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Abstract—This paper considers the problem of low-
rank approximations of multi-linear functionals. Multi-
linear functionals are generally referred to as tensors and
provide a natural object of study in multi-dimensional
signal and system analysis. We propose a decomposition
of an arbitrary order N tensor in terms of mutually
orthogonal rank 1 tensors. A novel numerically efficient
algorithm is provided to compute such decompositions. It is
shown how this decomposition can be used to approximate
arbitrary tensors.

I. INTRODUCTION

Many applications in signal processing naturally re-
quire a study of signals with multiple independent and
multiple dependent variables. Examples include signals
that evolve over spatial and temporal coordinates, and
represent multiple physical quantities. In imaging and
video processing, the independent variables represent
pixel locations, an R-G-B intensity and possibly time. In
the study of multi-rate dynamical systems, one typically
distinguishes signals with multiple time-scales or signals
that are parameter varying.

The data structures that are necessary to store and
process these signals may become very large and pose
significant challenges to questions on data transmis-
sion, data processing, storage, compression and analysis.
Among the standard ways to compress large data objects
is to remove irrelevant or insignificant information from
the data, to reduce the data resolution, down sampling,
or to characterize and detect specific data features.
These techniques are known as data compression or
data reduction techniques and have applications way
beyond the image and video processing community. In
particular, generic compression techniques are of quite
some independent relevance to important areas such as
model reduction, signal approximation, spectral analysis,
controller synthesis and system identification [1], [3].

This paper addresses the problem to compress data
objects in multiple independent variables. For this, we
consider the mathematical framework to represent mul-
tidimensional data objects as tensors. A tensor or a
multi-array is a multi-linear functional defined on the
Cartesian product of Hilbert spaces. We believe that
the abstract definition of tensors provide a natural and
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generic framework to study data compression problems.
In fact, tensors can be viewed as the natural algebraic
generalization of the concepts of scalars, vectors and
matrices. In spite of this observation, it is remarkable
that very few algebraic and numerical tools have been
developed to use or analyze tensors in system theoretic
applications.

The problem of compressing a given tensor by a low
rank approximation is known as the tensor approxima-
tion of low rank approximation problem. This problem
has been studied in several papers and theses [4], [7],
[5], [11]. We refer to [8] for a detailed review. Contrary
to the matrix case, the low rank approximation problem
is a delicate problem in tensor analysis: it may be ill-
posed and it may have non-unique solutions [5]. It is for
this reason that the tensor approximation problem needs
concise formalizations of concepts such as tensor ranks,
orthogonality and decomposability of tensors.

Tensor approximation problems generally require ten-
sor decompositions. One basically distinguishes two
types of decompositions: the CANDECOMP-PARAFAC
(CP) and Tucker decompositions. See [8] and the ref-
erences therein. In 1997, Lathauwer proposed a popular
and easily computable decomposition that is generally
referred to as the higher order singular value decompo-
sition (HOSVD) for a Tucker decomposition of tensors.
Belzen and Weiland also proposed a number of algo-
rithms for a Tucker decomposition with performance
similar to the HOSVD [3], [10]. CP decompositions can
be obtained by alternating least squares approximation
methods and many other algorithms (see [8, §3.4] for a
review). However, all of these algorithms do not provide
optimal solutions to the tensor decomposition problem.

One approach to obtain a decomposition of a tensor,
is to generalize specific properties of the singular value
decomposition (SVD). Various approaches have been
explored in [10] to obtain a Tucker decomposition of
a tensor. One method in [10] is known as the tensor
singular value decomposition (TSVD) which, in essence,
defines singular values and vectors of a tensor in specific
subspaces so as to obtain a Tucker decomposition. The
dimension of the search space of singular values and
vectors decreases with increasing numbers of singular
values. In this paper, we propose a decomposition that
uses a larger search space to allow more accurate Tucker
approximations. We prove that the proposed method is
equivalent to the standard SVD for order 2 tensors. We
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provide simulations that illustrate that the new approx-
imation method outperforms the TSVD algorithm and
that its performance is comparable to other widely used
algorithms such as the HOSVD. In addition, we provide
a numerically efficient scheme for the computation of
such a decomposition.

