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Different aspects of the controllability problem for rotating Timoshenko
beams*
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Abstract— We consider the null-controllability problem for
rotating Timoshenko beams. We present a short survey of
the results on different forms of reachability conditions and
determining the minimal exact controllability time. The main
result concerns the problem of optimal control in the sense of
minimal energy. We give a new numerical approach of finding
the optimal control. The method is based on the analysis of
the specific properties of the moment problem corresponding
to the problem of rest-to-rest controllability.

I. ROTATING TIMOSHENKO BEAMS MODELS. SPECTRAL
PROPERTIES

The problem of control of vibrating beams has been
the subject of several investigations during last decades. A
number of publications concentrate on the Euler beam model
[4], [6], [10], [12], [13]. At the same time there appear more
and more works concerning Timoshenko beam model [15],
[16], [17], [18], [19], [21], [29], [31]. In [32] the nonlinear
model for a rotating Timoshenko beam in a horizontal plane
was derived and the linearization of the problem in the case
of a slowly rotating beam was given. This particular model
was picked up by Krabs and Sklyar and studied in [16], [17],
[18]. In the monograph [18] the detailed spectral analysis of
the operators associated with Timoshenko beam model was
given (for the case of non-homogenous beam see also [22]).
This allowed statement and studying — for this model — major
problems concerning control theory: exact controllability,
approximate controllability and stabilizability.

We recall the dimension-free model from [16], [22] of a
Timoshenko beam rotating in a horizontal plane, whose left
end is clamped into the disk of a driving motor. Let » > 0
be the radius of the disk and let & = 6(t) be the rotation
angle as a function of time ¢ > 0. By w(x,t) we denote
the deflection of the center line of the beam at the location
x € [0,1] (the length of the beam is assumed to be 1) and
the time ¢ > 0, by {(z,t) the rotation angle of the cross
section area at x and ¢t. We also set E(x) for the flexural
rigidity of the cross-section, K (x) — shear stiffness, o(z) —
mass of the cross section and R(z) — rotary inertia; all of
the above functions are assumed to be real, bounded from
above and bounded from below by a positive number, their
first and second derivatives are also bounded. If we assume
the rotation to be slow, then w and & are governed by the
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two following differential equations
oz)i(a, t) — (K (x)(w' (z,1) + (1))
= —b(t)o(z)(x + 1),
R(2)&(x,t) — (B(2)€ (2,1))" + K (z)(w'(2,t) + £ (. 1))
= 0()R(x) 0

with z € (0,1) and ¢ > 0, where j(z,t) = Zy(z,1t),
y'(z,t) = Zy(z,t). In addition we have boundary con-
ditions given by
w(oat) = f(oat) =0,
w'(1,t) + &(1,¢) = £'(1,
for ¢ > 0, which mean that there is no deformation at the
clamped end and the energy balance law holds at the other
end.
Let A : D(A) — H = L?*((0,1),R?) be an operator
71 /72 ’
given by A(Y) = ( o (K('~2)) ) for (Y) € D(A),

£ =0 @)

-+ ((B2") —K(y'+2))
where
, y(0) = 2(0) =0,
D)= { (1) € H(0.0.8) | (1) +20) =0, o,
z /
Z/(1)=0

where the space H is endowed with inner product

(%))
1
+ /0 R(7)z1(x)z2(7)dz.

Defining b(z) = (7', ") and (flgz t;) = b(x)0(t) we rewrite

(1) = (2) in the form of the operator model equation

.. + A = 3
<s<~,t> e.0)) = (et ®
for ¢t > 0. In [16], [22], [23] it was found that A is positive,

self-adjoint and has a sequence of simple (i.e. of multiplicity
one) eigenvalues A\; € R such that

/0 o)y (2) @) da

0< A —o00 asj— o0

and a corresponding orthonormal sequence of eigenelements
(Z]) € D(A), j € N. Besides, it was proven that
J

2k — 1 -1 fol f(((g; dx for n =2k — 1,
\/)\n~( 7r+€n> = =
2 S da for n = 2k,

I

“4)
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II. MINIMAL CONTROLLABILITY TIME

Following [15] we consider the following
Problem of exact null-controllability: Assume that the
beam is in the position of rest at time ¢ = 0, i.e. the initial

conditions
w(z,0) = w(z

0) =

0) =
)

0
£(, E(x &)

6(0) = 6(0)

with = € [0, 1] are satisfied. Describe the set of the states
(wr, &7, Wr, &7, O7, O7) such that for given T > 0 we can
find control u = 6 € L?(0,T) satisfying

)

