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Abstract— We present two challenging benchmark problems
for creating reduced-order models for the unsteady Boussinesq
equations. The first is a differentially-heated cavity flow in the
quasi-periodic regime and the second is an unsteady Marsigli
flow problem exhibiting the Kelvin-Helmholtz instability. The
first can be modeled accurately using the principle interval de-
composition (PID), which optimizes the length of time windows
over which to perform the POD procedure and is highly effec-
tive in convective problems. The second benchmark problem
requires the introduction of stabilization terms that capture the
effect of energy dissipation that is missing in a truncated POD
basis. We provide two eddy viscosity stabilization models and
optimize the parameter selection to best represent simulation
data. These benchmark problems demonstrate the feasibility
of low-order nonlinear models for capturing the dynamics of
complex thermal fluid behavior and can be used to validate
alternative reduced-order modeling methodologies.

I. INTRODUCTION

Proper orthogonal decomposition (POD) is one of the most
successful reduced-order modeling techniques for nonlinear
systems. POD has been used to generate a representative
reduced-order model (ROM) for the control, optimization
and analysis for a large number problems in fluid systems
(see for example, [1]–[4]). POD extracts the most energetic
modes from a collection of high fidelity numerical simula-
tions of the governing equations and are generally parameter
dependent. These bases are then used to reduce the governing
equations into a truncated system of amplitude equations
using the Galerkin projection. The resulting systems are low-
dimensional and provide an efficient framework for post-
processing analysis, optimization and control applications.

For many flows, the POD-Galerkin method provides an
efficient and accurate way to generate reduced-order models.
However, its applicability to complex convective flows is
limited due to the errors associated with the finite truncation
in POD modes. Several successful stabilization methods have
been suggested in order to model the effects of discarded
POD modes [5]–[8]. In many of these approaches, conjec-
tures used to stabilize POD models resemble closure models
of large eddy simulations for turbulent flows [9], [10].

Although most reduced-order modeling studies have been
performed by considering flows without thermal effects,
the POD approach has also been applied to a number of
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thermal-fluids problems governed by incompressible Boussi-
nesq equations. It has been used by Sirovich and Deane
[11], [12] for Rayleigh-Bénard convection problems. Gunes
and co-workers [13], [14] applied POD to two-dimensional
convective flows differentially-heated from the sides. Sahan
et al. [15] used a POD model in order to investigate transla-
tional flows and heat transfer characteristics in a periodically
grooved channel. Podvin and Le Quere [16] utilized POD to
obtain a reduced-order model to study the two-dimensional
buoyancy-driven flow in a differentially-heated tall cavity.
POD based reduced-order models of thermally driven two-
dimensional flows in a horizontal rotating cylinder, subject
to the Boussinesq approximation, have been studied by
Hasan and Sanghi [17]. A common objective in all of these
studies is to determine how well low-dimensional models
can reproduce the flow dynamics.

In the present study, we construct a reduced-order model
based on POD for the two-dimensional Boussinesq equations
using the vorticity-stream function formulation. This results
in a coupled set of ordinary differential amplitude equations
for the vorticity and temperature fields. The current work
aims to demonstrate the applicability and limitations of
POD-ROM for Boussinesq systems with applications to both
quasi-periodic and complex convective flows. To minimize
the numerical discretization error, a fourth-order compact
finite difference scheme is used to obtain accurate snapshots
as well as to compute any spatial derivatives required by
the model. The use of high-order numerical schemes to
construct the high-fidelity data for the reduced-order model
also helps to decouple the numerical effects from the POD
modeling effects, and serves as a guide in the subsequent
interpretation of the POD reduced-order modeling results.
A simplified eddy viscosity-type stabilization method is also
presented and tested for a lock-exchange problem. The strong
shear flow induced by a temperature jump results in the
Kelvin-Helmholtz instability, which can be considered quite
a challenging test problem for the assessment of reduced-
order models in convective Boussinesq flows.

