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Abstract— In this paper, we analyze convergence of the con-
sensus problems in multi-agent systems. The system considered
here has a directed graph topology and the communication
among the agents includes noise. A stochastic approximation
method is applied to a consensus algorithm and the relation
between the closeness of the agreement and the number of
iterations is clarified. A required number of iterations for the
desired closeness can be estimated by a probabilistic guarantee.

Index Terms— Multi-agent system, Convergence analysis,
Stochastic approximation

I. INTRODUCTION
Multi-agent systems consists of a lot of partial systems

called agents which exchange the information such as their
states each other and achieve a global objective without any
supervisor. To consider large scale network systems, it is not
reasonable to take care of all of agents individually for the
global objective. By taking such a system as a multi-agent
system, we can control the whole system by only considering
their own local objectives of the agents. Therefore, it is useful
for these systems and various applications are expected [1]–
[4].

Actually, influence of noise is not avoidable for multi-
agent systems in most cases. Although analysis of the
consensus problems with noisy communication among the
agents have been also considered [5]–[8], the most of existing
results are focused on the steady state. To apply multi-agent
system theories to the real world, it needs further analysis
which includes transient behavior.

The authors have analyzed the convergence of the multi-
agent systems with undirected graph topology under noisy
communication [9], where the relation between the close-
ness of the agreement and the number of iterations of the
consensus algorithm has been clarified.

The presenting paper follows this line of research and we
consider a directed graph case, that is, the network topology
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of the communication is asymmetric. In fact, agents need
two kinds of structures such as senders and receivers for
exchanging the information each other. Therefore, the com-
munication among the agents is not symmetric in general.
Note that the network topology is assumed to be a balanced
graph for simplicity.

We here introduce the idea for a stochastic approximation
method [10], [11] into a consensus problem for multi-agent
systems. Then, we analyze the convergence of the consensus
under noisy and directed communication. In particular, we
provide the relation between the closeness of the agreement
and the number of iterations of the consensus algorithm,
while this kind of analysis has been explored in [12], [13]
in the context of standard stochastic approximation.

II. PROBLEM FORMULATION

We consider a multi-agent system M including N ∈ N
agents. The agents exchange the information along the net-
work topology which is expressed by the balanced directed
graph G(V,E), where V = {1, 2, . . . , N} is the set of the
nodes and E ⊆ V ×V is the set of edges. The set of the agent
from which the agent i receives the information is denoted
by Ni = {j ∈ V |(i, j) ∈ E}.

If j ∈ Ni, the agent i receives the information yij(k) ∈ R,
which is defined by

yij(k) = xj(k) + wij(k)

where k ∈ N is the discrete time, xj(k) ∈ R is the state
of the agent j, and wij(k) ∈ R is the communication noise
according to an independent and identically distribution with
respect to i, j, and k. The communication noise wij(k) also
satisfies

E[wij(k)] = 0, Var[wij(k)] ≤ σ2 <∞.

For j /∈ Ni, it is defined as wij(k) = 0 because of no
communication.

The agent i updates its state xi(k) by

xi(k + 1) = xi(k) + r(k)
∑
j∈Ni

(yij(k)− xi(k)) (1)

where r(k) ∈ R is the communication gain.
In the noiseless case, it is well-known that when the

network topology is a balanced directed graph, the agents
reach an agreement at the average of the initial values [1].
According to our previous result [9], this property also holds
in the noisy case. To evaluate the closeness of the agreement,
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we introduce the average µ(k) of the states of the agents and
the distance δ(k) from the average, which are given by

µ(k) =
1

N

N∑
i=1

xi(k),

δ(k) = [x1(k)− µ(k) x2(k)− µ(k) · · · xN (k)− µ(k)]>.

Using these expression, the consensus problem here is to
achieve

lim
k→∞

(xi(k)− µ(k)) = 0, ∀i,

by iterating the consensus algorithm (1). In addition, the
closeness of the agreement can be quantitatively evaluated
by ‖δ(k)‖. The purpose of this paper is clarify the relation
between the closeness of the agreement and the number of
iterations of the consensus algorithm for the multi-agent
system with communication noise and a directed graph
topology.

III. CLOSENESS OF THE AGREEMENT

The network topology of the system M is characterized
by the graph Laplacian L = [`ij ] ∈ RN×N , which is defined
as

`ij =

 −1 if (i, j) ∈ E,
di if i = j,
0 otherwise,

where di ∈ N is the number of the elements of Ni. Since
G(V,E) is a balanced directed graph, the graph Laplacian
L satisfies

1>NL = 0, L1N = 0, rankL = N − 1,

where 1N ∈ RN is the vector whose elements are one, while
it is usually L 6= L>.

Using L, the algorithm (1) can be written in

x(k + 1) = (IN − r(k)L)x(k) + r(k)W (k)1N , (2)

where x(k) = [x1(k) x2(k) · · · xN (k)]> and IN ∈ RN×N

is the identity matrix. The matrix W (k) ∈ RN×N consists
of wij(k), where its {i, j}-th element is wij(k).