This paper is organized as follows. In Section III,
we briefly discuss the basics of tensors. The tensor
approximation problems that we consider in this paper
are formalized in Section IV. The Tucker decomposition
proposed in [10] is briefly discussed in Section V. In
Section VI, we introduce new tensor decomposition
methods, and discuss advantages and the use of these
decompositions in the tensor approximation problem.
An algorithm to calculate singular vectors and singular
values of a tensor is presented in Section VIIL. Finally, in
Section VIII, we provide simulation results and discuss
the performance of the new algorithms suggested in this
paper when compared with existing algorithms.

II. NOTATION

Throughout R denotes the space of real numbers. For
a given positive integer N, we define N := {1,--- | N}.
SVD stands for the singular value decomposition. D (n)
denotes the nth element of an (ordered or indexed) set
®. The set D(n : m) :={D(n), - ,D(m)}.

III. TENSOR BASICS

In this section, we define the concept of tensors and
summarize their properties. For a detailed discussion,
see [10], [4], [7], [8] and the references therein.

A tensor is a multi-linear functional. More specifi-
cally, a functional 7" : X; X Xg X ... x Xy — R that is
linear in each of its /N arguments is an order-/N tensor
defined on a Cartesian product of Hilbert spaces Xj
over R. We will assume that for all k, X, has finite
dimension Ly, := dim(X}). Under this assumption, the
tensor 7' can be identified with a multi-linear array in
RLt x ... x REN | To elaborate on this, first consider a
rank-1 tensor that is defined by the functional

U(xlv" : axN) = <£C1,’IL1>X1 T <xN7uN>XN .

Here, u;, € Xj are given vectors for k €¢ N =
{1,--+ ,N}. If |Jug|lx, = 1 for all k, then U is called
a normalized or unit tensor of rank-1. In more compact
form, the tensor U is written as u1 ® - - - ® u,,. Now sup-
pose that, for k € N, the unit vectors {e,(cl)}le{17... L}
represent a basis of Xj. Then the tensor 7' can be
represented as

Ty Zth Ve o

1=1

ey

where ?;,...;, € R is called an element of the tensor T’
(obviously with respect to the given basis). The tensor

T can be viewed as a mapping from the vector space
spanned by {e(l1 - ® eN |l e {1,---,L;}} to
R. This mapping can be represented as a vector of size

Ly1Ly--- Ly or, equivalently, as an N-way array T €
RExLn where elements of T are defined as
tyoay = T(e! (ll) ,eg\l[N)).

In this way, an order 1 tensor is a vector, and an order
2 tensor is a matrix.

From this discussion it follows that any tensor of
order-)NV can be represented as (1) with respect to a
given basis {e\"}icq1.. 1,y of Xi, k € N. With the
standard notions of addition and scalar multiplication, it
is immediate that the set of all order-N tensors becomes
a vector space over R. We denote this space by 7y .

A. Tensor norms

For the approximation of a tensor 1" € 7T, we equip
the space 7 with a norm. First, we define the induced
norm of a tensor in 7 as a direct extension of the
induced norm of a linear operator. It is defined as

[T} =~ sup

lzk s, =1,kEN

T(zy, -+ s an)l-

Next, we define the Frobenius norm of a tensor in
Tw. This norm is a direct extension of the Frobenius
or Hilbert-Schmidt norm of a linear operator. As in
the linear case, this norm requires the definition of an
inner-product of two tensors. Suppose that unit vectors
{e,(cl)}le{17...,Lk} define a basis of Xj, for all k € N.
Then the inner product of two tensors 5,7 € T with
elements sy, ., and t;, ;. is defined as

Iy In
SDIEEH D 3Rt S
ki=1  kn=llL=1 Iy=1I

by, <€§ll),€(1kl)> :

If the unit vectors {e,(cl)}le{l,...
thonormal then

E E sll NS e

1=1

. <€S\ZTN)765\’;’N)> )

L} are mutually or-

Now, the Frobenius norm of a tensor 1" € 7, is defined
as

IT|lr = VAT, T)

Moreover, 7 becomes an inner product space.
Note that the induced and Frobenius norm of a
normalized rank-1 tensor is one.
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B. Orthogonality of rank-1 tensors

With the inner products defined on X and 7y we
obtain different notions of orthogonality of rank-1 ten-
SOrS.