6(0) = 6(0) =
0(T) = Or,
0(T) = Or,
and the solution (w, &) of (1) — (5) satisfies the end conditions
w(va) :wT(m)v 5(1'7T) :gT(x)a

The unique weak solution of equation (3) corresponding
to initial conditions (5) is then given by
w(x,t)

(g(m))
=X e fysin /(- ) (00 ()

for x € [0,1] and ¢ > 0 and its time derivative reads
w(z,t)

(¢t t
= S5 Jycos /At = ) (1) (1)

Hence the end conditions are equivalent to the following
moment problem

f1(-t)

Falet) ds (%)

H %

Y

VA

wr Yj
sin s)ds = ;
J, s ()
1 [ j
A
aj \\&r/ \%j
(6)
7 €N, and
T ..
/ to(T — t)dt = O,
or . )
/ G — byt = O,
0
where  a; = <b, (Zj)> Let d; =
“’T y 4
< & > \F< >, and let us rewrite (6) in
equivalent form of a trigonometric moment problem of
Ullrich type, namely
/ VS T=9(s5)ds = d;,
®)

T
/ e_\/rf(T_s)é(s)ds =dj,
0

7 € N. Now using Riesz basis results from [1] authors of
[22] obtained the following result.

)
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Theorem 1 (see [22]). The problem of controllability from
rest to rest is solvable if
)d:n .
)

3 Pl o[
T>TO2<O,/K(x)d +/0

The problem of null-controllability of the beam was also
studied in [23] for speciﬁc conditions on values of integrals

fo Wd:c and fo \/de

R(x

T

III. SERIES CONVERGENCE REACHABILITY CONDITIONS

Now assume that the beam is homogeneous, and consider
the simplest case, namely o(x) = K(z) = R(x) = E(z)
1. It is known that (8) has at most one solution if 7" <
To = 4 whereas if T' > Ty = 4 the solution of (8) is
not unique (if it exists). It is well known that the problem
of controllability of distributed parameter systems is often
reduced to the corresponding trigonometric moment problem
(see [20] as one of the first works concerning this issue). In
[15] Korobov et al. showed that in the trigonometric moment
problem corresponding to the model from [18] there appear
two different but asymptotically close families of complex
exponentials. Such a problem was earlier studied by Ullrich
[30] in 80’s in its abstract form. The conditions of solvability
obtained by Ullrich are formulated as convergence of series
of divided differences associated with the moment sequences.
Later these results were essentially generalized in [2], [3] and
others. Applying the Ullrich’s approach the conditions of the
exact controllability was obtained in the form of convergence
of series of divided differences of sequences constructed by
some parameters of model operators [15]. The result was
developed for some more general model in [19].

Basing on results of Ullrich the authors of [15] obtained
conditions of reachability of end states in terms of conver-
gence of series:

Theorem 2 (see [15]). Let T' > 4. The state
(wr, &, i, &, 07, 07) is null-reachable by the virtue of
the system (3) if and only if the condition

00 2 2
525 (J1md; [ + Red, |

2 2 (9)
i Imd,; —Imds; Red,;—Reds; 1 < o0
>\2j_\/)\2j—1 \/)\2)’_\/)\2]—1

holds, where

wr

(€. ),,
<b’ & H

"))
(10)

Aj are eigenvalues of A and (y’) € D(A) are corresponding
eigenvectors, j € N.

Let T = 4. The state (wT,fT,wT,éT,GT,éT) is null-
reachable by the virtue of the system (3) if and only if the

wr

(). ()

<b’ (Zy)>H |

Yj
Zj

Yj
Zj

Imd; = \/};

Redj =

)
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condition (9) holds and the end conditions
T .
/ tH(T — t)dt = O,
0
T .. .
/ (T — t)dt = Op
0

are satisfied, where 0(-) is the unique solution of (8).

A similar results concerning homogeneous beam with
physical parameters also constant, but not all equal 1, was
obtained in [19].

IV. SMOOTHNESS OF END STATES CONDITIONS

We prove the following theorem which answers the question
of the sense of Ullrich conditions in our problem:

Theorem 3. (see [27]). Let T > 4. The state
(wT,gT,wT,g'T,aT,éT) is null-reachable by the virtue of
the system (3) if and only if it fulfills the smoothness
conditions of the form

wr,ér € H?(0,1),
wT,éT EHl(O,l),
er € H?(0,1),
or € H?(0,1),

and boundary conditions of the form

wT(O) = fT(O) = 07
wp(1) +&r(1) = &p(1) =0,
¢7(0) =0,

=}

7(0) =0,
(1) (—rcos 3 —sin §)
(1) (—rsind +cos i),

AS)
~
-
=
N—
RN

S

where

—rsin — —
wr T S D) COS2

+ &r(x) (rcosg + sin g) ,

or(@) (~rsin g +cos T )
wr(x TSan COS2

+ Ep(x) (7" Cosg + sin g) .
Let T = 4. The state (wr,ér, wr, 7, O, 0T) is null-
reachable by the virtue of the system (3) if and only if the
smoothness and boundary conditions are fulfilled and the end
conditions