The organization of this paper is as follows. The incom-
pressible Boussinesq equations are presented in Section II.
The derivation of POD-ROM is presented in Section III. The
numerical schemes for the mathematical models utilized in
this paper are briefly described in Section IV. In Section V,
the POD-ROM is tested for the differentially-heated cavity
flow problem and then for a more challenging the convective
flow setting known as Marsigli or lock-exchange problem at
Re = 5000. Finally, Section VI contains concluding remarks.
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II. GOVERNING EQUATIONS
The dimensionless form of the two-dimensional incom-

pressible Boussinesq equations on a domain Ω is given by

∇ · u = 0, (1)
∂u

∂t
+ u · ∇u = −∇p+

1

Re
∆u +Ri θ ĵ, (2)

∂θ

∂t
+ u · ∇θ =

1

RePr
∆θ (3)

where u = (u, v)T is the velocity with horizontal and
vertical components represented by u and v, respectively,
p is the pressure, and θ is the temperature. The Boussinesq
equations are generally characterized by three dimensionless
numbers. Re is the Reynolds number, the ratio of viscous
effects to the inertial effects; Pr is the Prandtl number, the
ratio of the kinematic viscosity to the heat conductivity; and
Ri is the Richardson number, the ratio of the buoyancy force
to the inertial forces.

Instead of the primitive variable formulation given by (1)-
(3), we introduce the vorticity ω = (∇×u)·k̂ and the stream
function ψ. The governing equations for two-dimensional
incompressible Boussinesq equations can be written as the
two coupled scalar transport equations

∂ω

∂t
+
∂ψ

∂y

∂ω

∂x
− ∂ψ

∂x

∂ω

∂y
=

1

Re
∆ω +Ri

∂θ

∂x
, (4)

∂θ

∂t
+
∂ψ

∂y

∂θ

∂x
− ∂ψ

∂x

∂θ

∂y
=

1

RePr
∆θ, (5)

along with the kinematic relationship between vorticity and
stream function given by

∂2ψ

∂x2
+
∂2ψ

∂y2
= −ω. (6)

The desired flow velocity components are

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (7)

III. REDUCED-ORDER MODELING
In this section, we present the POD for model reduction

of the unsteady, incompressible Boussinesq equations given
by (4)-(5). We construct our POD-ROM by computing basis
functions from the field variables ω and θ then applying
Galerkin projection using a high-order compact difference
scheme described in Section IV.

A. Computing POD Basis Functions

In the time stepping process of solving (4)-(5), the ith
record of any field variable ζ (i.e., the vorticity field ω or
temperature field θ in this study) at time t = ti is denoted
ζi(x, y) for i = 1, 2, ...,M where M is a large enough num-
ber of snapshots to identify representative flow information.
We construct the temporal autocorrelation matrix from these
linearly independent records as

Cij =

∫
Ω

ζi(x, y)ζj(x, y)dxdy, (8)

where Ω is the entire spatial domain in which the field
variables are defined, and i and j refer to the ith and jth

snapshots. Note that the autocorrelation matrix C is a non-
negative Hermitian matrix. Finding eigenvalues for C can
be used to calculate right singular vectors for ζi(x, y) from
which we can compute the POD basis functions (e.g., see
[18]–[20]). If we write the eigenvalue problem as

CΥ = ΥΛ, (9)

where Λ = diag[λ1, λ2, ..., λM ] has eigenvalues listed in
descending order and and Υ = [υ1,υ2, ...,υM ] contains
the corresponding eigenvectors, the kth POD basis function
associated with the field variable ζ, φk can be computed as

φk(x, y) =
1

λk

M∑
i=1

υki ζ
i(x, y), (10)

where υki is the ith component of eigenvector υk. The eigen-
vectors are normalized to ensure the orthogonality condition

(φk, φl) =

{
1, k = l;
0, k 6= l.

(11)

Using the kinematic relationship between stream function
and vorticity given by Eq. (6), the jth basis function for
the stream function, φψj (x, y), can be obtained from the jth
vorticity basis function by solving a Poisson equation

∂2φψj
∂x2

+
∂2φψj
∂y2

= −φωj . (12)

B. Galerkin Projection to Obtain ROM

To obtain a reduced-order model, we compute R POD
basis functions for the fluctuations of field variables ω and
θ from their (temporal) mean values, ω̄ and θ̄ (where 1 ≤
R ≤M ). Then represent the scalar field variables as

ω(x, y, t) = ω̄(x, y) +

R∑
k=1

αk(t)φωk (x, y), (13)

