defined by (1)-
(4). Moreover, we discuss generalizations of (1)-(4), when
there is information sharing from the observation posts to
any of the control stations, and there is no perfect recall of
information at the control stations.

Our methodology is based on deriving team and PbP op-
timality conditions, using stochastic Pontryagin’s maximum
principle, by utilizing the semi martingale representation
method due to Bismut [2], under a weak formulation of
the probability space by invoking Girsanov’s theorem [12].
First, we apply Girsanov’s theorem to transform the original
stochastic dynamic team problem to an equivalent team
problem, under a reference probability space in which the
state process and the information structures are not affected
by any the team decisions. Subsequently, we show the
precise connection between Girsanov’s measure transforma-
tion and Witsenhausen’s notion of “Common Denominator
Condition” and “Change of Variables” introduced in [13]
to establish equivalence between static and dynamic team
problems. Second, we derive optimality conditions based on
stochastic variational methods, by taking advantage of the
fact that under the reference measure, the state process and
the information structures do not react to any perturbations
of the team decisions. The optimality conditions are given
by a “Hamiltonian System” consisting of a backward and
forward stochastic differential equations, while the optimal
team actions of the ¢th team member are determined by
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a conditional variational Hamiltonian, conditioned on the
information structure of the ith team member, while the rest
are fixed to their optimal values, for ¢ = 1,..., N. Third,
we show the connection between the backward stochastic
differential equation and the value process of the stochastic
dynamic team problem.

We point out that the approach we pursued in this paper
is different from the various approaches pursued over the
years to address stochastic dynamic decentralized decision
systems, formulated using team theory in [13]-[21], and our
recent treatment in [22]. Compared to [22], in the current
paper we apply Girsanov’s measure transformation, which
allows us to derive the stochastic Pontryagin’s maximum
principle, for decentralized noiseless feedback information
structures, instead of nonanticipative information structures
adapted to a sub-filtration of the fixed filtration generated
by the Brownian motion {W(¢) : t € [0,T]} (e.g., uy =
p(t, W)) [22].

II. EQUIVALENT STOCHASTIC DYNAMIC TEAM
PROBLEMS

In this section, we consider the stochastic dynamic team
problem (1)-(4), and we apply Girsanov’s theorem, to trans-
formed it to an equivalent team problem under a reference
probability measure, in which the information structures are
functionals of Brownian motion, and hence independent of
any of the team decisions.

Let C([0,7],R™) denote the space of continuous real-
valued n—dimensional functions defined on the time interval
[0,T7], and B(R™) its canonical Borel filtration.

Let L%T([O,T],R") C L*Q x [0,T],dP x dt,R") =
L2([0,T], L*(©2,R™)) denote the space of Fr—adapted ran-
dom processes {z(t) : t € [0,T]} such that

E/ |2(t)[3ndt < oo,
[0,77]

which is a Hilbert subspace of L2([0,T], L?(, R")).

12, (0, T], L(R™,R™) < L2(0, T, L*(%, L(R™,R")))
denotes the space of Fr—adapted n X m matrix valued
random processes {X(¢) : t € [0,7]} such that

A
B[ 180R @ andt 2E [
[0,7]

(0,71
Let B2 ([0,T], L*(2,R™)) denote the space of Fp-
adapted R"— valued second order random processes en-
dowed with the norm topology || - || defined by

A
16 1?= sup E|¢(t)|gn-
te[0,T]

tr(S*(£)D())dt < oc.

Next, we introduce conditions on the coefficients
{f,o,h')i € Zy 2 {1,..., N}}, which are partly used to
derive the results of this section.