T .
/ (T — t)dt = 7,

OT . .
0(T — t)dt = br
0

are satisfied.
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V. OPTIMAL CONTROL — NUMERICAL APPROACH

Let us assume again that all physical variable are con-
stants, equal 1. Remind that for the minimal time 7" = 4
there exists only at most one control function steering from
the preassigned position of rest to another, and for any 7" > 4
there exists an infinite number of such controls. Therefore
for T > 4 it is natural to formulate problems of searching for
special controls and the time interval cannot be shortened. In
2000 in [14] the numerical construction of a control function
steering the beam from one position of rest to another was
given for a time of movement large enough, in the form
of a piecewise constant function. Now we consider another
problem — we want to construct a control that is optimal
in the sense of minimal energy (i.e. fuel) consumption
during the movement, steering the beam from one assigned
position of rest to another, given the time is greater than
the minimal controllability time, that is 7' > 4. The idea
of the framework is to observe that the optimal function
lies in a closure of a specific linear span, which allows to
rewrite the control as a solution of an appropriate moment
problem. The obtained moment problem is non-Fourier — the
eigenvalues of a connected operator are simple, but come
in pairs asymptotically close to each other. It appears to be
still possible to approximate such pairs of related functions —
appearing in the moment moment equalities — corresponding
to close eigenvalues by some divided differences. Besides,
those functions are close to periodic ones, and this fact allows
us to approximate the moment problem by another infinite
moment problem of a special type. Such an idea was used
for solving a problem of L, optimal control of a string in
[9]. In the end we obtain the finite set of linear equations
and solve it numerically for some given data. The approach
of replacing an infinite set of equations of some non-Fourier
moment problem by a finite set is used, for example, in [8]
& [28]. A similar idea for a non-homogeneous string was
lately presented in [24].

Now we consider

Problem of optimal energy control: Let time 7" > 0
(large enough) and position 6y € R be given. We steer the
beam by angular acceleration of the disk, that is by g. For
our convenience let us denote u(t) = 6(T — t) and assume
that T = 2M, M € N, M > 2. We want to find a control
u € L?[0,T) such that it moves the beam from the position
of rest at time ¢t = 0 and angle 6 = 0, i.e. the position for
which condition (5) holds, to the position of rest at time
t =T and angle 0, i.e.

w(z,T) =w(x,T) =0,

v, T) = €@, T) = 0, an

x € [0,1]. Moreover, we want u to be optimal in the
following sense:

T
/ u?(t)dt — min. (12)
0
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We mentioned above (see [15]) that if 7' > 4 the problem of
finding a rest to rest control (1) & (11) is solvable, and the
solution is a real function. It is proven that it is equivalent
to solving the following moment problem

T
/ eimtu(t)dt =0, nez,
0

/OT u(t)dt
/0 " o)t = o,

where for n > 0 )\, is an eigenvalue of the operator
connected with the beam equation (1), and for n < 0 we put

0, (13)

A_p = —Apy1. In [16] an analysis of values A, is given, in
particular it is shown that for n > 0 we have
%T_lw—sn for n=2k-1,
A = 2k—1 _ _ 1
=1 +e, for n=2k, en = 0(3),
(14)

which coincides with (4) in our case. The moment problem
(13) has a major disadvantage — its family of functions
appearing in the moment problem contains two families
of exponential functions with exponents that approach one
another, therefore it does not constitute a Riesz basis. We will
work this out by considering an equivalent moment problem.
It is easy to see that each pair of moment equations from
(13), corresponding to the eigenvalues close to each other,

that is .
/ eV 21ty (H)dt = 0,
Op
/ eVrty(t)dt = 0,
0

is equivalent to a pair of equations
T

eV Aty (tydt = ()
0
T ei\/)\y@t _ ei\/)\Qk—lt (t>dt
u =
0 VAt — Aokt

which allows us to rewrite the original moment problem (13)
as

i

0,

T
/ VARt (t)dt = 0,
0

—N+1<2k—-1<N,

T
/ etV )‘Qkfltu(t)dt =0,
0

—N+1>2k—1or2k—1>N,
T etV A2kt _ eth

VAokt — v/ Aog—1t
—N+1>2k—1or2k—1>N,

T

/ u(t)dt =0,
Or

/ tu(t)dt = Or,
0

for a fixed even integer IV, with generating functions consti-
tuting a Riesz basis (see [19]).