According to the definitions of µ(k) and δ(k), the algo-
rithm can be rewritten as

µ(k + 1) = µ(k) + r(k)w̄(k), (3)
δ(k) = (IN − r(k)L)δ(k) + r(k)w̃(k), (4)

where

w̄(k) = 1>NW (k)1N/N,

w̃(k) = (IN − 1N1>N/N)W (k)1N ,

and these satisfy

E[w̄(k)] = 0, E[w̃(k)] = 0,

Var[w̄(k)] = E[w̄(k)2] ≤ σ2,

Cov[w̃(k)] = E[w̃(k)w̃(k)>] � Nσ2(IN − 1N1>N/N).

Note that the update algorithms (3) and (4) are independent
of each other.

Then, we furthermore employ a state coordinate transfor-
mation [

δa(k)
δb(k)

]
=

[
Z>

1>N/
√
N

]
δ(k),

δ(k) =
[
Z 1N/

√
N
] [ δa(k)

δb(k)

]
.

where [
Z>

1>N/
√
N

] [
Z 1N/

√
N
]

=
[
Z 1N/

√
N
] [ Z>

1>N/
√
N

]
= IN .

By this transformation, δb(k) is always zero and ‖δa(k)‖ =
‖δ(k)‖ holds. Therefore, we can evaluate the closeness of
the agreement by only δa(k).

The update algorithm of δa(k) is

δa(k + 1) = (IN−1 − r(k)Z>LZ)δa(k) + r(k)w̃a(k),

where w̃a(k) = Z>w̃(k) and it satisfies

E[w̃a(k)] =0,

Cov[w̃a(k)] = Z> Cov[w̃(k)]Z � Nσ2IN−1.

Since the graph G(E, V ) is a balanced graph, the following
lemma holds.

Lemma 1: For the graph Laplacian L, there exist η ∈
(0, 1) and ζ ∈ (0,∞) such that∥∥∥∥IN−1 − Z>LZ

ζ

∥∥∥∥ ≤ 1− η. (5)

Proof: Note that L + L> is a graph Laplacian of an
undirected graph. Then, we see that Z>(L+L>)Z is strictly
positive definite matrix. Thus, there exists ε > 0 such that

Z>(L+ L>)Z = Z>LZ + Z>L>Z � εIN−1 � 0 (6)

In addition, Z>L>LZ is a symmetric matrix so that there
exists ζ ∈ (0,∞) such that

εIN−1 �
Z>L>LZ

ζ
=

(Z>LZ)>(Z>LZ)

ζ
.

For ζ, there also exists η ∈ (0, 1) such that

1

ζ

(
εIN−1 −

(Z>LZ)>(Z>LZ)

ζ

)
� 2ηIN−1

� (2η − η2)IN−1. (7)

Using (6) and (7), we have

(1− η)2IN−1

= IN−1 − (2η − η2)IN−1

� IN−1 −
1

ζ

(
εIN−1 −

(Z>LZ)>(Z>LZ)

ζ

)
� IN−1 −

1

ζ

(
Z>LZ + Z>LZ

)
+

(Z>LZ)>(Z>LZ)

ζ2

=

(
IN−1 −

Z>LZ

ζ

)>(
IN−1 −

Z>LZ

ζ

)
.
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Therefore, (5) is derived.
Now, suppose that k0 ∈ N is chosen as

k0 ≥
ζ

2η
− 1

and select the communication gain as

r(k) =
1

2ηζ(k0 + k)
.

Then, the following theorem is derived for the conver-
gence of a multi-agent consensus with noisy and directed
communication. The proof is described in the next section.

Theorem 1: For given constants α ∈ (0,∞), β ∈ (0,∞),
and γ ∈ (0, 1), select kf ∈ N which satisfies

kf ≥ max(τ1, τ2),

τ1 =
k0 + 1

α2
− k0, τ2 =

1

k0 + 1

(
N(N − 1)σ2

β2η2ζ2γ

)
− k0.

Then, for any initial state x(1), the kf -th variation δ(kf )
satisfies

P (‖δ(kf )‖ ≤ α‖δ(1)‖+ β) ≥ 1− γ,

where P is a probability on the measurement of wij(k).
Theorem 1 gives the relation between the closeness of

the agreement and the number of iterations of the consensus
algorithm (1) in the sense of probability. The desired close-
ness of the agreement is specified by the parameters α and
β, while the probabilistic guarantee is decided by γ.

Since the parameters α, β, and γ can be chosen as small
values arbitrarily, we see that the state of the agents xi(k)
converges in probability to the average of all the agents µ(k)
theoretically. That is, we have the following corollary.

Corollary 1: For any initial state x(1), the state of each
agent xi(k) converges to the average µ(k) with probability
one.

This means Theorem 1 contains the existing result as a
special case.

IV. PROOF OF THE MAIN RESULT

To proof Theorem 1, we define the transition matrix
Φ(p, q) as

Φ(p, q) = (IN−1 − r(p)Z>LZ)(IN−1 − r(p− 1)Z>LZ)

· · · (IN−1 − r(q)Z>LZ).

