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Abstract— We present a framework to design an orthogonal
wavelet with compact support and vanishing moments, tuned
to a given application. This is achieved by optimizing a
criterion, such that a prototype signal, which is characteristic
for the application, becomes sparse in the wavelet domain. This
approach is beneficial for compression and detection purposes.
A parameterization is developed for which orthogonality and
compact support are built in, and in terms of which we can
express the vanishing moment conditions conveniently. The ap-
proach is developed for critically sampled wavelet transforms as
well as for the stationary wavelet transform. Several examples
illustrate the methods.

I. INTRODUCTION

Wavelets have gained popularity over the past few decades
and have proven to be useful for processing both stationary
and non-stationary signals [1], [2]. Compared to Fourier
transforms, wavelets have the benefit of allowing for a choice
of basis. When one has decided on employing wavelets for
a signal processing problem there is the problem of deciding
which wavelet to use [3] for the problem at hand. This choice
can be driven by the certain properties of a wavelet, such as
having as many vanishing moments as possible [4] and/or
being orthogonal. Some authors employ a parameterized
wavelet and tune it to the application at hand [5]. In practice,
one often employs a range of wavelets and then proceeds to
use the subset that provides the most promising results.

Yet another way to proceed is to use a data driven design
for wavelets. In recent years a number of approaches have
been developed. In [6] the amplitude and phase spectrum
of a wavelet are separately matched to that of a reference
signal in the Fourier domain. In [7] a design procedure for
bi- and semi-orthogonal wavelets is discussed where the
optimization criterion aims to maximize the energy in the
approximation coefficients, but without a clear motivation.

In this paper an approach is discussed to design com-
pactly supported orthogonal wavelets from filter banks in
polyphase, having vanishing moments. Two design criteria
are given that maximize sparsity and allow for a data
driven design: one by minimizing an L1-norm, the other by
maximizing an L4-norm. These two criteria are motivated by
the principle of maximization of variance. The criteria are
developed for the critically sampled wavelet transform, but
can be adapted for use with the stationary wavelet transform
by employing weighing. To build in orthogonality, compact
support, and to enforce vanishing moments, a suitable param-
eterization is required. Here we provide a parameterization
which has orthogonality and compact support built in, and
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for which the vanishing moment conditions take a fairly easy
form which allows one to handle them conveniently. For
low orders this implies that one does not have to resort to
constrained optimization with strongly nonlinear constraints.

The paper is organized as follows. In Section II we
introduce wavelets from filter banks, the polyphase represen-
tation, orthogonal wavelets, and their connection to lossless
polyphase filters. Then parameterizations of FIR lossless
filters are discussed in Section III. In Section IV we express
the vanishing moment conditions in terms of these param-
eterizations. A few special cases, including the manifold
structure when vanishing moments up to order 1 are built in,
are discussed in Section V. Sparsity criteria for orthogonal
wavelet design are presented in Section VI, together with
a number of optimization considerations. Several examples
are discussed in Section VII and conclusions are given in
Section VIII. Proofs are largely omitted because of space
limitations; they will be presented elsewhere.

II. WAVELETS FROM FILTER BANKS

One particularly useful approach to wavelet analysis which
we now briefly review, is by performing signal processing
with filter banks. Many more details can be found in the
literature, in particular in [2] on which much of the present
section is based. In this set-up, a discrete-time signal is
processed by a cascade of filters in the following way.
In the first stage of the cascade, the signal is passed in
parallel through both a FIR low-pass filter C(z) = c0 +
c1z
−1 + . . . + c2n−1z

−(2n−1) and a FIR high-pass filter
D(z) = d0 + d1z

−1 + . . . + d2n−1z
−(2n−1). Then dyadic

down-sampling ↓ 2 is applied, discarding all the odd-indexed
values from the signals. The two resulting signals represent
an approximation signal (on a coarser scale) and a detail
signal (on the finest scale). Then in any further stage of the
cascade, the procedure is repeated by processing the current
approximation signal in the same way, using the same filter
bank. This produces approximations and detail signals at
increasingly coarse levels, yielding what is called a critically
sampled multi-scale decomposition.