Assumptions 1: (Main assumptions) The following maps
are Borel measurable: f : [0,7] x R* x AN) — R™, ¢ :
[0,7] x R" — L(R"™,R™), ht : [0,T] x C([0,T],R") —
R¥:, Vi € Zy. Moreover,

(A0) A* C R% is nonempty, Vi € Zy.
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There exists a K > 0 such that
A1) |f(t, z,u)|lge < K(1 4+ |z|ge + |ulga), VE € [0,T];
(A2) |o(t,z)|cmnrmy < K(1+ |2|rn),VE € [0,TY;
(A3) |o(t,z)—o(t,y)|cmn rr) < Klz—y|rn,Vt € [0,T7;
(A4) o(t,x) is invertible V(¢,x) € [0,T] x R™;
(AS) o~ (¢, 2) f(t, z,u)|3. < K, uniformly in (¢, z,u) €

[0,7] x R™ x A(N);

(A6) |o(t, )| cmnrr) > K(14 |z|}.),Vt € [0,T], ¢q>

17

(A7) o=t 2) f(t, ,u)|gn < K(1+|z|re + |u|gae), VE €
[0,T7;

(A8) [0~ (t,2) f(t,x,u) — o (t,2) f(t, 2,0) e < (14
|z — z|gn + |u — v|ga).

A. Equivalent Stochastic Team Problems via Girsanov’s

Next, we define the dynamic team problem (1)-(4) using
the weak Girsanov’s change of measure approach.
O.F, IP)

We start with a canonical space on which

(xo, {W(t) : t € [0,T]}) are defined by

(WP1) z(0) = zo: an R"-valued Random Variable with
distribution IIy(dx);

(WP2) {W(t) : t € [0,T]}: an R™-valued standard
Brownian motion, independent of z(0);

We introduce the Borel o—algebra B(C[0,T],R™)) on
C([0,T],R™) generated by {W(t) : 0 < ¢t < T}, and
let PV its Wiener mesure on it. Further, we introduce the
filtration F} 2 {Fg% -t €[0,T]} generated by truncations
of W e C([0,T],R™). Next, we define

Q

Fo. 2BRY) @ FlY, PET, x PV,

On the probability space (Q,F,{Fo. : t € [0,7]},P) we
define the stochastic differential equation

do(t) = o(t, z(t)dW(t), 2(0) =z0. te (0,T]. (6)

By Assumptions 1, (A2), (A3), and for any initial condi-
tion satisfying E|z(0)[%.,¢ > 1, (6) has a unique strong
solution [12], z(-) € C([0,T],R") — P — a.s. and z(-) €
BE;([O,T],LQ(Q,R”)).

We also introduce the o—algebra /', defined by

e U{{x e ([0, T),R") : z(s) € A} :
0<s<t Ae B(R”)} = B,(C([0,T],R™). (7)

Hence, F7 = {F§, :t €[0,T]} is the canonical Borel filtra-
tion generated by z(-) € C([0,T],R™) — P — a.s. satisfying
(6). From (6), and the additional Assumptions 1, (A4) on
o, it can be shown that 7§, = Fo, = F*O\/ F} vt €
[0, T, and this oc—algebra is independent of any of the team
decisions u. Note that for the feedback information structures
to be independent of any of the team decisions u, it is
necessary that under the reference probability measure, P
the state process x(-) is independent of w, which is indeed
the case.

SR" x C([0,T),R"), F 2 BR") B(C([0,T],R")),
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Next we prepare to define three sets of admissible team
strategies. We define the Borel o—algebras generated by

projections of x € R™ on any of its subspaces say, x*

> e

IT(z), and the distributed observations process {z%(t)
hi(t,x) : t € [0,T]} as follows.

