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Abstract—1In this paper the authors introduce a model for
evaluating the error correcting capabilities of convolutional
codes. Until now, the developed models were limited to a
binary field with only two elements. However, in this work
we focus on the analysis of MDS, sMDS and not MDS codes
defined over any finite field. We validate theoretical results of
convolutional codes in a more realistic model to obtain the
recovering error capability and we compare it with the results
obtained simulating binary convolutional codes used currently
in common communications systems as GSM or 802.11a.

I. INTRODUCTION

Information is one of the most valuable goods of our
time. However, the physical means used to transmit and
store information are never perfect and they are subject to
errors that might result in loss of important data. To avoid
it, forward error correcting codes, such as convolutional
codes, are used to correct them and guarantee an error-free
communication.

Convolutional codes were considered the first time by
Elias in [3] and the theory in context of finite fields (not
necessarily binary fields) was formalized first by Forney
[4]. These fields are frequently used to correct errors in
noisy channels. Although convolutional encoding is a simple
procedure, decoding a convolutional code is a much more
complex task. There exist several classes of algorithms for
this purpose, but Viterbi decoding [12] has the advantage
that soft information can be processed. However, its main
drawback is that it is too complex for codes with high degree,
high memory or when the block length is large.

In recent literature on convolutional codes (see [6], [7],
[9], [11]) several new classes of codes with optimal distance
properties have been introduced and studied. These classes
of codes are known as maximum distance separable (MDS)
codes and strongly MDS (sMDS) codes. Such codes are
particularly suited for applications where large alphabets are
involved. However, they have not been tested in communi-
cations system and only theoretical results are obtained.

In this paper, authors complete the gap between the
proposal of convolutional codes defined over any finite field
and the current engineering models which are limited to the
binary field. In section II, we introduce the fundamentals
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of convolutional coding theory from linear systems point of
view. We describe the model we have developed to evaluate
the efficiency of convolutional codes over any finite field in
Section III. Once defined it, we propose some examples of
convolutional codes with different complexities in Sections
IV and V to compare its recovering error capability with the
binary ones currently used in many communication systems
. Finally, we take some conclusions in Section VI.

II. PRELIMINARY RESULTS

In this paper, we denote by F = GF(q) the Galois field
of ¢ elements and F[z] the polynomial ring on the variable
z with coefficients in F. A convolutional code of rate k/n
is a submodule C of F"[z] with rank k. So, there exists an
n x k polynomial generator matrix G(z) € F[z]"**, which
is basic and minimal, such that

C = {0(z) € Fl2]" : #(z) = G(2)i(z) with @(z) € F[2]"}.

The degree or complexity of C is the sum of the column
degrees of one, and hence any, minimal basic generator
matrix. Consider the matrices A € %% B ¢ [Foxk,
C € F=k)x3 and D € F(»—F)*xk_ Following [8], a rate k/n
convolutional code C of complexity d, called an (n,k,d)-
code, can be described also by the linear system governed
by the equations

A.’l?t
Cil)t

+ DBuy
+ Duy

Tt41 =

, t=0,1,2,... 1
Yt = } M

where for each time instant ¢, z; € F° is the state vector,
u; € F* is the information vector, y, € F*~* is the parity
vector and v; € F™ is the code vector. In linear systems
theory, this representation is known as the input-state-output
representation. It was introduced by Rosenthal, Schumacher
and York (see [8]) and it has been widely used in the last
years to analyze and construct convolutional codes [1], [2],
[10], [11].

In terms of an input-state-output representation, the free
distance of a convolutional code C can be defined (see [10])

dfree(C) = min (Z wt(ug) + Z wt(yt)> (2)
t=0 t=0

where the minimum has to be taken over all possible nonzero
codewords and where wt(v) denotes the Hamming weight of
a vector v. As in the case of block codes, there is an upper
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bound, known as the generalized Singleton bound, for how
large the free distance of an (n, k, §)-code can be:

dree(C) < (n — k) (LZJ +1> +0+1. 3)
This bound was proved by Rosenthal and Smarandache
in [9]. C is called an MDS code if dj..(C) attains the
generalized Singleton bound.

Another distance measure is the jth column distance of a
convolutional code. It takes into account only truncations of
codewords and is given by (see [7])

J J
ds(C) = min {Zwt(ut) +)° Wt(yt)}

t=0 t=0
for j = 0,1,2,.... C is called a strongly MDS code if
d$,(C) = (n—k) ([2] +1) +6 for M = L)+ T—1
that is, the sequence {d$(C)};>o attains the generalized
Singleton bound at the earliest possible step. So, in particular,
a strongly MDS code is an MDS code.