15)

u(t)dt = 0,
0
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It is worth to remind that we deal with a complicated set of
generating vectors, they are not biorthogonal to each other.
The classical general methods, like truncation or Galerkin
approximation, do not use any properties of a moment
problem generating vectors. In case of not biorthogonal
generating vectors the resulting speed of convergence may
be even less predictable. Here we propose another approach.
The moment problem in question, (15), is generated by some
special functions. We exploit the fact that the exponents
VA, have a special asymptotic behavior, given by (14).
This means that those exponential functions are in fact
close to trigonometric functions — at least for large indices.
Knowing this we try not to truncate the problem, but to find
the orthogonal complement subspace, and to seek for the
approximation of the optimal solution in this subspace. The
speed of convergence of obtained approximations is yet to be
established, but one may expect it to be significantly better
than of the one obtained by any general method.

After thorough analysis of asymptotic behavior of those
functions, using some theorems of quadratically e-close fam-
ilies of exponentials, one can see (cf. [24]) that the optimal
solution of moment problem (15) can be approximated by a
solution that is optimal in the sense of (12) of

[ < |3,
/ et 2 Ty (t)dt = 0,
R znornz |4,
/ tei27l2+1”tu(t dt =0, (16)
R znornz |32,
/ u(t)dt = 0,
0
T
/ tu(t)dt = Or,
0

where N € 2N is large enough. For simplicity later on we
will write “|n| < N” instead of “L#J <n< %J
and “|n| > N” instead of “| =8=2| > n or n > [ |”.
For a fixed even integer N define (yr) as a se-
quence of functions generating the moment problem
(15), that is eV (k| < N), eV 2-it(k] > N),

el\/\/:::tt:—i/%(w > N), 1 and ¢, with ¢o(t) = t, and
(gp{f\' ) as a sequence of functions generating the moment
problem (16), i.c. eV ! (k| < N), et*2= ™ (|k| > N),
tei®5 (k| > N), 1 and t, with o) (t) = t. Let (¢)
and (¢}) be the families biorthogonal to () and (¢ ),
respectively.

The following holds.

Theorem 4. (see [24]). Let

k

ug =Y (o, Pk) Pk,

k
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where szkv , w,iv , ©r and 1y, are defined above. Then
Jimluy — ol = 0.

In consequence, the sequence of optimal solutions of moment
problems (16) converges to the optimal solution of a moment
problem (13).

Now after establishing the fact that the original moment
problem (13) can be approximated by another moment
problem (16) we will try to find an equivalent formulation of
the latter, but now in a form of a finite number of equations.
This in the end will enable the numerical analysis of the
problem of construction of the optimal control.

At first let us observe that the set Sy =
{Leminl < N) S > W),

2n+1
2

tei 5t (|n| > N)} is an L-basis of L2[0,T] = L2[0, 2M],
that is it is a Riesz basis in closure of its linear span
V = LinSy. Any control u € L?[0,2M] can be written in
the unique form w = w; + ug, where u; € V and uq € V-
Since we have |lu|? = ||ui|?® + |luz||* then due to the
nature of our moment problem (16), which is generated by
elements of Sy, we see that the solution u has the least
norm (i.e. it fulfills (12)) if and only if ||uz|| = 0, that is if
and only if w € V. This allows us to express the (unique)
optimal solution w as

Z—2n+1

ot

u(t) = Zln\SN aneimt + Z\n|>N Bne
-2n+41
+Z|n‘>N’ynt€’L ; Trt+A+Bt7

where g, Bn, Yn, A, B € C are (unknown) constants.
Further on we rewrite

ST BT = i),

In|>N

2n41
2

s
t — ez 5 ttn

> te’

In|>N

where ¢, n € L?[0,2M] are (unknown) functions periodic
on [0,2]. Thus

u(t) = Y eVt 4 el E (1) + e Etn(t) + A+ Bt.
In|<N
A7)
Directly from the definitions of (,n we see that

J,

2

¢(t)e™dt =0, |n] <N,
2
/ n(t)e™™ =0, |n| < N.