Gg='® ﬁa{{xi € C([0,T),R™) : 2*(t) € A} :

AEB‘(}R’“)}, tel0,T), VieZy (8

G =27 (Bu((0, 7)) ® By(C([0, T, R)),

€[0,T], Vi € Z. 9)

Further, define G5 = {Gg, : ¢ € [0,T]},05, C Fg,,Vt €
[0, 7]}, the canonical Borel filtration generated by {z°(¢) :

0<t<T} fori=1,...,N. Define the delayed sharing
A

information structure at the ith control station by g;
{géjt :t € [0, T}, which is the minimum filtration generated
by the Borel o—algebra at the ith observation post {z*(s) :
0 < s < t}, and the delayed sharing information signaling,
{zj(s —¢€) 1€ >0,7€0(i),0<s< t}, t € [0,T], from
the observation posts O(i) C {1,2,...,i—1,i+1,...,N},

to the control station 4, for ¢ = 1,..., N. Next, we define
the three classes of information structures we consider in this
paper.

Definition 1: (Noiseless Feedback Admissible Strategies)
Without Signaling: If there is no signaling from the
observation posts to any of the other control stations, then

U='[0,7] 2 {ui 2 [0,7] x Q© — AT C R%
u' is {Qéft .t € [0, T]}—Progressively Measurable (PM)

T
and IEI/ AU(t)|ut|]§ddt<oo}, VieZy.  (10)
0

A

A team strategy is (u',...,u") € UWN)=[0,T]
xN U0,

With Signaling: If there is delayed sharing information
signaling from the other observation posts, the set of admis-

sible strategies at the ith control station is

, U

U0, 7] 2 {u :[0,T] x Q — AT C R%
u'is {G{, :t € [0,T]}—PM

T
and ]E/ A¥ () Jug|padt < oo}, VieZy. (11
0

(1>

A team strategy is (ul,...,u) € UM, T]
xN. U0, T).

Without Perfect Recall ~ Markov: If the distributed
observation process collected at the ith observation post is

2t = 2%, and there is no perfect recall, the set of admissible

, U
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strategies at the sth control station is
Ue'[0, 7] £ {ui . [0,T] x R™ — A¥ C R -
for any t € [0,7], u} is G* ) —measurable

T
and ]E/ A“(t)|ut|]§ddt<oo}, VieZy. (12)
0

1
g

[1>

A team strategy is (u Ny e U)o, T
xN U [0,T].

The results derived in this paper hold for other varia-
tions of the information structures, such as, control sta-
tions without perfect recall based on delayed information
G (t=9%) 5, >0,i=1,...,N, etc.

The importance of condition E fOT A (1) |ug|2adt < o0
will be clarified shortly. Thus, an admissible strategy, say,
u (ul,...,u™) € UMI0,T] is a family of N func-
tions, say, (utl(),uf(),,,uiv() ,t € [0,T), which are
progressively measurable (nonanticipative) with respect to
the delayed sharing noiseless feedback information structure
{G{,:tel0,T]},i=1,2,...,N.

For any u € UW)0,7] (we can also consider

UM-#[0, 7], UM*[0, T]) we define on (Q,IF, (Foi:te

U

[0, T]},IP’) the exponential function

u(t) £ ex t*sxs ug)a" (s, xz(s))dx(s
Auwfp{éf<,u,> (5, 7(5))dr(s)
—%/0 f*(s,a:(s))a_l(s,ac(s))f(s,gc(s))ds}7 (13)

a(t,z) =o(t,z)o*(t,x), te€0,T).

Under the additional Assumptions 1, (AS), by Itd’s differ-
ential rule {A“(t) : t € [0,7]} it is the unique {Fg, :
t € [0,T]}—adapted, P—a.s. continuous solution [12] of the
stochastic differential equation

dA“(t) = A“(t) f*(t, 2(t), up)a™  (t, z(t))dz(t),  (14)

with initial conditions A%(0) 1. Given any u €
UM)[0,T] we define the reward of the team problem under

(Q,IF, (Fo,:te [O,T]}JP’) by

J(u”

inf
uwelUM)[0,T

+A%ﬂﬂﬂﬂ}

T
]E{/O AUt 2(t), ug)dt
(15)

where £ : [0,T] x R" x AN) — (—00,00],¢ : [0,7T] x
R™ — (—o00, 00] will be such that (15) is finite.