θ(x, y, t) = θ̄(x, y) +
R∑
k=1

βk(t)φθk(x, y), (14)

where we now need to determine dynamical equations for
the time dependent coefficients {αk} and {βk}. To obtain
these dynamical systems for the coefficients, we rearrange
(4)-(5) using linear and nonlinear operators in the following

∂ω

∂t
= N [ω;ψ] +

1

Re
L[ω] +RiD[θ], (15)

∂θ

∂t
= N [θ;ψ] +

1

RePr
L[θ], (16)

where L and D are linear operators, and N is the nonlinear
operator given by

L[f ] = ∆f, D[f ] =
∂f

∂x
, N [f ; g] = ∇f ×∇g, (17)

where f and g are arbitrary field variables.
Next, we apply Galerkin projection to the system by

multiplying (15)-(16) with the basis functions and integrate
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over the domain. The Galerkin projection onto the kth basis
function can be written as(∂ω
∂t
, φωk

)
=
(
N [ω;ψ], φωk

)
+

1

Re

(
L[ω], φωk

)
+Ri

(
D[θ], φωk

)
,

(18)(∂θ
∂t
, φθk

)
=
(
N [θ;ψ], φθk

)
+

1

RePr

(
L[θ], φθk

)
. (19)

Substituting (13)-(14) into (18)-(19), and using the orthog-
onality condition given by (11), we obtain the following
coupled POD reduced-order system for k = 1, 2, . . . , R:

dαk
dt

= Bωk +
R∑
i=1

Pωikαi +
R∑
i=1

Hω
ikβi +

R∑
i=1

R∑
j=1

Qωijkαiαj ,

(20)

dβk
dt

= Bθk +
R∑
i=1

P θikβi +
R∑
i=1

Hθ
ikαi +

R∑
i=1

R∑
j=1

Qθijkβiαj ,

(21)

where

Bωk =
1

Re

(
L[ω̄], φωk

)
+
(
N [ω̄; ψ̄], φωk

)
+Ri

(
D[θ̄], φωk

)
, (22)

Bθk =
1

RePr

(
L[θ̄], φθk

)
+
(
N [θ̄; ψ̄], φθk

)
, (23)

Pωik =
1

Re

(
L[φωi ], φωk

)
+
(
N [ω̄;φψi ]+N [φωi ; ψ̄], φωk

)
, (24)

P θik =
1

RePr

(
L[φθi ], φ

θ
k

)
+
(
N [φθi ; ψ̄], φθk

)
, (25)

Hω
ik = Ri

(
D[φθi ], φ

ω
k

)
, (26)

Hθ
ik =

(
N [θ̄;φψi ], φθk

)
, (27)

Qωijk =
(
N [φωi ;φψj ], φωk

)
, (28)

Qθijk =
(
N [φθi ;φ

ψ
j ], φθk

)
. (29)

The proper orthogonal decomposition reduced-order model
(POD-ROM) given by (20)-(21) consists of 2R coupled
ordinary differential equations and can be solved easily by a
standard numerical method (e.g., we use a third-order Runge-
Kutta scheme in this study). We should emphasize that the
degrees of freedom of the system have been substantially
decreased and the resulting dynamical system can be solved
very efficiently since all the POD basis functions and cor-
responding model coefficients in (22)-(29) are precomputed
from the simulation snapshots.

In this study, we focus on the predictive capabilities of
various POD reduced-order models for the complex flow
problems in Boussinesq system. To complete the dynamical
system given by (20)-(21), the initial conditions are specified
by using the following projection

αk(t0) =
(
ω(x, y, t0)− ω̄(x, y), φωk

)
, (30)

βk(t0) =
(
θ(x, y, t0)− θ̄(x, y), φθk

)
, (31)

where ω(x, y, t0) and θ(x, y, t0) are the initial conditions for
the vorticity and temperature fields, respectively, specified at
the initial time t0.

