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Abstract— We provide a generalized version of the Grey-
Rankin bound for self-complementary codes over finite Frobe-
nius rings and present some examples where the bound can be
applied and where the bound is sharp.

I. INTRODUCTION

Codes over ring alphabets have become prominent when it
was discovered at the end of the previous century that large
families of non-linear binary codes of high quality could be
derived from Z4 -linear codes.

Since then a number of authors have dedicated their work
to codes over rings and published foundational results as well
as constructions of codes that outperform traditional finite-
field linear codes.

Particular interest of algebraic coding theory over rings
is in code optimality, and hence in bounds on the sizes
and minimum distances of codes over rings. In that respect
several papers have been published, among them the author’s
previous work on Plotkin and Elias bound (cf. [3]) as well
as the paper [2] dealing with possible generalizations of the
Griesmer bound.

This paper aims at a generalization of the Grey-Rankin
bound for self-complementary codes over finite Frobenius
rings that are equipped with the homogeneous weight. We
will derive such a bound and present examples where the
bound can be applied and where the bound is sharp. We
thereby generalize the classical Grey-Rankin bound for bi-
nary self-complementary codes (cf. [6]) as well as the q -
ary version of the Grey-Rankin bound given by Bassalygo,
Dodunekov, Helleseth, and Zinoviev [1].

II. PROOF OF THE GREY-RANKIN BOUND

Let R be a finite Frobenius ring and let χ be a generating
character of R . Let w : R −→ Q be the homogeneous
weight on R with average value γ ≥ 0 , which can be
written as

w(x) = γ
[
1− 1

|R×|
∑
u∈R×

χ(xu)
]
.

As common in coding theory, we extend w additively to
the ambient space Rn , where n is a positive integer.
Furthermore, for any vectors x, y ∈ Rn we let their distance
be d(x, y) = w(x− y) =

∑n
i=1 w(xi − yi) .
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By a code C of length n we mean any nonempty subset
of Rn ; we will not assume linearity of the code unless
stated otherwise. We assume C × C being equipped with
the uniform probability distribution and consider the distance
function

dC : C × C −→ Q , (x, y) 7→ w(x− y)

as a random variable. In order to derive a Grey-Rankin
bound we will bound the variance of dC from below and
above. Whereas the lower bound will hold for any code with
expected value E(dC) = γn , the upper bound will require
some self-complementariness property.

A. Lower Bound on the Variance
Proposition 1: Assume the code C ⊆ Rn is of average

distance E(dC) = γn . Then its distance variance is bounded
from below as

Var(dC) ≥
γ2n

|R×|
.

Proof: We compute

Var(dC) =
1

|C|2
∑
x,y∈C

(
γn− dC(x, y)

)2
=

1

|C|2
∑
x,y∈C

( n∑
i=1

(γ − w(xi − yi))
)2

=
1

|C|2
∑
x,y∈C

n∑
i,j=1

(γ − w(xi − yi))(γ − w(xj − yj))

=
γ2

|C|2|R×|2
∑
x,y∈C

n∑
i,j=1

∑
u,v∈R×

χ((xi−yi)u)χ((xj−yj)v)

=
γ2

|C|2|R×|2
n∑

i,j=1

∑
u,v∈R×

∑
x,y∈C

χ(xiu+xjv)χ(yiu+yjv)

=
γ2

|C|2|R×|2
n∑

i,j=1

∑
u,v∈R×

∣∣∑
x∈C

χ(xiu+ xjv)
∣∣2

≥ γ2

|C|2|R×|2
n∑
i=1

∑
u∈R×

∣∣∑
x∈C

χ(xiu− xiu)
∣∣2 =

γ2n

|R×|
,

so that Var(dC) ≥ γ2n
|R×| , as desired.

The following property of the homogeneous weight will
be useful, particularly when securing the premise of the
foregoing proposition.

Lemma 2: Let c ∈ R \ {0} , a ∈ R , and consider S :=
Rc+ a ⊆ R . Then

1

|S|
∑
x∈S

w(x) = γ .
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Proof: We find that

γ − 1

|S|
∑
s∈S

w(s) =
1

|S| |R×|
∑
s∈S

∑
u∈R×

χ(su)

=
1

|S| |R×|
∑
u∈R×

∑
x∈Rc

χ((x+ a)u)

=
1

|S| |R×|
∑
u∈R×

χ(au)
∑
x∈Rc

χ(xu) = 0 ,

since Rcu is a nonzero left ideal for all u ∈ R× .
Remark 3: Let C be a code of length n . Consider the

coordinate projections πi : C −→ R , x 7→ xi , for
i ∈ {1, . . . , n} . Suppose these maps have image πi(C) =
Rci + ai for some ci ∈ R \ {0} and ai ∈ R , and are
uniformly distributed onto this image. Then for all y ∈ Rn
we have

1

|C|
∑
x∈C

w(xi − yi) = γ

by applying Lemma 2 with S = Rci + ai − yi . Therefore,

E(dC) =
1

|C|2
∑
x,y∈C

w(x− y)

=
1

|C|
∑
y∈C

n∑
i=1

1

|C|
∑
x∈C

w(xi − yi) = γn .