For any admissible strategy v € UN)[0, 7], by Assump-
tions 1, (A5), Novikov condition [12] is satisfied, hence
(A“(t) : 0 <t < T} is an ({Fo,t e [O,T]},]P’)—
martingale, V¢t € [0,7], and by the martingale property,
Jo A (t, w)dP(w) 1,vt € [0,T], Therefore, we can
utilize A“(-) which represents a version of the Radon-
Nikodym derivative, to define a probability measure P* on
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(Q,IF, (Fo.:te [o,T]}) by setting

dap*
- AY
= (t),

Moreover, by Girsanov’s theorem under the probability space
(Q,IF, {Fo, : t € [QT]},IP’“), the process {W™“(¢) : t €
[0,T7} is a standard Brownian motion and it is defined by

te0,T). (16)

Fo,¢

1>

t

W) =WI(t) — / o (s, 2(8)) f(s,2(s), us)ds, (17)

0
t € [(0,T], and the distribution of (0) is unchanged.
Therefore, under Assumptions 1, (A1)-(AS) we have con-
structed the probability space (Q, F,{Fo,:t €0, T]},IP’“),
the Brownian motion {W*(t) : ¢ € [0,T]} defined on it, and
the state process z(-) which is a weak solution of

dz(t) = f(t,z(t),us)dt + o(t, x(t))dW*(t), x(0) = xo, (18)

t € (0,7], unique in probability law, having the
properies z(-) € C([0,T],R") — P* — a.s. and z(-) €
Bﬁ([O,T],LQ(Q,R")).
By substituting (16) into (15), under the probability measure
P*, the team game reward is given by

inf

weU(™N)[0,7) Eu{/OT O(t, x(t), ug)dt
+ w(x(T))}.

From the definition of the Radon-Nikodym derivative (16),
for any admissible strategy, say, v € UN)[0, T we also have
E [ AU (t)ugl2adt = E" [ [ug|2udt < oo

Remark 1: Assumptions 1, (A5) is satisfied if the follow-
ing alternative conditions hold.

(AS)(a) (A4), (A6) holds and either (i) (A1) is replaced
by |f(t,z,u)|rr < K(1+|z|gn), K > 0,Vt € [0,T], or (ii)
AM®) is bounded:;

Remark 2: The Girsanov’s measure transformation is pre-
cisely the continuous-time counterpart of so called “Common
Denominator Condition and Change of Variables” (i.e. [Sec-
tions 4, 5, [13]]), of Witsenhausen’s discrete-time stochastic
control problems with finite decisions. Witsenhausen in [13]
called any discrete-time stochastic dynamical decentralized
decision problem which can be transformed via the “Com-
mon Denominator Condition and Change of Variables” to
observations which are not affected by any of the team de-
cisions “Static”. The main point we wish to make regarding
[13] is the following.

The main problem with developing the team and PbP
optimality conditions based on variational methods, under
the original probability space (Q, F,{Fo.:te0,1}, P“),
is the definition of admissible strategies, which states that
{uf : t € [0,T)} is adapted to feedback information
{6{, :t e[0T} Cc {Fg, :t €[0,T]},i=1,...,N,
and hence affected by the team decisions. Therefore, if one
invokes weak or needle variations of v € UM)[0,T], to
compute the Gateaux derivative of the pay-off, then one
needs the variational equation of the unobserved state z(-)

J(u*) =

19)




MTNS 2014
Groningen, The Netherlands

satisfying (19), which implies that one should differentiate
{ui = p(t, 1) : t € [0,7)},i = 1,..., N with respect to
x, because {I'(t),...,IN(t) : t € [0,T)} are affected by
the decisions. Therefore, the classical methods which assume
nonanticipative strategies adapted to {Fg"; : ¢ € [0, T} [23]
or any sub-c—algebra of this [24], in general do not apply.
One approach to circumvent this technicality is to show
that feedback strategies are dense in noanticipatve or open
loop strategies, and the pay-off is continuously dependent
on u € UM[0,T] as in [22]. Another approach is to use
Girsanov’s theorem.