The POD-ROM given by (20)-(21) usually works well
for relatively smooth solutions where the largest R modes
adequately capture the system dynamics. One of the main
sources of inaccuracy in the POD-ROM is the truncation of
the higher-order modes (from R + 1 to ∞) in the reduced-
order model. It has been shown that stabilization schemes
improve the performance of the low-dimensional models
[21], [22] and more recently more complex models have
been proposed [5]–[8], [23]. The first and simplest model to
overcome errors due to the finite truncation involved in the
POD-ROM approach for stiff systems is called Heisenberg
stabilization which uses a global constant eddy viscosity
coefficient [6]. In large eddy simulations of turbulent flows
this stabilization idea is also called mixing length closure,
which is also used in POD literature [8]. This stabilization
model accounts the effects of the truncated modes by using
the same dissipation operators in the physical model by in-
troducing a constant eddy viscosity coefficient in the model.
Therefore, the corresponding physical parameter in the dis-
sipation mechanism, which is Re number in our system, can
be modified by adding an eddy viscosity coefficient in the
following form

1

Re
⇒ 1

Re
(1 + νa), (32)

where the free stabilization parameter νa is considered as a
global constant for all the modes in this model (i.e., νe =
νa/Re is the total amount of eddy viscosity added to the
system). The constant eddy viscosity idea suggested in (32)
can be improved by supposing that the amount of dissipation
is not identical for all the POD modes [24], [25]. Therefore,
the global viscosity is replaced by modal viscosities using a
linear kernel in the following form

1

Re
⇒ 1

Re
(1 + νa

k

R
), (33)

where the constant νa is now defined as the amplitude of the
eddy viscosity stabilization. Using a linear viscosity kernel,
k/R, the amount of dissipation and hence stabilization
increases linearly by the POD modal index k. Thus, we add
more dissipation to the higher order modes, reflecting the
locality of energy transfer between mode R and the discarded
modes.

The problem is then to determine or to adjust the constant
νa in these two eddy viscosity models to obtain better
accuracy in the reduced-order model. An important feature
of these eddy viscosity stabilization models is that they
require minimal computational cost for computing reduced
order model coefficients in (22)-(29). Therefore, a parameter
study to find a suitable choice of the free parameter νa
can be achieved with the minimal cost of solving (20)-(21).
Specifying νa = 0 transforms these eddy viscosity ROM
models to the standard POD-ROM model.

IV. NUMERICAL SCHEMES

The objective of the present work is to test and evaluate the
characteristics of proper orthogonal decomposition reduced-
order models (POD-ROM) and compare them with a solution
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obtained by a direct numerical simulation (DNS) for solving
incompressible Boussinesq equations. Here, we provide a
brief description of the numerical methods employed in this
study.

First of all, we implement compact difference schemes
to approximate the differential operators (N , L, and D). A
detailed stability and convergence analysis of the compact
difference methods for flow problems [26] performed in
[27] shows that it produces less numerical dissipation than
standard schemes. As we mentioned above, the resulting
ordinary differential equations are solved using a third order
(TVD) Runge-Kutta scheme [28].

V. RESULTS

A. Differentially-Heated Cavity Problem

To illustrate the performance of POD-ROM given by (20)-
(21), we first present results for a buoyancy driven flow
enclosed in a differentially-heated tall cavity. A detailed
description of the problem can be found at [29], [30]. The
geometry of the problem is prescribed as a tall rectangular
cavity in a [0, 1] × [0, 8] enclosure. The flow is driven by a
constant temperature difference between the vertical walls.
The temperature at the left wall (x = 0) is fixed at θ = 0.5,
and the right wall (x = 1) at θ = −0.5. The top and bottom
of the cavity (y = 0 and y = 8, respectively) are perfectly
insulated (i.e., ∂θ/∂y = 0). No-slip boundary conditions are
applied on all boundaries. The flow is initially at rest with
a linear temperature distribution that matches the vertical
walls. The Rayleigh number for this problem was chosen to
be a supercritical value of Ra = 3.4 × 105, the Richardson
number is Ri = 1, and the Prandtl number Pr = 0.71. For
the prescribed geometry, physical parameters, and boundary
conditions, after an initial transient time, the flow exhibits
a time-periodic behavior. The numerical simulations are
performed until a final time T = 1000 which is sufficient
enough for the flow settle into the periodic regime.