Wavelets are associated with this filtering approach by
considering solutions to two equations. The dilation equation
is a refinement equation, given by

φ(t) =
√

2

2n−1∑
k=0

ckφ(2t+ k). (1)

The wavelet equation is given by

ψ(t) =
√

2

2n−1∑
k=0

dkφ(2t+ k). (2)
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Note that the plus signs in these equations are slightly non-
standard; they make it possible to link the wavelets directly
to signal processing, which would otherwise need some
additional notation. For a valid wavelet interpretation, the
dilation equation must have an integrable solution φ(t), the
scaling function, with a nonzero integral. This requires that∑2n−1
k=0 ck =

√
2. Also, the wavelet function ψ(t) must

have a zero integral, whence
∑2n−1
k=0 dk = 0. In this paper

we focus on orthogonal wavelets from filter banks. This
additionally imposes the so-called double-shift orthogonality
conditions on the filter coefficients ck and dk. At each
filtering stage, orthogonality between the detail space (which
is spanned by the wavelet and its integer translates) and
the approximation space (which is spanned by the scaling
function and its integer translates) is captured by the well-
known alternating flip condition which relates the high-pass
filter coefficients to the low-pass filter coefficients by

dk = (−1)kc2n−1−k, (k = 0, 1, . . . , 2n− 1). (3)

The remaining n − 1 double-shift orthogonality conditions
on the low-pass filter coefficients are then specified by:

2n−1−2`∑
k=0

ckc2`+k = 0, (` = 1, . . . , n− 1). (4)

For wavelet orthonormality we have the additional normal-
izing condition

2n−1∑
k=0

c2k = 1. (5)

For an orthogonal FIR filter bank in this set-up with a
given filter order 2n − 1, we then have n − 1 remaining
degrees of freedom for the filter coefficients ck. This freedom
can be used to build in additional wavelet properties, and
to adapt the wavelet to the application at hand. The most
well-known kind of desirable wavelet properties concerns
vanishing moments. When a wavelet has vanishing moments
up to order p, then it has smoothness by being at least
p − 1 times continuously differentiable. Also, polynomials
up to degree p are contained in the approximation spaces
and so they do not show up in the detail spaces. Other
desirable properties that have been studied in the literature
are linear phase, and symmetry. However, in this paper
we shall be exclusively concerned with building in a few
additional vanishing moments and then optimizing over the
remaining degrees of freedom to make the wavelet fit well
to an application. Vanishing moments are further discussed
in Section IV and optimization criteria in Section VI.

The orthogonality conditions can be conveniently incor-
porated into a parameterization by switching to a polyphase
filter representation. This will avoid that one has to specify
the nonlinear double-shift orthogonality constraints when
optimization is to be performed. The polyphase filter for a
filter bank with the filters C(z) and D(z) is a 2 × 2 FIR
filter H(z) = H0 + H1z

−1 + . . . + Hn−1z
−(n−1) of order

n− 1, given by:

H(z) =

n−1∑
k=0

(
c2k c2k+1

d2k d2k+1

)
z−k. (6)

If the two input signals to H(z) are chosen to be the even
phase and the delayed odd phase of the discrete time signal
to be processed, then the two output signals coincide with
the approximation and detail signals in the first stage of
the earlier set-up. The wavelet orthogonality conditions now
happen to correspond to H(z) being a lossless filter: for
every z on the unit circle the matrix H(z) must be unitary.
Lossless filters have been extensively studied in the literature
and various parameterizations are available. In Section III
we present more details. For now, note that to have a valid
orthonormal wavelet interpretation and to comply with the
alternating flip condition, it needs to hold that

H(1) =
1

2

√
2

(
1 1
1 −1

)
. (7)

This follows from Eqn. (6) and the earlier conditions on top
of this page, together with unitarity of H(1).