Before we proceed we show, in the next theorem, that
Girsanov’s change of probability measure, holds under more
general conditions than the uniform bounded condition given
by Assumptions 1, (AS).

Theorem 1: (Equivalence of Dynamic Team Problems)

Suppose E|z(0)|gn < oo, Assumptions 1, (Al), (A2),
(A7), hold, and consider any of the admissible strategies
of Definition 1. Then ]E(A“(t)) = 1,Vt € [0,T], and the
dynamic team problem with pay-off (19) subject to z(-)
satisfying (18) is equivalent to the dynamic team problem
with pay-off (15) with (x(-), A(+)) satisfying (6), (14).

Proof: See [25].

III. DYNAMIC TEAM OPTIMALITY CONDITIONS

In this section we derive the team and PbP optimality
conditions, under the reference probability measure P, and
then we translate the results under the original probability
measure P“. For the derivation of stochastic optimality
conditions we shall require the following stronger regularity
conditions.

Assumptions 2: A is a closed, bounded and convex subset
of R4 Vi € Zy, E|z(0)|3. < oo, the maps {f,o,¢, ¢} are
Borel measurable, {h! : i = 1,...,N} are progressively
measurable, defined by

A. Necessary Conditions for Team Optimality

Next, we prepare to give the variational equation under
the reference probability.
Minimum Principle Under Reference Probability Space
(Q,F,{Fo,:t€[0,T]},P).
Define the Hamiltonian of the augmented system (6), (14),
(15).

H:[0,T] x R® x R x L(R",R) x AM) R
H(t,z, A, U, Q,u) EAQo(t,2) f(t, 2, u) + AL(t, z, ).
(20)

For any u € UW)[0,T)], the adjoint process (¥,Q) €
L?FT([O,T],R) X L]%T([O, T), L(R™ R)) satisfies the follow-
ing backward stochastic differential equations
dU(t) = — 0(t, x(t),uy)dt — Q(t)o 1 (t, x(t)) f(t, z(t), us)
+Q(H)dW (1),
— Ha(t,z(t), A(t), U(t), Q(t), us)dt
+Q()dW (1), t€[0,T), ¥(T) = ¢(=(T)), 2D
The state process satisfies the stochastic differential equation
(14) expressed in terms of the Hamiltonian as follows.
dA(t) = M) f* (8, (), ur)o™ (¢, 2(8))dW (2),
=A@)F*(t,z(t), u) o™ (t, z(t)dW (1), A(0) = 1. (22)

o
Moreover, under measure P, the process {z(t) : t € [0,T]}
is not affected by u € UM)[0, T] and satisfies

dx(t) = o(t,z(t))dW(t), te€(0,T], z(0)=xo

0_*7—1

(23)

Next, we state the the necessary conditions for an element
u® € UN)[0,T] to be team optimal.

Theorem 2: (Necessary Conditions for Team Optimality
under Reference Measure)
Suppose Assumptions 2 hold. Then we have the following..
Necessary Conditions. For an element u°® € UN)[0, T with

f:00,T] xR" x AN) s R™ o :[0,T] x R* — L(R", R"the corresponding solution A? € B? ([0, 77, L?(,R)) to be

©:R"— R, £:0,T] xR" x AY) R,
R':[0,T] x C([0,T], R") — R¥i,

and they satisfy the following conditions.

(C1) The map o satisfies (A2), (A3), (A4) and the map
o~ f satisfies (A5);

(C2) The map f is once continuously differentiable with
respect to v € AXY), and the first derivative of o' f with
respect to is u is bounded uniformly in (¢, z,u) € [0,T] x
R™ x AD);

(C3) The maps ¢ is once continuously differentiable with
respect to u € A(N)) | and there exists a K > 0 such that

-1
(14 Jof3n + 02 ) lect, 2,0

-1
(1 falen + Julge)  16u(t, 2, w)lpe < K,

(14 lo3nl) (@)l < K:
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team optimal, it is necessary that the following hold.