Using Φ(p, q), δa(k) is written in

δa(k) = Φ(k−1, 1)δa(1)+

k−1∑
n=1

Φ(k−1, n+1)r(n)w̃a(n).

(8)

Thus, the expectation is

E[δa(k)] = Φ(k − 1, 1)δa(1), (9)

and the covariance is

Cov[δa(k)] = E[(δa(k)− E[δa(k)])(δa(k)− E[δa(k)])>]

= E

[(
k−1∑
n=1

Φ(k−1, n+1)r(n)w̃a(n)

)
(

k−1∑
n=1

Φ(k−1, n+1)r(n)w̃a(n)

)>
= E

[
k−1∑
n=1

r(n)2Φ(k−1, n+1)w̃a(n)

w̃a(n)>Φ(k−1, n+1)>

]
(10)

Here, we introduce d(k) = ‖δa(k)−E[δa(k)]‖2. Then the
expectation is

E[d(k)] = E[(δa(k)− E[δa(k)])>(δa(k)− E[δa(k)])]

= E[Tr
(
(δa(k)− E[δa(k)])(δa(k)− E[δa(k)])>

)
]

= Tr (Cov[δa(k)]) . (11)

By Markov’s inequality, the following relation is satisfied:

P

(
d(k) ≤ Tr (Cov[δa(k)])

γ

)
≥ 1− γ (12)

For ‖δa(k)‖, it is clear that

‖δa(k)‖ = ‖δa(k)− E[δa(k)] + E[δa(k)]‖
≤ ‖δa(k)− E[δa(k)]‖+ ‖E[δa(k)]‖

is satisfied. Applying this to (12), it is transformed into

P

(
‖δa(k)‖ ≤ ‖E[δa(k)]‖+

√
Tr (Cov[δa(k)])

γ

)
≥ 1− γ.

(13)

In the following part, we derive the guarantee of the upper
bound.

From the inequality (5), we have

∥∥∥∥IN−1 − Z>LZ

2ηζ(k0 + k)

∥∥∥∥
≤
∥∥∥∥IN−1− IN−1

2η(k0 + k)

∥∥∥∥+
1

2η(k0 + k)

∥∥∥∥IN−1−Z>LZζ
∥∥∥∥

≤ 1− 1

2η(k0 + k)
+

1− η
2η(k0 + k)

= 1− 1

2(k0 + k)
. (14)
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Using this relation, we derive

‖Φ(k − 1, n+ 1)‖ =

k−1∏
m=n+1

∥∥∥∥IN−1 − Z>LZ

2ηζ(k0 +m)

∥∥∥∥
≤

k−1∏
m=n+1

(
1− 1

2(k0 +m)

)

≤ exp

(
−1

2

k−1∑
m=n+1

1

k0 +m

)

≤ exp

(
−1

2

k0+k−1∑
m=k0+n+1

1

m

)

≤
√
k0 + n+ 1

k0 + k
. (15)

We also derive

Tr (Cov[δa(k)])

= Tr

(
E

[
k−1∑
n=1

r(n)2Φ(k−1, n+1)w̃a(n)

w̃a(n)>Φ(k−1, n+1)>

])

≤ Tr(Nσ2IN−1)

k−1∑
n=1

r(n)2 ‖Φ(k−1, n+1)‖2

≤ N(N − 1)σ2

4η2ζ2

k−1∑
n=1

1

(k0 + n)2

(
k0 + n+ 1

k0 + k

)

≤ N(N − 1)σ2

4η2ζ2

k−1∑
n=1

4

(k0 + n+ 1)2

(
k0 + n+ 1

k0 + k

)

≤ N(N − 1)σ2

η2ζ2(k0 + k)

k0+k−1∑
n=k0+1

1

n+ 1

≤ N(N − 1)σ2

η2ζ2(k0 + k)
ln
k0 + k

k0 + 1

≤ N(N − 1)σ2

η2ζ2
√

(k0 + k)(k0 + 1)

≤ N(N − 1)σ2

η2ζ2
√

(k0 + τ2)(k0 + 1)
= β2γ. (16)

By (15) of the case n = 0,

‖Φ(k − 1, 1)‖ ≤
√
k0 + 1

k0 + k
(17)

holds. Then, we have

‖E[δa(k)]‖ = ‖Φ(k − 1, 1)δa(1)‖
≤ ‖Φ(k − 1, 1)‖ ‖δa(1)‖

≤
√
k0 + 1

k0 + k
‖δa(1)‖

≤
√

k0 + 1

k0 + τ1
‖δa(1)‖ = α‖δa(k)‖. (18)

To substitute (16) and (18) into (13) and recall that
‖δa(k)‖ = ‖δ(k)‖, Theorem 1 is derived.

V. CONCLUSION

This paper analyzed the convergence of the consensus
problem in multi-agent systems with directed noisy commu-
nication. The relation between the closeness of the agreement
and the number of iterations of the consensus algorithm
is clarified explicitly. Unlike the case of undirected graph
topology, it is not directly characterized by the eigenvalue
of the graph Laplacian. Nonetheless, it is enough to estimate
the number of iterations to achieve the desired closeness of
the agreement.
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