III. PARAMETERIZATION OF LOSSLESS FIR POLYPHASE
FILTERS

Several parameterizations of lossless systems H(z) are
available in the literature. Constructions by means of the
tangential Schur algorithm, which are recursive in the system
order and which use interpolation conditions, are described
in [8], [9]. Such parameterizations allow one to enforce
vanishing moment conditions by imposing interpolation con-
ditions at the stability boundary, see [10]. Also, by choosing
interpolation points at the origin, one can impose the FIR
property. In this way one arrives at a Potapov factorization
of H(z), see also [11]. However, the combination of the
FIR property and several vanishing moments jointly is hard
to achieve. For the 2 × 2 case that we restrict to here, we
therefore first present a commonly used parameterization
for FIR lossless systems (without any vanishing moment
conditions), see also [12], [2]. Then we propose a new
parameterization which resembles the Potapov factorization
more closely and which we have found to be better suited
for expressing the vanishing moment conditions. It is used
for that very purpose in Section IV.

A first well-known parameterization, see [2], employs the
following decomposition of H(z):

H(z) = R(θn)Λ(z) · · ·Λ(z)R(θ2)Λ(z)R(θ1)Λ(−1), (8)

in which R(θ) denotes a rotation matrix for the angle θ, and
Λ(z) is a lossless filter of order 1 which performs a time-
delay on the second input channel only:

R(θ) =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
, Λ(z) =

(
1 0
0 z−1

)
.

(9)
The right multiplying factor Λ(−1) is included to comply
with the alternating flip condition. To allow for a wavelet
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interpretation it is required that H(1) has the value specified
in Eqn. (7), which holds if and only if

θ1 + θ2 + . . .+ θn =
π

4
(mod 2π). (10)

See also [2], [13]. This allows one to eliminate one parameter
by expressing it in terms of the other ones. To parameterize
the space of all 2×2 lossless FIR filters with this admissible
value for H(1), each of the remaining n− 1 angular param-
eters θk can be chosen from an arbitrary interval of length
π. In some of the literature the parameter θ1 is eliminated,
but here we find it convenient to eliminate the parameter θn,
by expressing it as

θn =
π

4
− (θ1 + θ2 + . . .+ θn−1)(mod 2π). (11)

An advantage of this, is that it becomes easier to change the
filter order, and in this way to embed low order lossless FIR
filters more nicely in the space of lossless FIR filters of a
high order. As it happens, the vanishing moment conditions
up to a given order p are not easily expressed in terms this
parameterization with parameters θ1, . . . , θn−1. We propose
the following alternative parameterization, which will turn
out to be more convenient. It employs the new parameters
φ1, . . . , φn−1 which are defined by:

φk = θ1 + . . .+ θk, (k = 1, 2, . . . , n− 1). (12)

In addition, we shift attention from H(z) to the lossless FIR
filter H̃(z) = H(z)H(1)−1. We then have the following
result.

Proposition 1: The space of all 2× 2 lossless FIR filters
H(z) of order n− 1 with H(1) satisfying Eqn. (7), is given
by H(z) = H̃(z)H(1) in which H̃(z) admits the factored
form

H̃(z) = Bφn−1
(z) · · ·Bφ2

(z)Bφ1
(z), (13)

where Bφk
(z) (k = 1, . . . , n − 1) denotes an elementary

lossless FIR filter given by

Bφk
(z) = I2 + (z−1 − 1)Vφk

, (14)

with
Vφk

=
1

2

(
I2 −

(
0 1
1 0

)
R(2φk)

)
. (15)

Here each parameter φk ranges over an arbitrary half-open
interval of length π.
Proof. The proof of this result starts from Eqn. (8) by
rewriting it in terms of the new parameterization. Note that
H(1) = H(1)T = H(1)−1. Then the result is obtained
by noting that the elementary lossless factors Bφk

(z) are
alternatively given by H(1)R(φk)Λ(z)R(φk)TH(1). �

The factors Bφk
(z) are Potapov factors of H̃(z): they are

lossless of order 1 having their pole at z = 0 and satisfying
Bφk

(1) = I2. These Potapov factors are conventionally
represented in the form Bφk

(z) = I2 + (z−1 − 1)uφk
uTφk

in which uφk
is a vector of norm 1. In this case we may

choose uφk
=

(
sin(φk − π

4 )
cos(φk − π

4 )

)
.