(1) There exists a semi martingale m°® € SMZ[0,T]
(1-dimensional) with the intensity process (¥°,Q°) €
12, (10, T),R) x L3, ([0, T}, L(R", R)).

(2) The variational inequalities are satisfied:

N T | |
;E{/O H(t,z(t), A°(t), BO(t), Q°(t), u; M)dt} N

N . o
;E{/o H(t, z(t), A°(t), UO(t), Q°(t), u; °, uy ))dt},

vu e U0, 7], (24)

—1,0
y Uy

E{ /OT’H(t,;z:(t),AO(t),\If"(t),QO(t) ,ug)dt}

> E{ /OTH(t7x(t)vf\o(t),\I’o(t),Qo(t),ut_i’o,ui’o))dt},

vu' € UT'[0,T), Vi€ Zy. (25)
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(3) The process (¥°,Q°) € L ([0,T],R) x
Lz ([0,T],L(R",R)) is a unique solution of the
backward stochastic differential equation (21) such
that u® € UW[0,T] satisfies the point wise almost sure
inequalities with respect to the o-algebras géjt C Foyu,
tel0,7],i=1,2,...,N:

E{M(t, (), A°(), 0 (), Q°(8), ;)| G5 |
> E{H(t, x(t), A°(t), U°(t), Q°(t), u;’)\géft},
Vu' € A a.et € 0,T], Py —a.s.,Vi € Zy.  (26)
0,t

(4) For admissible strategies UN)2[0, T], UN)[0, T the
conditional expectation in (26) is taken with respect to the
information structures gg;, gz @) respectively.
Proof: See [25]. |

The important point to be made regarding Theorem 2
is that its derivation is based on applying, under the new
(reference) probability space (€, F,Fp P), any method
based on strong formulation (in our case [22], [24]), but
with v adapted to feedback information.

We also point out that the necessary conditions for a u® €
UM[0,T] to be a PbP optimal can be derived following the
procedure described in Theorem 2, and that these necessary
conditions are equivalent to the necessary conditions for team
optimality, as expected.

Minimum Principle Under Original Probability Space
(Q,F, {Fo,:t€[0,T]},P%)

Next, we express the optimality conditions with respect to
the original probability space (Q, F,{Fo. :t € [0, T]},P“).
Since the Hamiltonian under the reference probability mea-
sure (20), appearing in Theorem 2 is multiplied by A(-), then
we can write

H(t 2, A0, Q) =A{ Qo (t,2)f (1, )

itz u)} 27)

Define the Hamiltonian under the original probability mea-
sure P* by

H:[0,T] x R" x L(R",R) x AM) R

H(t, 2, Q,u) 2 ((t,z,u) + Qo (t,x) f(t,x,u).  (28)

Since A(T) = %h}?T, under the original probability mea-
sure (Q,F,{Fo; : t € [O,T}},P“), the adjoint process

{T(t),Q(t) : t € [0,T]} is a solution of the backward and
forward stochastic differential equation

dW(t) = —0(t, (1), up)dt

+ Q1AW (t), ¥(T)

p(x(T)), te[0,T),
(29)
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and the process {z(t) : t € [0,T]} is a solution of the
following forward equation.

dz(t) = f(t,x(t), us)dt + o(t, z(t))dW"(t), z(0) = zo. (30)

Moreover, the conditional variational Hamiltonian is given
by

B L, 2°(0), Q° (1), u ™, ub)| G}

> B {H(t (1), Q° (). u ", )63 |

y Uy
Vul € A%, a.et, P¥ —a.s.,Vi € Zn. (€2))

g,
For admissible strategies UN)-2[0, 7], UV)-2[0, T the con-
ditional expectation in (31) is taken with respect to the
information structures gg;, gz @) respectively.