To build the POD-ROM, we first run a DNS computation
on a fine mesh by using the resolution 128×1024 with a time
step of ∆t = 0.004. After a transient initial period, the flow
exhibits a time-periodic behavior for the present configura-
tion. We store 501 snapshots in time interval [950, 1000] at
equidistant time intervals. We then build our reduced-order
model from this data set using the methodology discussed
above. The decay of the POD eigenvalues are shown in
Fig. 1. In Fig. 2, we provide contour plots for a few POD
modes corresponding to the ω and θ fields to indicate the
structure of the solutions. As we observe, the rapid decay
in the eigenvalues corresponds to exceedingly smaller scale
structures in the modes. This rapid decay indicates that
solutions are likely smooth and can be accurately represented
using relatively few (R ≈ 10) modes for each scalar variable.
Therefore, the eddy-viscosity modeling presented in (32) and
(33) is not required for this problem.

In Table I, we provide estimates of the approximation
quality of the POD bases for representing the given solution

Fig. 1. Eigenvalues of the correlation matrix C for the differentially-heated
cavity problem by using 500 snapshots.

TABLE I
POD ANALYSIS FOR DIFFERENTIALLY-HEATED CAVITY PROBLEM

R Pω P θ CPU(s) ‖ eω ‖2 ‖ eθ ‖2

3 0.99468077 0.99540448 0.0459 3.0848E-1 6.5427E-3
6 0.99999701 0.99999852 0.1769 3.0442E-1 6.4753R-3
8 0.99999991 0.99999997 0.3889 3.0433E-1 6.4735R-3
10 1.0 1.0 0.7098 3.0433E-1 6.4735R-3

trajectories,

Pω(R) =
R∑
k=1

λωk

/ M∑
k=1

λωk and P θ(R) =
R∑
k=1

λθk

/ M∑
k=1

λθk,

as well as L2 errors between the DNS and the POD-ROM
at time t = 1000,

eω = ωROM − ωDNS and eθ = θROM − θDNS

for varying numbers of basis functions. We also present the
time required to solve the POD-ROM model (for comparison,
the computational time for the DNS was 9531.14s). We
observe substantial reduction in computational time as well
as accurate solutions for relatively small values of R.

B. Marsigli Flow Problem

In this section, we investigate the performance of the POD-
ROM methodology by solving a strong shear flow exhibiting
the Kelvin-Helmholtz instability, known as Marsigli flow or
the lock-exchange problem. This flow problem is a convec-
tive flow problem and quite different than the periodic flow
problem studied in previous section. Thus, the Marsigli flow
is a more challenging benchmark problem for constructing
accurate reduced-order models. The physical process in the
Marsigli flow problem is motivated to explain how differ-
ences in density (i.e., by Boussinesq approximation, the
density difference can be converted inversely proportional to
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(a) φω1 (b) φω2 (c) φω3 (d) φω6 (e) φω10

(f) φθ1 (g) φθ2 (h) φθ3 (i) φθ6 (j) φθ10

Fig. 2. Illustrative examples for some POD basis functions of the vorticity
and temperature fields for the differentially-heated cavity problem.

temperature difference) cause currents to form in the ocean
and seas. The setup used to perform numerical experiments
is as follows as prescribed in [30]. Two fluids of different
temperatures (corresponding to different densities) are ini-
tially at rest in a rectangular domain of [0, 8] × [0, 1] and
separated by a vertical barrier at x = 4. The temperature
is chosen to be θ = 1.5 at the left half, which indicates
lower density, and θ = 1 at the right half, which indicate
higher density. The flow is at rest initially (i.e., the vorticity
and stream functions are set zero at t = 0) with constant
temperature values for the left and right fluids given above.
The no-slip and adiabatic boundary conditions are prescribed
for the flow and temperature field, respectively. The lock-
exchange flow is started by “removing the barrier.” The
values of the Reynolds, Richardson, and Prandtl numbers
in simulations are selected as Re = 5000, Ri = 4, and
Pr = 1. As highlighted in [30], the numerical simulation
of this type of strong shear flow is quite challenging. We
perform computations using a grid resolution of 4096× 512

(a) t = 2

(b) t = 4

(c) t = 6

(d) t = 8

Fig. 3. Evolution of temperature field for the Marsigli flow problem at
Re = 5000, Ri = 4, and Pr = 1.0 obtained by a DNS computation on a
resolution of 4096× 512.