IV. VANISHING MOMENT CONDITIONS

By definition, a wavelet ψ(t) has vanishing moments up
to order p if it holds that∫ ∞

−∞
tmψ(t)dt = 0, (m = 0, 1, . . . , p). (16)

This is well-known to be equivalent to the high-pass filter
D(z) having vanishing moments up to order p. Because
the filters C(z) and D(z) are intimately related, this can
also be cast into the form of conditions on C(z). This
gives the following equivalent sets of vanishing moment
conditions (for m = 0, 1, . . . , p):

∑2n−1
k=0 kmdk = 0, and∑2n−1

k=0 km(−1)kck = 0. In terms of the derivatives of
the filters (where the m-th derivative with respect to z is
denoted by a superscript (m)) it equivalently needs to hold
(for m = 0, 1, . . . , p):

D(m)(1) = 0, or C(m)(−1) = 0. (17)

To rewrite these conditions in terms H(z) and its derivatives,
is possible by exploiting the relationship (cf. Eqn. (6)):(

C(z)
D(z)

)
= H(z2)

(
1
z−1

)
. (18)

For m = 0 the corresponding condition is implied by the
condition on H(1). For m = 1, . . . , p we have the following
result.

Proposition 2: The m-th order derivatives of C(z) and
D(z) are given in terms of the derivatives of H(z) of orders
0, 1, . . . ,m by:

(
C(m)(z)

D(m)(z)

)
=

m∑
k=0

bk/2c∑
`=0

m!

`!(k − 2`)!
(2z)k−2`H(k−`)(z2)× (19)

×
(
(−1)m−kz−(m−k+1)

(
0
1

)
+ δm,k

(
1
0

))
where δm,k denotes the Kronecker delta.
Proof. This follows from Eqn. (18) by a com-
bination of three results. (i) The k-th order deriva-
tive of a product of two functions is given by:

(A(z)B(z))
(k)

=
∑k
`=0

(
k
`

)
A(`)B(k−`). This is stan-

dard. (ii) The k-th order derivative of the function
H(z2) with respect to z, is given by: dk

dzk
(H(z2)) =∑bk/2c

`=0
k!

`!(k−2`)! (2z)
k−2`H(k−`)(z2). This can be proved

by induction. (iii) The k-th order derivative of the vector(
1
z−1

)
with respect to z is straightforward to compute. It

is given by (−1)kk!z−(k+1)

(
0
1

)
+ δk,0

(
1
0

)
. �

By choosing z = 1 in the expression for D(m)(z), or
z = −1 in the expression for C(m)(z), the vanishing
moment conditions are obtained in terms of the entries of
the derivatives of H(z) at z = 1. By switching to H̃(z) and
its derivatives, we have the following key result.

Theorem 1: The vanishing moment conditions up to the
order p are given by the matrix-vector equation:
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
H̃

(1)
21 (1)

H̃
(2)
21 (1)

...
H̃

(p)
21 (1)

 =


L1,1 0 · · · 0

L2,1 L2,2

. . .
...

...
...

. . . 0
Lp,1 Lp,2 · · · Lp,p




1

H̃
(1)
22 (1)

...
H̃

(p−1)
22 (1)

 ,

(20)
in which the entries Lk,` of the lower triangular matrix L
are given for k ≥ ` by:

Lk,` =
k!

(−4)k−l+1(`− 1)!
Ck−`+1 (21)

with Ck = (2k)!
k!(k+1)! denoting the k-th Catalan number.

Equivalent conditions are obtained by replacing H̃
(m)
21 by

H̃
(m)
12 and H̃(m)

22 by H̃(m)
11 , for all m = 1, . . . , p. Because of

space limitations, a proof of the theorem and this alternative
statement will be given elsewhere.

To be explicit, the sequence of Catalan numbers starts with
C0 = 1, C1 = 1, C2 = 2, C3 = 5, C4 = 14. The vanishing
moment conditions up to order p = 4 are given by:

H̃
(1)
21 (1) = −

1

4
, (22)

H̃
(2)
21 (1) =

1

4
−

1

2
H̃

(1)
22 (1), (23)

H̃
(3)
21 (1) = −

15

32
+

3

4
H̃

(1)
22 (1)−

3

4
H̃

(2)
22 (1), (24)

H̃
(4)
21 (1) =

21

16
−

15

8
H̃

(1)
22 (1) +

3

2
H̃

(2)
22 (1)− H̃(3)

22 (1). (25)

These conditions can be reworked in terms of the param-
eterization with φ1, . . . , φn−1. This involves several steps.
Eventually this gives the following result of which we have
a lengthy proof which will be presented elsewhere.