III. DESIGNING A SIMULATION TOOL

In real communication systems, the data source is repre-
sented and transmitted in binary format composed by only
two elements: {0, 1}. This is the main reason because com-
munication systems use convolutional coding over a finite
field with two elements, GF(2) = {0,1}. However, as we
have seen previously, finite fields with a high number of ele-
ments theoretically demonstrate a high corrective capability.
In order to verify if this theoretical issue agrees with practical
results, we define in Sections IV and V a set of examples
of MDS convolutional codes with specific characteristics
together WITH many examples where correcting capabilities
are not so good.

In order to evaluate these codes in a more realistic en-
vironment, we define a simulation process represented in
Figure 1 and detailed by steps (A), (B), etc. In the first step,
step (A), we transform the bit sequence into a sequence of
elements belonging to the finite field where is defined the
convolutional code. Specifically, in our tests we use a Galois
field with 8 elements, GF'(8). To perform this conversion,
each sequence of three bits is collected and assigned to
a field element u;. The second step, (B), implements the
convolutional coding generating the output element y; (step
(B1)), where y; = C'xy + Duy, (see relation (1)) and getting
the next state x;4; (step (B2)) of the convolutional code.
Observe that this step depends on the input w; and the current
state x, since xy4+1 = Ax;+ Buy, (see relation (1)). As next
state depends from the previous one, we must define an initial
state x¢ = 0 for ¢y. In the step (C), we concatenate and obtain
v = (ye ut)T. Elements of finite field GF(8) are turned
into a binary sequence in step (D) and transmitted in step
(E). In this step, different modulations (FSK, QAM, etc.)
can be performed to recover binary stream in the receiver.
We assume that an Additive White Gaussian Noise (AWGN)
affects to our communication channel. As we describe in
in section IV, the signal quality in the receiver depends on

the bit energy-Noise relation (E,/Np). In the receiver, after
the demodulation, bits are grouped again and converted to
an element v; (step (F)). Observe that v is not necessarily
equal to v; because noise introduces an error in the bit stream
received. Step (G) implements the Viterbi algorithm (see
[12]) in order to obtain wj}. This algorithm is widely used in
digital communications systems and it will be implemented
in our model. However, when the number of elements of the
finite field is greater than 2, some authors [6] recommend
and propose other algorithms more efficient than Viterbi
decoding. Finally, in step (H), elements u; are transformed
to a binary sequence and added to the output binary stream.

The output binary stream is compared with the input
binary stream, and we obtain the bit error rate as BER =
%. This software tool has been implemented using
CML distribution according to the software review explained
in [5].

IV. SIMULATING MDS CODES WITH COMPLEXITY § = 1

In the rest of the paper, we consider o as a primitive
element of the field F = GF(8), with o® + a + 1 = 0.
In the first example, we use the construction proposed by
Smarandache and Rosenthal (see [11]) in order to obtain an
MDS convolutional code.

Example 1: Let Ci(A;, B1,C1,Dq) be the (2,1,1)-code
with

A1 = (a), Bl = (].), Cl = (044),

Then, C; is an strongly MDS convolutional code. In partic-
ular, we get that d e (Cr) = 4.

D, = (1)

Next example also shows two strongly MDS convolutional
codes of rate 1/2 and complexity § = 1.

Example 2: Let Co(As, Ba, Oy, Ds) and
C3(Asz,Bs,C3,D3) be the (2,1,1)-codes described by
matrices

BQ = (1)3
BB = (1)7

respectively. Through computation, we get d5(C2) =
dfree(C2) = 4 and d5(Cs) = dpee(C3) = 4, so Cy and Cs
are strongly MDS convolutional codes.

02 = (1)7

Az = (o), C3=(a®),  Dg=(a’)

Finally, we propose two convolutional codes that are not
MDS codes.

Example 3: Let (:'4(1447 B4, 04, D4) and
C5(As, B5,C5,D5) be the (2,1,1)-codes described by
matrices

A4 = (1)7
A5 = (04)7

By = (a”), Cy = (1),

C5 = (1)7

respectively. Through computation, we get the free distances
of these codes, dfee(Cs) = 3 and dgee(Cs) = 3. But in this
case, the Singleton bound is equal to 4 so C4 and C5 are not
MDS convolutional codes.