with a time step of ∆t = 0.0005.
The evolution of the temperature field is shown in Fig. 3

(with similar contours for the vorticity field, not shown).
Once the flow is released at time t = 0, the flow is driven by
the buoyancy force in Boussinesq system. An upper current
flow, which moves from the left to the right side, and an
undercurrent flow, which moves in the opposite direction,
occur. Consequently, a strong shear layer is formed between
upper and lower currents and this vortex sheets exhibits
the Kelvin-Helmholtz instability. Progressively more vortical
structures are generated, stretched and elongated as time
goes on. The developments of the kinematic and thermal
boundary layers are also shown in the plots. The numerical
simulation of these convective rolling structures in flows
exhibiting Kelvin-Helhmoltz instabilities is quite challenging
and requires high-resolution to accurately capture the flow
dynamics. Our DNS results are agree well with the results
reported in Fig.1 and Fig.2 of [30]. One of the main objective
in the our study is to test and evaluate the reduced-order
models for this complex convective flow setting.

We store 401 snapshots between time interval t ∈ [0, 8]
in equidistant time intervals. These snapshots are used to
create the POD basis for our reduced-order models. The
corresponding eigenvalues are provided in Fig. 4.

The stiffness of this problem can be seen from this plot.
Compared to the previous differentially-heated cavity flow
problem, the eigenvalues for Marsigli flows slowly reduce
their amplitude with increasing POD index. Therefore, it
requires significantly more POD modes to capture the es-
sential dynamics of the flow field. The analysis of the POD-
ROM is summarized in Table II (for comparison, the DNS
required 74.73 hours of computational time). The reduced-
order model constructed using R = 6 modes captures 70% of
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Fig. 4. Eigenvalues of the correlation matrix C for the Marsigli flow
problem by using 400 snapshots at equidistant time intervals t ∈ [0, 8].

TABLE II
POD ANALYSIS FOR THE MARSIGLI FLOW PROBLEM

R Pω P θ CPU(s) ‖ eω ‖2 ‖ eθ ‖2

6 0.70537388 0.90322784 0.2299 3.7532 8.7977E-2
10 0.78600409 0.94733013 0.9208 2.9937 6.6690R-2
20 0.87584937 0.98036542 6.6110 2.3159 4.7504R-2
30 0.91786786 0.98997989 23.292 1.7466 2.8715R-2

energetics in this problem, whereas we report in Table I that
the POD-ROM with R = 6 modes captures more than 99%
in the previous problem. As expected, the accuracy of the
reduced-order models increases with increasing R in POD-
ROM models.

Fig. 5 shows the temperature isolines at time t = 8
comparing various reduced-order models with different R
values with the DNS data. Similar comparisons can be seen
with vorticity and stream function contours. This figure
clearly demonstrates that an increase in R produces progres-
sively more accurate reduced-order dynamical models since
it includes more small scale effects associated with higher
POD modes.

Next, we would like to address the effects of stabilization
for this complex convective flow setting. A parametric study
performed by systematically varying νa is performed. Fig. 6
shows the influence of the νa parameter on the accuracy of
the temperature field when including the Heisenberg constant
eddy viscosity stabilization given by (32). We compute L2

norms of temperature field at time t = 8 for reduced-order
models with R = 6 and R = 10. As we can see from
the figure, stabilization slightly improves the accuracy of
the models. Optimal values for the stabilization parameters
become νa = 0.55 for R = 6 and νa = 0.25 for R = 10.
Similar observations can be seen from the Rempfer’s mode
dependent eddy viscosity stabilization scheme given by (33).

(a) DNS

(b) R = 6

(c) R = 10

(d) R = 20

(e) R = 30

Fig. 5. Temperature contour plots for the Marsigli flow problem at time
t = 8 showing a comparison of POD-ROMs with various R with the DNS
data.