Theorem 2: In terms of the angular parameters
φ1, . . . , φn−1, the vanishing moment conditions up to
the order p are given by the matrix-vector equation:



∑
1≤k1≤n−1

cos(2φk1
)

−
∑

1≤k1<k2≤n−1

sin(2φk2
− 2φk1

)∑
1≤k1<k2<k3≤n−1

cos(2φk3
− 2φk2

+ 2φk1
)

−
∑

1≤k1<k2<k3<k4≤n−1

sin(2φk4
− 2φk3

+ 2φk2
− 2φk1

)

...


=

=


M1,1 0 · · · 0

M2,1 M2,2

. . .
...

...
...

. . . 0
Mp,1 Mp,2 · · · Mp,p

× (26)

×



1

−
∑

1≤k1≤n−1

sin(2φk1
)∑

1≤k1<k2≤n−1

cos(2φk2
− 2φk1

)

−
∑

1≤k1<k2<k3≤n−1

sin(2φk3
− 2φk2

+ 2φk1
)

...



in which the entries Mk,` of the lower triangular matrix M
are given for k ≥ ` by:

Mk,` =

{ 1
(−2)k−l+1C(k−`)/2, if k − ` is even,
0, if k − ` is odd,

(27)

and where Ck = (2k)!
k!(k+1)! denotes the k-th Catalan number.

Explicitly, the vanishing moment conditions up to order p =
4 are now given by

• 1 + 2
∑

1≤k1≤n−1

cos(2φk1
) = 0, (28)

•
∑

1≤k1≤n−1

sin(2φk1
) + 2

∑
1≤k1<k2≤n−1

sin(2φk2
− 2φk1

) = 0,(29)

• 1 + 4
∑

1≤k1<k2≤n−1

cos(2φk2
− 2φk1

) +

+8
∑

1≤k1<k2<k3≤n−1

cos(2φk3
− 2φk2

+ 2φk1
) = 0, (30)

•
∑

1≤k1≤n−1

sin(2φk1
) +

+4
∑

1≤k1<k2<k3≤n−1

sin(2φk3
− 2φk2

+ 2φk1
) + (31)

+8
∑

1≤k1<k2<k3<k4≤n−1

sin(2φk4
− 2φk3

+ 2φk2
− 2φk1

) = 0.

V. SOME SPECIAL CASES

As a first special case, we address the situation in which
a single vanishing moment of order p = 1 is additionally
imposed on the filters H̃(z). If we now introduce new
parameters qk = cos(φk) (for k = 1, . . . , n − 1), which are
all restricted to the interval [−1, 1], then cos(2φk) = 2q2k−1
and so the vanishing moment constraint takes the form:

n−1∑
k=1

q2k =
1

2
n− 3

4
. (32)

It follows that the manifold of lossless FIR polyphase filters
H̃(z) of order n − 1 with a vanishing moment of order 1,
is in fact described by that part of a hypersphere (having its
center at the origin and a radius equal to 1

2

√
2n− 3) which

falls inside the hypercube [−1, 1]n−1 (having its center at
the origin too and sides of length 2).
• For n = 2, the manifold consists of the two isolated

points q1 = ± 1
2 .

• For n = 3, the manifold consists of the circle q21 +q22 =
3
4 . It is entirely contained in the square area [−1, 1] ×
[−1, 1].

• For n = 4, the manifold consists of that part of the
sphere q21 + q22 + q23 = 5

4 which is contained in the cube
[−1, 1]3. Because the radius of the sphere exceeds 1,
some parts of the sphere get truncated. Topologically
we also have that opposite faces of the cube must be
identified. It follows that the manifold is in fact a closed
oriented surface of genus 3, i.e., it is topologically
equivalent to the surface of a sphere with 3 extra handles
attached to it.