Remark 4: Let now C be a linear code of length n , i.e.,
C is a left submodule of Rn . We again assume the uniform
probability distribution on C and consider the weight wC :
C −→ Q , x 7→ w(x) as a random variable; it will have
the same distribution as the distance random variable dC .
If all (linear) coordinate projections πi are nonzero then
Remark 3 applies, so we have E(wC) = γn , and therefore

Var(wC) ≥
γ2n

|R×|
.

Moreover, we observe that in the proof of Proposition 1
we have

∑
x∈C χ(xiu + xjv) = 0 except if xiu = −xjv

for all x ∈ C . It then follows that as soon as the coordinate
maps πi are linearly independent then equality holds, i.e.,
Var(wC) =

γ2n
|R×| .

B. Upper Bound on the Variance

As is common in coding theory, a subset C ⊆ Rn is
called an (n,M, d) code if |C| = M and its minimum
distance

min
x,y∈C
x 6=y

d(x, y) = min
x,y∈C
x 6=y

w(x− y) = d.

Our generalization of the notion of self-complementary codes
appears in the statement of the next result.

Proposition 5: Assume the (n,M, d) code C is parti-
tioned into subcodes C1, . . . CM

L
of size L such that

1

L

∑
y∈Ck

d(x, y) = γn

for all k = 1, . . . , ML and x ∈ C . Then

Var(dC) ≤
M−L
M

(L−1)(γn− d)2 + L2

M2

∑
k

Var(dCk
) ,

where Var(dCk
) = 1

L2

∑
x,y∈Ck

(d(x, y)− γn)2 .

Proof: We have E(dC) = γn , since 1
M

∑
y∈C

d(x, y) =

γn for all x ∈ C . Therefore,

Var(dC) =
1

M2

∑
x,y∈C

(d(x, y)− γn)2

=
1

M2

M
L∑

j,k=1

∑
x∈Cj

∑
y∈Ck

(d(x, y)− γn)2 .

We show that
∑
y∈Ck

(d(x, y)−γn)2 ≤ L(L−1)(γn−d)2
whenever x /∈ Ck , i.e., j 6= k , from which the proposition
follows easily.

Let x /∈ Ck be fixed and write t1, . . . , tL for the dis-
tances d(x, y) , y ∈ Ck , so that

∑
y∈Ck

(d(x, y)− γn)2 =∑
`(t` − γn)2 , where t` ≥ d for all ` and

∑
` t` = Lγn

by assumption. Then the maximum value of
∑
`(t` − γn)2

is attained for t` = d for ` < L and tL = Lγn−(L−1)d .
Accordingly, it follows that∑
`(t` − γn)2 ≤ (L− 1) (γn− d)2 +

(
(L− 1) (γn− d)

)2
= L (L− 1) (γn− d)2 ,

as desired.
Lemma 6: Let C = Rc + a , where c ∈ (R×)n and

a ∈ Rn . Then

Var(dC) =
γ2n2

|R×|
.

Proof: By Lemma 2 we have E(dC) = γn , and from
by the proof of Proposition 1 it follows that

Var(dC) =
γ2

|C|2|R×|2
n∑

i,j=1

∑
u,v∈R×

∣∣∑
x∈C

χ(xiu+ xjv)
∣∣ .

Now the map C −→ R , x 7→ xiu+xjv is affine linear;
it is constant if and only if ciu + cjv = 0 , and otherwise
it holds

∑
x∈C χ(xiu+ xjv) = 0 . Since all ci ∈ R× , the

number of quadruples (i, j, u, v) such that ciu + cjv = 0
equals n2|R×| , hence we conclude that

Var(dC) =
γ2

|R×|2
n2 |R×| = γ2n2

|R×|
,

as stated.
Remark 7: Consider the finite field case R = Fq , so that

w = wH , the Hamming weight, with γ = q−1
q . Let C be

any (q, n, q) code, then

Var(dC) =
(q − 1)n2

q2
,

so that Var(dC) =
γ2n2

|R×| as in Lemma 6 as well.
Indeed, E(dC) = γn by Remark 3 and thus Var(dC) =

1
q2

∑
x,y∈C

(
d(x, y) − γn

)2
= 1

q2

(
q(q − 1)(n − γn)2 +

q(γn)2
)
= 1

q3

(
(q − 1) + (q − 1)2

)
= 1

q2 (q − 1)n2 .
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Now combining the lower bound and the upper bound on
the distance variance we get our main result.