With this stabilization model, optimal values are νa = 1.1
for R = 6 and νa = 1.6 for R = 10. Because of the
definition of linear viscosity kernel as k/R in the Rempfer’s
model, the optimal value for the R = 10 case is greater
than that of the R = 6. It can be noted that νa = 0
here corresponds to the standard POD-ROM Galerkin model.
Using these optimal values, we next compare the results for
R = 10 in Fig. 8, plotting the temperature fields at time
t = 8. It is clear that we obtain slightly more accurate results
using the eddy viscosity stabilization. Although there is not
much difference between the Heissenberg’s and Rempfer’s
stabilization models when we use their optimal values, it
can be seen that Rempfer’s model predicts slightly better
results. However, it is possible to obtain more accurate results
with eddy viscosity stabilization, we can also see that an
increase of R is more effective in terms of accuracy. For
example, standard POD-ROM model using R = 10 modes
without performing any stabilization (i.e., Galerkin model)
yield more accurate results than the stabilized model with
R = 6 modes.

The analysis presented above uses the same eddy viscosity
correction for the vorticity and temperature transport equa-
tions in the model. Therefore, the same amount of νa is
used in (20)-(21) for stabilized POD-ROM models. In the
following, we also perform a stability analysis with respect
to the νa in such a way that we independently applied
different values of νa for vorticity and temperature transport
equations. Fig. 9 shows the sensitivity plot for reduced-order
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Fig. 6. Sensitivity analysis with respect to the free stabilization parameter
νa for reduced-order models with R = 6 and R = 10 using the
Heisenberg’s constant eddy viscosity stabilization given by Eq. (32). The L2

norms of temperature field are computed at time t = 8. Optimal values for
the stabilization parameters become νa = 0.55 for R = 6 and νa = 0.25
for R = 10.

models with R = 6 using the Rempfer’s mode dependent
eddy viscosity stabilization given by Eq. (33). The values of
free stabilization parameter νa are varied independently for
(20)-(21). Optimal values for the νa are as follows: νa = 1.2
for vorticity transport equation modeled in Eq. (20) and νa =
4.4 for temperature transport equation given by Eq. (21).
The computed L2 norm for the temperature ‖ θ ‖= 0.0689
whereas the ‖ θ ‖= 0.0879 for the Galerkin method in which
νa = 0 for both vorticity and temperature equations. This
analysis also demonstrates that the optimal amount of eddy
viscosity stabilization is not the same for momentum and
energy equations. If we apply eddy viscosity stabilization to
only momentum equations (i.e., vorticity transport equation)
the L2 norm becomes approximately ‖ θ ‖= 0.0736. We
also emphasize that the L2 norm of temperature field for
POD-ROM with R = 10 is ‖ θ ‖= 0.0666. As we can
see that, however, we obtain slightly more accurate results
by using stabilization schemes for optimal values of eddy
viscosity parameter, with a negligible small computational
overload, the performance of the POD-ROM depends more
on the number of modes than the amount of eddy viscosity
stabilization for this type of convective flow problems.

VI. CONCLUSIONS

We provide two benchmark studies for constructing POD-
ROM for the two-dimensional incompressible Boussinesq
equations: the differentially-heated cavity and Marsigli flow.
In our first example, we demonstrate that the dynamics of
the quasi-periodic flow is well captured by the proposed
POD-ROM even using just a few modes. In our second
example, however, we showed that the POD-ROM requires
more modes and can benefit from the addition of eddy

Fig. 7. Sensitivity analysis with respect to the free stabilization parameter
νa for reduced-order models with R = 6 and R = 10 using the Rempfer’s
mode dependent eddy viscosity stabilization given by Eq. (33). The L2

norms of temperature field are computed at time t = 8. Optimal values for
the stabilization parameters become νa = 1.1 for R = 6 and νa = 1.6 for
R = 10.

viscosity stabilization. We compared Heisenberg’s constant
and Rempfer’s mode dependent eddy viscosity models to the
standard Galerkin projection without stabilization. Parameter
studies were performed to identify the ideal values of the
eddy viscosity parameters and show improvement in using
different values of eddy viscosity in the vorticity and energy
equations. These studies were based on the standard POD
method for building a basis for a given simulation. In a
follow up study, we plan to use the Marsigli flow problem
to study the impact of accurately choosing the time intervals
over which POD bases are calculated [31] on both the
accuracy of the POD-ROM as well as the optimal values
of the stabilization parameters as well as investigate the
accuracy of these models as the parameter Ri varies by
extending the methods in [32].
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