The resulting manifolds for n = 3 for two parameteriza-
tions are shown in Figure 1. The manifold for n = 4 is shown
in Figure 2. For n ≥ 5 the manifold likewise consists of a
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(a) (b)

Fig. 1: Manifolds of orthogonal wavelets with vanishing
moments up to order 1 for n = 3. Left: Parameterization in
terms of q1, q2 ∈ [−1, 1]. Right: Parameterization in terms
of φ1, φ2 ∈ [0, π]. Points A (= Daubechies 3) and B indicate
wavelets with vanishing moments up to order 2.

hypersphere truncated by a hypercube, with the intersections
at opposite hyperfaces identified. It is not obvious to give a
natural parameterization with n− 2 parameters only.

If vanishing moments up to order p = 2 are imposed, then
the constraint Eqn. (29) must also be satisfied. For n = 3,
the resulting submanifold consists of two isolated points on
the circle q21 + q22 = 3

4 . They occur for q2
√

1− q22(4q21 −
1) + q1

√
1− q21(3 − 4q22) = 0, which gives: (q1, q2) =

±( 1
2

√
−1 +

√
5
2 ,

1
2

√
4−

√
5
2 ). They are plotted as points

A and B in Figure 1. For n = 4, the submanifold consists
of two isolated (non-intersecting) closed curves. See Figure
3.

VI. WAVELET DESIGN CRITERIA AND WAVELET
OPTIMIZATION

To choose an appropriate wavelet for a signal processing
task is not a trivial issue. Naturally one may try a number
of different wavelets from the multitude of wavelets that are
available in software toolboxes and then determine exper-
imentally which are the most promising at hand. Practical
as this may seem, and even though it appears to be a quite
common approach in practice, this is little efficient and it
does not take full advantage of the flexibility of wavelet
theory. In this paper we restrict to orthogonal wavelets
generated by a parameterized FIR filter bank of a given finite
order having several additional vanishing moments but still
leaving a few degrees of freedom. Then a computationally
appealing approach is to select a wavelet from such a
class by optimizing a criterion. Here we propose that in
applications where one is interested in signal compression
or in the detection of features, a useful criterion is one
which promotes wavelets which are able to represent typical
signals from the application at hand in a sparse way. This
has previously also been advocated in [14]. For compression
the usefulness of such an approach is obvious. For detection
purposes, we note that if a signal is sparsely represented,

Fig. 2: Manifold of orthogonal wavelets with vanishing
moments up to order 1 for n = 4. Parameterization in terms
of q1, . . . , q3 ∈ [−1, 1]. Opposite faces must be identified.

Fig. 3: Manifolds of orthogonal wavelets for n = 4. The
surface corresponds to vanishing moments up to order 1.
The curves on the surface correspond to vanishing moments
up to order 2. Opposite faces must be identified; then there
are two different closed curves.
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then such a representation acts like a ‘fingerprint’ which
can be searched for against a noisy background. Also, when
distortions (artifacts, pathologies) occur, they can be searched
for by analyzing the difference with a typical pattern.

In [15], [13] we have developed several optimization
criteria along such lines. They aim to design a wavelet which
gives a sparse representation of a given prototype signal. In
this sense, wavelet design becomes data driven, as prototype
signals are usually not hard to obtain. The unifying principle
to achieve sparsity is maximization of variance. This works
because for orthogonal wavelets, the sum of squares of the
wavelet coefficients is fixed and equals the sum of squares
of the signal values. (This constitutes a wavelet analogue of
Parseval’s law, see [1], as these sums of squares correspond
to the energy of a signal, in the wavelet domain and in the
time domain, respectively. See also [2], [13].) We have the
following result.

Theorem 3: Let s be a discrete-time signal of finite length
m = 2k. Using wrap around, let it be processed by a cascade
of filters with down-sampling, involving ` consecutive levels
and an orthogonal filter bank. Let w be the vector of all the
wavelet coefficients at the ` different levels, together with
the final approximation coefficients.
(i) Maximization of the variance of the sequence of absolute
values |wi| of wavelet and approximation coefficients is
equivalent to minimization of the L1-norm V1 =

∑m
i=1 |wi|.

(ii) Maximization of the variance of the sequence of energies
|wi|2 is equivalent to maximization of the L4-norm V4 =
(
∑m
i=1 |wi|4)1/4.