Definition IILL1. Let U = u1 ® --- Q@ uy and V =
V1 ® - vy be two rank-1 tensors.
D IfF U,V = TI0_, (vn,un)y, =0 then U and V
are said to be orthogonal. This is denoted as U L
V.
2) If (vn,un)x, = 0¥n € N then U and V' are said to
be completely orthogonal. This is denoted U L. V.

C. Tensor decomposition

Any tensor 7' € 7 can be decomposed as
R
T=Y ol (@)
i=1

where R < Ly---Ly and U, are normalized rank-
1 tensors. This type of decomposition is known as a
CANDECOMP-PARAFAC or CP decomposition. In the
CP decomposition, we do not assume orthogonality of
U;. However, if (U;,U;) = 6;; for all (¢,75) =1,...,L
then (2) is called a (CP) orthogonal decomposition of
the tensor T'. Similarly, if we assume that U; and U} are
complete orthogonal for all (i,5) =1,..., L then (2) is
said to be a (CP) completely orthogonal decomposition
of the tensor T. In either of these cases, ||T||% :=
Zle 02»2. It is shown in [7] that neither orthogonal nor
completely orthogonal decomposition of a tensor are
unique in general. Using (1), it is trivial to show that
an orthogonal decomposition of a tensor actually exists.
However, a completely orthogonal decomposition of a
tensor does not necessarily exist [7, corollary 3.9].

The Tucker decomposition is an alternative tensor
decomposition. For a given tensor 7', a Tucker decom-
position is an expression of the form

Ry Ry
=Y oppuV e oul® 3
I1=1 In=1

One of the Tucker decompositions of the tensor 7T is
given by (1). For each n € N, if the vectors in the
set {ul"}1<;, <r, are mutually orthonormal, then the
Tucker decomposition is known as a modal-rank decom-
position. By re-arrangement of a Tucker decomposition,
we can show that a CP-decomposition is a special case
of a Tucker decomposition.

D. Tensor rank

For a given tensor T € Ty, the rank rank(7T) is
the minimal non-negative integer R such that 7" can be
represented as (2). Similarly, for a given tensor 7' € 7y,

the (completely) orthogonal rank is the minimal non-
negative integer R such that 7' can be represented as in
(2) with mutually (completely) orthogonal rank-1 ten-
sors U;. It is shown in [7] that rank(7T') < rank (T") <
rank | _(T") where rank (T) is the orthogonal rank and
rank | _(T) is the completely orthogonal rank of a given
tensor 7T'. Only for order-2 tensors these rank concepts
coincide.

Keeping in mind that the Tucker decomposition is
defined as in (3), it is interesting to bound or minimize
the values R,,. Clearly R, < dim X,,. To obtain a lower
bound on R, we define the n-mode rank rank, (T) as

rank, (T) = dimX,, — dim(Ker,, T')

for all n € N. Here, the n-mode kernel of the tensor T
is defined as

Ker,(T) :=={z, € X, | T(21, -+ ,2n) =0,

Vo € Xg, k 75 n}
Clearly, rank,,(T') = min R,,. The modal-rank of a ten-
sor T' € Ty is the N-tuple (rank (T'),--- ,ranky(T)).
For details we refer to [10].
IV. PROBLEM FORMULATION

We can now provide concise problem formulations as
follows.
Problem P; : Let T € Ty be a given N-order tensor.
Given a non-negative integer r < rank(T), determine a
tensor

Tr € arginf ||T —Ty||p.

rank(7T,)<r

Here, || - ||F is the Frobenius norm of a tensor.

Similarly, we consider the modal rank approximation
problem.

