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1 Introduction

Codes defined as sets of subspaces have received an increasing amount of attention since Kétter and
Kschischang showed that they are suitable for correcting transmission errors in a network setting
[6]. These codes are often called subspace codes. We will often view these codes as subsets of the
Grassmann variety, and therefore we will refer to them as projective space codes. Much work has
been done in creating families of projective space codes with good parameters and efficient decoding
algorithms [8]. Recently, attention has also been focused on list-decoding of projective space codes
[3, 10, 7|. Tt is this latter question that we examine more closely. In particular, we investigate how
the geometry of a projective space code plays a role in the list-decoding problem.

2 Background

2.1 The List-Decoding Problem

Fix a finite field, F, of ¢ elements and an integer n. The projective geometry of Fy, denoted PG(Fy)
is the set of all subspaces of Fy. Equivalently, this is the set of all linear spaces of the projective
space P"L(F,) := (Fg \ {0})/ ~, where u ~ v if there exists a € Fy such that u = av.

Given two subspaces U # V C F we can define a metric on PG(Fy) by

ds(U,V) = dimU + V) — dim@U N V), (1)

called the subspace distance. If C C PG(Fy) is such that for every U,V € C, ds(U,V) > 6, then
we say that C is a code of minimum distance at least §. If § is minimal, then we say that ¢
is the minimum distance of C. A code of minimum distance § is capable of uniquely correcting
1(1/2)(6 — 1)] errors (with respect to ds). The minimum distance of C is denoted by d3i*(C).

For the rest of this paper we consider only projective space codes whose elements all have the
same dimension. For some fixed k& < n, these codes belong to the (k,n)-Grassmannian, the set
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of subspaces of Iy of dimension k& which we denote by Gr(k,Fy). Such codes are called constant-
dimension codes. We will also restrict our attention to received words R € Gr(k,Fy) although
conceivably R could be a space of any dimension smaller than n.

One of the highlights of list-decoding for linear codes in the classical case was the construction
of a polynomial time algorithm for list-decoding folded Reed-Solomon codes up to the Shannon
limit [4]. Some attempts to list-decode projective space codes were undertaken in [7], however a
polynomial time algorithm for list-decoding high rate codes remains elusive.

Definition 2.1. Let C C PG(Fy) and fix 0 <t < 2k. For a fired subspace R € PG(Fy), define the
(t,C)-list around R to be
Lic(R) =CNBi(R), (2)

where B¢(R) is the ball of radius t.

If t < |(1/2)(dmin(C) — 1), then [L£;c(R)| < 1 and producing this list is the unique decoding
problem. Let 0 < p < 1 and L > 1. A code C C Gr(k,Fy) is (p, L)-list-decodable if for any
R e Gr(k,FZ), “CQkp,C(R)’ < L.

2.2 Lifted Rank-Metric Codes

One of the most ubiquitous families of constant dimension codes are the lifted rank-metric (LRM)
codes. These codes are constructed by embedding a family of rank-metric codes into the Grassma-
nian in a particular way. LRM codes contain asymptotically optimal families of codes, and are the
basis for the construction of other codes [2]. We consider lifting only from rank-metric codes which
are linear.

Let V c FX _, be a subspace of dimension £. We can represent every element o € F’;n,k as a

matrix a € IF’; X("=k) i the natural way. For a, 8 € F’;n,k, we can define the rank distance between

a and B by dr(a, 5) = rk(a@— ). The minimum rank distance is bounded above by k—¢+ 1. If this
is attained, we say the code has mazimum rank distance (MRD). Gabidulin codes are a particular
construction using linearized polynomial evaluation [3] and are up to isomorphism the only known
MRD codes. Gabidulin codes are an analog of Reed-Solomon codes in the classical case.

Definition 2.2. The lifted rank metric (LRM) code of V C Fjn—k is given by
Cy = {rowsp[l; | V] |V € V}.
The minimum subspace distance is given by k + d2 (V).

Wachter studied [10] the list-decoding of rank-metric codes and showed for instance, that for
Gabidulin codes there can be no polynomial time list-decoding algorithm when the radius of the
decoding is larger than the Johnson bound. In the classical case for Reed-Solomon codes, this
remains an open question. Ding in [1] shows that with high probability, a random rank-metric code
of rate R can be list-decoded up to a 1 — R — € fraction of errors with list size L < O(1/e).
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3 The Role of Schubert Varieties

The Pliicker embedding gives a map from Gr(k, Fy) to PV~ where N = (}). The image is a variety
cut out by quadratic equations called the shuffle relations. Trautmann et al. showed [9] that balls
in the Grassmanian correspond to Schubert varieties in PN~1. Since Schubert varieties are given
by linear equations (together with the shuffle relations), it is suggested that these equations can be
used to develop list-decoding algorithm.

A Schubert variety can be described with respect to a complete flag. Schubert varieties have a
rich structure, and a calculus for computing intersections of Schubert varieties is developed largely
for C or R although not very extensively over finite fields [5]. We explore further the connection
between list-decoding and Schubert varieties, and show that list-decoding amounts to interecting
our code with a Schubert variety of certain type.

When Cy is a lifted rank code from a linear space V, Cy can be defined by linear equations in the
Pliicker coordinates (together with the shuffle relations). Therefore, intersecting Cy with a ball of
some radius amounts to solving a system of linear and quadratic equations. While these equations
are far too many to deal with practically, we explore how these equations can be simplified.

4 Bounds for List-decoding LRM Codes

Let Cy be a LRM code from a linear MRD code V of dimension 1. It is clear that if p < 1/2, this
corresponds to unique decoding and therefore L = 1 is the best possible bound. When p > 1/2, we
can obtain the following lower bound for L.

Proposition 4.1. Let Cy be a lifted rank metric code from V, a linear MRD code of dimension 1.
If p>1/2, we have

L> q(lfpp)

An open question is to find an non-trivial upper bound for L. The same problem exists in the
case of list-decoding Gabidulin codes. In fact, we can view the problem of list-decoding Gabidulin
codes as a special case of the list-decoding problem for LRM codes.

Proposition 4.2. Let V a Gabidulin code of dimension 1. If R € Maty, (1) (Fg) and 0 < p < 1,
then
|Bip(R) NV| = |Bagy(rowsp[I|R] N Cy)|.

Unlike Gabidulin codes for which the question regarding the size of lists up to the Shannon limit
remains open, Lifted Gabidulin codes can never have polynomial list size as soon as the list-decoding
radius exceeds unique decoding. In this talk we show how the geometry of the Grassmann plays
an interesting role in helping to determine the size of the list. In particular, we examine how the
structure of the received space can help us predict the size of our lists.
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