A proof of this theorem is given in [13]. Note that minimiza-
tion of the L1-norm under (i), is a well-known criterion to
achieve sparsity in various other contexts, see for example
[16], [17], [18], [19]. Note also that in this basic form, the
theorem applies to the critically sampled wavelet transform,
i.e., for which dyadic down-sampling is performed so that
the signal s and its vector of wavelet and approximation
coefficients w have the same length m. A drawback of it
is that it is not invariant under translation: when the signal
s is shifted the vector w changes but does not simply shift
along. Another drawback is that the time resolution of the
detail and approximation signals is coarser at higher levels
(dyadic down-sampling makes that the number of coefficients
drops by a factor 2 for every new level). These drawbacks
are conveniently handled by undecimated wavelet transforms
and the stationary wavelet transform [20] in particular.
Undecimated wavelet transforms can be computed in various
ways, but here we will restrict to the stationary wavelet
transform. It follows that the new vector w̃ of all the wavelet
and approximation coefficients has length (` + 1)m for the
stationary wavelet transform on ` levels. On the finest scale,
there are two different sequences of wavelet coefficients that
can be obtained: the even phase and the odd phase of the
high-pass filter output before down-sampling. On the next
level, there are four sequences (corresponding to the four
phases), and so on. They now all show up in the vector w̃. It
follows that, for orthogonal wavelets, the vector w̃ obeys a
(dyadically weighted) adapted version of Parseval’s law. Let
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Fig. 4: L1-minimization for two parameters φ1 and φ2.
Contour lines of the optimization criterion are shown. Red
dots mark the six local optima that were obtained.
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Fig. 5: The wavelets ψ(t) and scaling functions φ(t) corre-
sponding to the six indicated local optima of Figure 4.

w̃ =
(
b
(1)
1 , . . . , b

(1)
m , . . . , b

(`)
1 , . . . , b

(`)
m , a

(`)
1 , . . . , a

(`)
m

)
, where

b
(j)
i denotes the i-th wavelet coefficient (of the stationary

wavelet transform) at the j-th level, and a(`)i the i-th approx-
imation coefficient at the last (`-th) level. Then we have:

∑̀
j=1

2−j
m∑
i=1

(
b
(j)
i

)2
+

m∑
i=1

(
a
(`)
i

)2
=

m∑
i=1

s2i . (33)

This property can be employed to adapt the two optimiza-
tion criteria (given above for the critically sampled wavelet
transform) to the stationary wavelet case, by using weighing.

Given a set of parameter values {φ1, . . . , φn−1} and a
prototype signal s, it is straightforward to calculate the
wavelet decomposition of s and the values of the criteria
V1 and V4 of Theorem 3. A local search technique can then
be employed to perform numerical optimization. However,
caution must be exercised due to the existence of local
optima; see also [13]. For instance, the local optima we
encountered in an example with two free parameters are
illustrated in Figures 4-5.
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Fig. 6: Top-left: Intracardiac signal (1 kHz). Top-right:
Wavelet decomposition of the intracardiac signal with an
L4-optimized wavelet with 5 parameters, vanishing moments
up to order 1 and using the critically sampled wavelet
transform. In the top row the coarsest detail coefficients
are displayed. The color intensity of the blocks corresponds
to the coefficient values. The lower rows show finer detail
coefficients. Bottom-left: absolute values of the wavelet
coefficients. Bottom-right: wavelet and scaling function of
the optimized wavelet.
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Fig. 7: L4-optimization with 5 parameters using a stationary
wavelet transform and vanishing moments up to order 1.

VII. EXAMPLES

As a first example to show which wavelets are obtained
by the proposed constructions, we consider a signal from
the Physionet “Intracardiac Atrial Fibrillation” database [21]
(see Figure 6). A wavelet was designed to give a sparse
representation for this prototype data in the wavelet domain.
From Figures 6-7 we infer that for the critically sampled
wavelet undesired effects may occur. Using the stationary
wavelet transform certain effects can be avoided such as the
effect that introducing an effective time delay with the filter is
beneficial due to the dyadic sampling. In this case vanishing
moments up to order 1 were enforced. The low-pass filter
coefficients obtained with dyadic optimization are:
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Fig. 8: L1-optimization with 5 parameters using a stationary
wavelet transform and vanishing moments up to order 1.

c0 = 0.2406, c1 = −0.1609, c2 = −0.0412, c3 = 0.4592,

c4 = 0.5756, c5 = 0.3915, c6 = 0.0219,

c7 = −0.4387, c8 = −0.0898, c9 = 0.1343.