Problem P, : Let T € Ty be a given N-order ten-
sor. Given an N-tuple of non-negative integers r =

(ri,-++ ,rN), determine a tensor
T € arginf T =T ||F.
rank, (1) <r,VneN
Here, || - ||F is the Frobenius norm of a tensor.

For N < 2, the solution of these problems is well-
known. For 7 = 1 and N > 2, optimal solutions exist
for both problems and are described, e.g. in [3, theorem
3.6.1]. For » > 1 and N > 2, it is known that Problem
Py is ill-posed [5], [8]. On the other hand, Problem P,
is well defined but a closed form solution is not known
(6], [5].

Various alternative formulations have been suggested
that avoid the ill-posed nature of problems P; and
P,. One way to obtain a tensor approximation is to
generalize the property of the SVD as an orthogonal or
completely orthogonal decomposition of a matrix. For
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example, singular vectors and singular values of a matrix
M can be defined recursively as

{zi,y;} = argsup 2 My, o; ==/ My; 4
lzll=1,]lyll=1
zl{xzg,

yL{yo,

»Ti—1

WYi—1}

for ¢ > 1. Here 9 = 0 and yo = 0. This property
of the SVD is generalized in [10] to tensors and leads
to a completely orthogonal decomposition of a tensor
whenever it exists. As an alternative, singular vectors
and singular values of a matrix M can also be defined
as

z' My, 0, = xlTMyl (&)

{zi,yi} = argsup

lzll=1,]lyll=1
zl{xg, ,xi—1
for ¢ > 1. As before, xyp = 0 and yo = 0. Here, we
relax the orthogonality constraint on y. It is shown in
the Appendix that this definition also leads to an SVD
of a matrix.

In this paper, we generalize singular values and singu-
lar vectors as defined in (5) to tensors. This leads to an
orthogonal decomposition of a tensor. When compared
to a completely orthogonal decomposition, this provides
significant advantages in approximation accuracy, as we
will see later.

A. Tensor approximation

A common approach in tensor approximation is to
truncate a CP or Tucker decomposition of a given tensor
(see Section III-C). This is known as fensor truncation.
Specifically, for a given CP decomposition, a truncation
of (2) at level » < R is defined as

=1

Clearly rank(7,) < r. If the U;’s are mutually orthog-
onal normalized rank-1 tensors then

T
2 2
IT =Tl = ITI% =D of.
i=1
Similarly, for Tucker decompositions, we define trun-
cations of the decomposition (3) as

71

TN
T’rl:r” = Z Z U[l...lNU§l1)®"'®U§f[N) (7)

=1 In=1

where r, < R,,. We call this a Tucker truncation at the
multi-level (r1,--- ,7ry). For each n € N, if the vectors
in the set {ul"}1<;, <g, are mutually orthonormal then
the Tucker truncation is known as a modal truncation
at multi-level (rq,---,7y). Obviously, the modal rank
rank,, (T}, .., ) < rank, (7). Due to the orthogonality, it
is straightforward to calculate the approximation error in

a modal truncation. Indeed, the modal truncation error
is given by
1 TN
2 _ 2 2
1T = Tryor Ip = 1T — Z Z Ol iy
11:1
V. COMPLETELY ORTHOGONAL DECOMPOSITION

In=1

In [10], Weiland and Belzen introduced an algorithm
for a completely orthogonal (CP) decomposition of a
tensor (if exists). They also explained a method for a
modal rank decomposition. In this section, we briefly
describe the algorithm proposed in [10]. It is based on
a generalization of an SVD property given in (4).

Consider an order-/N tensor T : X1 xXo X... XXy —
R where, for each k =1,..., N, X}, is a Hilbert space
over R of finite dimension Ly := dim(Xy). Define the
completely orthogonal singular values or, in short, the
CO-singular values of the tensor T" as follows. The first
singular value of the tensor 7 is defined as

51(T) == sup [T (21, ,2N)]| )

|zn %, =1,neN

Since all X,, are finite dimensional, T" is a bounded
mapping on the Cartesian domain of unit vectors. There-
fore 01(7T) exists and is attained by an N-tuple, say
(RN