B. Value Processes of Team Problems

In this section, we first show that the solution of the Back-
ward stochastic differential equation is the value process of
the stochastic dynamic team problem, lifted to a conditioning
with respect to the centralized information structure. Then
we use the lifted value process to show that the necessary
conditions (i.e. (31)) for PbP optimality are also sufficient.

Define the sample pay-off over the interval [¢t,T] by

$7T(u17...,uN)é/t 05, 2(s), us)ds + p((T)). (32)

and its conditional expectation with respect to Qé;,i =
1,...,N, by

. A i
i) SE{ Frl,. )Gl |, we UM, T,
(33)

where UN)[t,T] is the restriction of the strategies
U0, T), to the interval [t, T).

i

PbP  optimality ~seeks admissible strategies u €
Ulb[t,T],z' = 1,...,N to minimize the pay-off, in
the sense,

B G (e, ui ) G |

< Eu*"»o,“i{Z,T(u’i’o7ui)|géjt}7 vul € UT'[t, 7).

This means that when team members employ strategies,

—1 J ; .. .
u~"° € ><§-V:1J¢Z—UI [t,T], team member u' minimizes the
—i0 i . ; i .
reward E¥ {jtT(u “’,u’)|gé7t} over all strategies

U’'[0, 7). The set of all such strategies (u'?°, ...
x N U"[t,T] is called PbP optimal.

We denote the value processes of the team problem for each
team member by

ule) €

i L —ho gt —i,0 4,0 i .
Vi) 2B e )Gl b i =1, N
(34)



MTNS 2014
Groningen, The Netherlands

Consider the solution of the backward stochastic differen-
tial equation (21)

T (t) =0"(T) +/t H(s, z(s), Q" (s), us)ds

T
_ / Q"(s)dW(s), te[0,T).  (35)

For u = w? this is the lifted value process of the team pay-
off with respect to the information Fy 4, ¢ € [0, T]. From (35)
we have

(o) =9 (1) + [ H(s.a(s),u)ds
T
_/ Q"(s)dW*(s), tel[0,T),  (36)

and by taking conditional expectation IE“{ . |IF0¢} of both
sides of (36), and using U*(T') = ¢(x(T')), we obtain

T (t) = ]E“{/t L(s,2(8),us)ds + <p(a:(T))|IF0,t}. 37
Hence,

L) = E {0 @)Gh, }, w e UM, T], Vi € Zy.
(38)

Now, we state the main theorem.
Theorem 3: (Sufficient Conditions for PbP Optimality)
Let

(T¥, Q") € L3([0,T], L*(Q, R))x L2([0, T], L*(Q, L(R™, R

be a solution of the backward stochastic differential equation
(35). |

If u* € U''[t, T) satisfy the conditional variational inequal-
ities (31), then (ub°,...,uN-?) € xN U'[t,T)] is a PbP
optimal.

Moreover, a.e.t € [0,T],P*"

i,0

i,0
U |g1i —a.s. we have
0,t

Vi(g) =E* {]}E“_i’ﬂ’“i’o {\I/“_iyo’“m (t)[Fo.¢ } |gé,it}

{ M’”(t)\gg;}, i=1,...,N.
(39)
|

i

\Iju—,,o

i0 i,0
U

=E*

Proof: [25].

IV. CONCLUSIONS AND FUTURE WORK

This paper generalizes static team theory to stochastic
differential decision system with decentralized noiseless
feedback information structures. We have applied Girsanov’s
theorem to transformed the initial dynamic team problem to
an equivalent team problem, under a reference probability
space, with state process independent of any of the team
decisions. Then, we described the connection to static team
theory discussed by Witsenhausen in [13], and we proceeded
further to derive team and PbP optimality conditions, using
the stochastic Pontryagin’s maximum principle. We also
discussed the connection between the backward stochastic
differential equation and the value process of the team
problem.

)
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