The low-pass filter coefficients obtained with stationary
wavelet optimization are:

c0 = 0.0478, c1 = 0.0333, c2 = 0.0988, c3 = 0.2233,

c4 = 0.5122, c5 = 0.7414, c6 = 0.0816,

c7 = −0.3388, c8 = −0.0333, c9 = 0.0478.

which exhibits apparent structure in the outer coefficients.
In Figure 8, L1 optimization is used for the wavelet design.

The obtained low-pass filter coefficients are:

c0 = 0.0681, c1 = 0.0352, c2 = −0.0287, c3 = 0.3564,

c4 = 0.7583, c5 = 0.4909, c6 = −0.0734,
c7 = −0.2086, c8 = −0.0172, c9 = 0.0332.

In this example the L1-minimization approach produces a no-
tably smoother wavelet than the L4-maximization approach.
It aligns well with the morphology of the peaks in the signal.

A second example which concerns an acceleration signal
is shown in Figure 9. With 3 parameters and 2 enforced
vanishing moments (up to order 1) that gives one degree of
freedom. The optimal wavelet strongly resembles the Symlet
3 / Daubechies 3 wavelet. The low-pass filter coefficients we
found are:

c0 = 0.3805, c1 = 0.8240, c2 = 0.3881,

c3 = −0.1453, c4 = −0.0615, c5 = 0.0284,

which gives an L2-norm difference of only 0.0920 with the
actual Symlet 3 low-pass filter coefficients.

VIII. CONCLUSIONS

In this paper we have discussed a data driven approach to
design an orthogonal wavelet for an application at hand. We
have presented a parameterization of lossless FIR polyphase
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Fig. 9: L1 wavelet optimization for an acceleration signal,
with 1 free parameter (vanishing moments up to order 1).

filters, which matches the framework for orthogonal wavelets
with compact support satisfying the wavelet admissibility
condition. We then have given the expressions for vanishing
moments up to an arbitrary order p: first in terms of the
polyphase filter H̃(z), then in terms of the specific pa-
rameterization with parameters φ1, . . . , φn−1 and for some
cases for a parameterization q1, . . . , qn−1. Manifolds for
these orthogonal wavelets with vanishing moments have been
shown. Vanishing moments are useful properties of wavelets,
because they give smoothness and make that polynomials up
to a certain degree end up in the approximation signal. For a
small number of vanishing moments, these conditions allows
us to perform constrained optimization. For wavelet design
we have argued that a sparsity criterion is appropriate, espe-
cially if the goal of wavelet processing is either compression
or detection. In our set-up, such a sparsity criterion takes the
form of an L1-minimization or an L4-maximization problem.
These criteria can be used both with the critically sampled
wavelet transform, or in an adapted form, with the stationary
wavelet transform. We have demonstrated the approach with
a number of examples. The stationary wavelet transform
proves useful in avoiding certain undesired effects.

A few open questions still remain. First, it is known
that wavelet functions can only be computed for a given
set of filter coefficients when the joint spectral radius of
two particular matrices is less than 1, see [22]. This puts
an additional constraint on the parameter domain, if one
wants to adhere to a wavelet interpretation of the filter bank
signal processing approach. It still needs to be worked out
how it affects the parameter domain. Second, it is observed
that several well-known wavelets tend to come out (in good
approximation) for some of the examples we have investi-
gated. This concerns the Daubechies wavelets and Symlets of
certain orders, but also Coiflets have been known to turn up;
see, e.g., the first local optimum in Figure 5. At present it is
unclear what causes this, and whether there might be a more
general principle behind this. Matters such as the principle
that vanishing moments of order p suppress polynomials up
to order p, and that vanishing moments ensure that effective
differentiation occurs [1] are expected to be involved.
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