0

(18)

Now we want to change our time interval from [0,2M] to
[0, 2], where selected summands of (17) are either periodic
or close to periodic. To this end we define

M—-1

fs) =" f(s+2k), s€]0,2]
k=0

for any f € L2[0,2M]. Substituting (17) into second line of

(1),
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(16) and using (18) we obtain

2M - 2n+1 M1 2k+2 - 2n+1
0 = / e'7 2 Ty(t)dt = Z/ e T2 Thy(t)dt
0 o V2k
2 ) 1 —
_ InTs iZs - _1\kpivVAn
= /0 e e'z° M 7 Z ap(—1)ketvAns
[n|<N

+e 52 (C(s) + sn(s) + (M = )n(s))
+H=DF(A+ Bs+ (M - 1)B)> ds

for all [n| > N, therefore we can rewrite the expression
in the square brackets as Z apeip“
lp|<N
constants a, € C, |p| < N. Proceeding the same way with
third line of (16) we express a similar term as Z byeP™

[p|I<N
with some unknown constants b, € C, |p| < N. Using those

we can derive formulas for ¢ and 7, namely

with some unknown

- —ims
)ksez\/)\mse

2

3

|m|<N

—irms

2

M +5—=1) 3 <N Qn (—1)keivVAmse
FAe" (—(_1)M—1 (M= 1)+ L4 =C0% - 1))
+Be~ (—ﬂ COM(M — 1)s — 4(—M +1)M

2
+(M+s—1) (ﬂw (-DM-1 (M -1) - %))
+Z\p\§N bpeipﬂsefiﬂs )

1
2

IPTS ,—1ST

=2 jpj<n Wp(M + 5 —1)eP™ e

and
C(S) :7ﬁ Z|m|§N (71)]661- /\mse
1 g l=(C)Y e
TMAT 2 e’
—isT _(_ M
(1 (21) s+ (_1)Mf1 (M— %) -
(M +s—1)n(s).

—isT

2

L peTs

1 ipTwS ,—IST __
a1 2ppl<n weTe

1
2

Now using all above and the remaining (first, fourth and
fifth) lines of (16) we finally obtain 6N + 2 linear equations
of the following form:

—ims

2

2 —
/ e~y — Z Q (—1)kseiVimse
0 jm|<N
+ i<y Om(—1)feVAmse T (M 45— 1)
HATE ()M (M = )+ 4 G (- )
—ims 1_(_1)M M
+Be~#* (G oM (M — 1)s —4(-M + 1) ¥
(1M _
+(M+s5-1) (%er(fl)M (M -3) - %))
+2 <N bpeip”e*”s) ds =0, |n|<N,

1

2
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2 L — M
1 ) —ism 1 1—-(-1 —ism
/0 ey E (—1)keivimse™ — — A (2 ) e ?
|m|<N
—isw (=1 M
~ B (G (- (M - 4) - B)

—(M +s—1)n(s)
+ i Sy ape™ e ") ds =0, [n] <N,

S o / VR VA gy 1

\m|<N

+

+B fo

E Qo

|m|<N

+ 1

M A
/ elftf(t)ezmtdt
0

etztn(t)e i\/r"tdt+Af02M eV Antdt
te?VAntdt =0, |n| <N,
oM oM
eVAntat 4 / el B (t)dt
0

:O,

0

Stn(t)dt + A2M + B2M?

and

> a/ te Ftdt—i—/ e BHC()dt
|m|<N

+ M (t)dt

+A2M2 + B2 M3 = 0Or.

tt2

After a careful investigation (which we do not present here
due to a sheer complication of its form in the general case)
one can easily eliminate ¢ and 7 from above equations and
in the end obtain a Cramer system of 6/V +2 linear equations
with exactly 6N 42 unknown values, namely o, (jm| < N),
ap (Ipl < N). b, (Jp| < N). A and B.

This way we showed that solving the approximate optimal
moment problem (16) can be reduced to solving a finite
number of linear equations which in turn can be solved
numerically. Note that entries of Cramer matrix of this
system depend on the first N eigenvalues \,, which also
have to be found numerically, but using the analytic formulas
from [16] that can be done with any required level of
precision. Thus we find the approximation of the infinite
dimensional problem of optimal control (1) & (12) as a
solution of a system of a finite number of linear equations.

One should notice that the method presented herein uses
only one approximation step — replacing the moment problem
(15) by a close one (16) — and the latter can be solved without
any further discretization error.

The appropriate numerical illustration of the method was
made for T 12, 0r = 5, N = 4, using Scientific
WorkPlace software from MacKichan. Figure 1 shows the
resulting angular acceleration of the disk.

VI. PERSPECTIVES

The new numerical method obtained above may be used
for determining the optimal control in the other PDE models,
for example for non-homogeneous Timoshenko beam model
described earlier. The authors plan to apply this method also
for a Timoshenko beam attached to a beam rotating in a
plane perpendicular to the beam (cf. [5]).
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Fig. 1.

Graph of optimal control 6(t) = u(T — t)
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