Theorem 8: Let C be an (n,M, d) code that is parti-
tioned into subcodes Ck = Rck+ak for some ck ∈ (R×)n

and ak ∈ Rn for all k . Then

M ≤ |R| γ
2n2 − |R×|(|R| − 1)(γn− d)2

γ2n− |R×|(|R| − 1)(γn− d)2
,

provided the denominator is positive.
Proof: From Proposition 1 and Proposition 5 with

Lemma 6 we get

γ2n

|R×|
≤ Var(dC) ≤

M−|R|
M

(|R|−1)(γn−d)2+ |R|
M

γ2n2

|R×|
,

from which the stated bound follows easily.

III. SPECIAL CASES AND APPLICATIONS

In the following it is understood that the upper bounds
only apply if the denominator is positive. When R is a
finite field Fq we re-establish the q -analog of the Grey-
Rankin bound proved in [1, Thm. 2]. Note however that [1]
proves a slightly more general version of the bound, where
the alphabet size q may be any integer.

Theorem 9: Let C be an (n,M, d) code over a finite
field Fq that is partitioned into a set of (n, q, n) subcodes.
Then

M ≤ q
n2 − ((q−1)n− qd)2

n− ((q−1)n− qd)2
.

Proof: This result can be established exactly the same
way as Theorem 8, only this time using Proposition 1 and
Proposition 5 with Remark 7.

In particular, for q = 2 we deduce the classical Grey-
Rankin bound for self-complementary binary (n,M, d)
codes (see [6]), namely

M ≤ 8 d (n− d)
n− (n− 2d)2

.

As codes over the ring R = Z4 equipped with the Lee
weight are of particular importance, we also state the bound
for this case explicitly.

Theorem 10: Let C be an (n,M, d) code over R = Z4

equipped with the Lee weight and let C be partitioned into
subcodes Ck = Rck + ak for some ck ∈ (R×)n and
ak ∈ Rn for all k . Then

M ≤ 4 · n
2 − 6 (n− d)2

n− 6 (n− d)2
.

Proof: Apply Theorem 8 and note that for R = Z4

the Lee weight is the homogeneous weight with γ = 1 .

A. Codes Meeting the Grey-Rankin Bound
It is clear that codes with parameters (n, |R|n, γn) meet

the bound of Theorem 8. In the Hamming weight scenario
such codes are called difference matrix codes in [1], and it
is shown [1, Th. 3] that these codes automatically satisfy the
self-complementariness property of Theorem 9.

In [1], also a construction of such codes, over finite fields,
is given. We present a family of these codes over local
Frobenius rings.

Proposition 11: Let R be a finite local Frobenius ring.
For any positive integer m and n = |R|m there exists a
linear (n, |R|n, γn) code C partitioned into a family of
subcodes Ck = Rck + ak for some ck ∈ (R×)n and ak ∈
Rn for all k , i.e., for which the bound of Theorem 8 is
sharp.

Proof: Consider the codewords as maps Rm → R
and let C be the code consisting of all affine linear maps
f : Rm → R , where f(x1, . . . , xm) =

∑
i xici + a , for

some c1, . . . , cm ∈ R and a ∈ R .
If such an affine map f is non-constant, then w(f) = γn

by Lemma 2. Otherwise, if f ≡ a is a non-zero constant
map then w(f) = w(a)n ≥ γn , since R is a local
Frobenius ring. Hence, C is an (n, |R|n, γn) code.

Clearly, C can be partitioned into subcodes Ck =
Rh+ fk , where h ≡ 1 is the constant map.

B. Application to Recently Found Quaternary Codes
Kiermaier and Zwanzger recently report [4], [5] on the

existence of some Z4 -linear codes with very good pa-
rameters, so that their binary images under the grey map
are better than any binary linear codes known. The natural
question arises whether self-complementary codes with the
same parameters, either over Z4 or over F2 , exist.

In particular, a code over Z4 with parameters
(29, 128, 28) was derived from a hyperoval [4]; its grey
image is a (58, 128, 28) binary code. Now the bound from
Theorem 10 gives M ≤ 145 and the binary Grey-Rankin
bound gives M ≤ 124 . Therefore, codes with these param-
eters cannot be self-complementary over F2 , but might be
self-complementary over Z4 .

Furthermore, codes over Z4 with parameters
(57, 256, 56) and (994, 4096, 992) were found [5];
their grey image are (114, 256, 56) and (1988, 4096, 992)
codes. Here the bound from Theorem 10 gives M ≤ 254
and M ≤ 4074 , respectively, and the binary bound states
that M ≤ 236 and M ≤ 4008 , respectively. Consequently,
codes with these parameters cannot be self-complementary,
neither over Z4 , nor over F2 .
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