Dy = (0)

Bs = (1)7 Ds5 = (aﬁ)
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Fig. 2. Performance in BER with Complexity § = 1

The Figure 2 represents the BER obtained for each con-
volutional code transmitting 150kbits for different Ej/Nj
relations. As we can see, the code C; proposed by Rosenthal
and Smarandache (see [11]) has the best performance. Ob-
serve that Co and C3 have good recovering factors too. Note
that the E}/Np values used in these tests represent a very
poor signal levels. For example, a zero value represents that
E}, and N, has the same power level. With these poor signal
levels, C; is able to recover and obtain a BER minor than
0.089. On the other hand, C4 and Cs5 are not theoretically
good error correcting codes, so the BER is bigger for these
two codes for all the values of E}/Ny. For example, we
obtain a BER upper than 0.359 for a Ej,/Ny = 0 value.

As we see in Example 1, the convolutional code C; is
an MDS code, so it is one of the most efficient error
correcting code among all convolutional codes with the
same parameters. At this point, we believe interesting to
compare this code C; with other convolutional codes with
the same rate used in digital systems. In this sense, we
make simulations for the same number of bits, range of
Ey/Ny values and modulation QPSK. Table I shows the
generator matrices and the free distances of the codes used
to compare with the code C;. Observe that all these codes
have rate 1/2 and complexity d > 1, so the generator matrix

(&) ®

Convolutional coding/decoding over GF'(8).

is G(z) = (911(2) 912(2)), where g11(2) and g12(z) are
represented in octal. They are not MDS convolutional codes.

‘gll(z) 912(2) df'ree

NASA-SVP 171 133 10

GSM 31 33 7

802.11a 155 117 10

IS-95 657 435 12
TABLE I

RATE 1/2 CONVOLUTIONAL CODES IN FIELD F = GF(2)

In Figure 3 we show the BER obtained for different noise
levels and for each convolutional code. Observe that, for a
very noisy channel, C; obtains bigger error correcting capa-
bility. On the other hand, when E}/Ny relation increases,
the BER obtained in binary systems are better than the BER
obtained with C;.
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Fig. 3.  Performance comparison of a 1-complexity code and binary

convolutional codes

V. SIMULATING MDS CODES WITH COMPLEXITY ¢ > 1

As we show in the Figure 3 of Section IV, the Bit
Error Rate for codes with complexity d=1 over the field
F = GF(8) is not better than the one obtained with binary
codes. Analyzing the results and comparing them with the
results obtained for binary codes like IS-95, we reached the
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Fig. 4. Performance comparison of 1, 2, 3-complexity codes and binary
convolutional codes

conclusion that it could be possible to improve them using
codes over GF'(8) with greater complexity to obtain better
results, because the bigger the complexity is then the stronger
our code will be.

So that, with the aim of comparing codes of different
fields, we consider o as a primitive element of the field
F = GF(8), with a® + o + 1 = 0, as we already did in
the section IV and use an MDS convolutional code with
complexity 6=2 and then an MDS convolutional code with
0=3

Example 4: Let Cg(Ag, Bs, Cs, Dg) be the (2,1,2)-code

with
w2 me()
Co=(a® a'),  De=(1)
Let C7(A7, B7,C7, D7) be the (2,1, 3)-code with

~—

a o ot 1

A7 =10 «a 0 y B? = 1 ’
0 0 o «

C; = (a2 ol 1) D; = (0&3)

Then, Cg and C7; are MDS convolutional code. In particular,
we get that dfee(Cs) =4 and dfree(C7) = 8.

The Figure 4 represents the BER obtained for these convo-
lutional code transmitting 150kbits for different Ej /Ny rela-
tions. As we can see, the MDS code C; is the most efficient
error correcting code among all convolutional codes with the
same parameters. That is, the codes defined in a large field
and with a large complexity have the best performance. /
this code C; with other convolutional codes used in digital
systems. For that, it is required a transformation to compare
properly the codes with F = GF(2) and F = GF(8). As
the number of bits to represent a symbol in F = GF'(2) is
one and the number of bits in F = GF(8) is three, when
we say that a code in F = GF(8) has complexity § = 1
means that if we are comparing this code with a binary one,
we will have to take a binary code with complexity three.

Equally, if we take a F = GF'(8) code with § = 2 it will be
able to be compared with a binary code of complexity six.
Under this requirement it will be possible to compare two
codes with the same features but in different fields. Knowing
that and observing the figure 4, it is possible to see that Cs
is better than the binary code IS-95, which has exactly the
same features as Cs, but in another field.

VI. CONCLUSIONS

In this paper we present a first implementation of a
software model to evaluate the error correcting capability of a
convolutional code defined over any finite field. Experimental
results show that strongly MDS codes with complexity
0 > 1 have better error correcting capability than the codes
currently used in real systems with the same complexity. A
future research line is to evaluate the memory requirements
and the computational time needed to do the coding and the
decoding process of convolutional codes defined over any
finite field. Moreover, we want to apply different decoding
algorithms for convolutional codes over any finite field
instead of the Viterbi algorithm.
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