In the next step, one determines a normalized rank-1
tensor which is completely orthogonal to tensor U; :=
wg” ® wél) ® - ® 12)5\}). This can be achieved by
maximizing the gain |T'(z1,--- ,x )| over unit vectors
Ty € X, perpendicular to u?Sll) for all n € N (see
Definition III.1.2). Proceeding in this way, subsequent
singular values of 7' are defined in a recursive manner
as

or(T) = sup
nEN,a:neS'Z

T (1, 2N &)

where S5 == {z, € X, | |\xn\|xn:1,<xn,w,(f)>x _
0 Vi € {1,---,k — 1}}. Assume that the maxima
are attained by an N-tuple, say {w§’“>, e ,u?gf)}. This
algorithm proceeds until one reaches a zero singular
value. It is shown in [10] that this results in K :=
min, e rank,, (7)) completely orthogonal singular val-
ues. Now define the decomposition

K
To=Y o) @ o wly
k=1

Example V.1. It is shown in [3, e.g. 3.5.5] that if T :=
2e1®e ®er + % (e1 + €2) ® ea ® ey where e =
[1 O]T and ey = [0 I]T, then Tc =2e1®e1®e;+
% €2 ® eg ® ey. Clearly, |T —T.| = %

Conclude from Example V.1 that one cannot guar-
antee that a completely orthogonal CP-decomposition

1481



MTNS 2014
Groningen, The Netherlands

of a tensor exists. To complete the decomposition of
a given tensor, [10, §IV.A] proposed a method for
complementing the basis. In this method, if K <
rank, (T") then we can get an orthonormal basis of X,,,
by obtaining an orthonormal basis of the orthogonal
complement of spﬁ{u}g), cee ,u?ﬁ,,K)}. We denote this
basis by {ws< ™ ... i)}, The tensor T then has
a modal-rank decomposition (hence a CP orthogonal
decomposition) given as

Ly Ly
T=3 YtV e w ol

=1 In=1

Any modal truncation of the above decomposition is
called the TSVD approximation in [10].

The main issues with the decompositions discussed in
this section are listed below.

1) Singular values at level £ > K are zero. This
leads to arbitrary completion of an orthogonal basis
without using any information about the tensor.

2) Searching and optimizing in a space perpendicular
to the space of all previous singular vectors is very
restrictive in general.

VI. ORTHOGONAL TENSOR APPROXIMATION

In this section, we present a novel method for a tensor
decomposition. Our aim is to find a decomposition
method that avoids the main issues with the decomposi-
tions discussed in Section V. The new method is based
on a generalization of the SVD property given in (5)
and has its roots in the algorithms proposed by Belzen
and Weiland in [3], [2], [10].

One issue with the decompositions discussed in Sec-
tion V is that the search for a completely orthogonal
decomposition is too restrictive. Since any completely
orthogonal decomposition is also a orthogonal decom-
position, one can consider orthogonal decomposition as
an alternative to improve approximation error. If it exists,
the completely orthogonal decomposition of a tensor (of
order at least 3) is unique [11, theorem 3.2]. On the
other hand, there exists a large number of possibilities
to define orthogonal decompositions. Hence, the search
for an orthogonal decomposition is more exhaustive and
beneficial then a completely orthogonal decompositions.

An orthogonal decomposition can be found by an
exhaustive search of singular values and singular vectors
as explained next. For an order-N tensor 7' defined on
finite dimensional Hilbert spaces Xi,--- , Xy the first
singular value is

O’(l) (T) = 6’1(T)

where 61(T) is defined in (8). For ease of notations, sin-
gular vectors at level 1 are denoted by {w§1>, e ,w1<\}>}
where w§1> = ﬁ)gl) (see (8)).

In the next step we need a normalized rank-1 tensor
which is orthogonal to U; := wf) ® wé” R ® w1<\}>.
This can be achieved by proceeding in N different

o . (1)
directions i.e. perpendicular to w, ' for some k € N.
Let us denote the orthogonal complement of the space
span{wliw}, by S(1,k). Now, corresponding to each of
the N orthogonal complements, we calculate N singular

values at level 2. For all k£ € {1,---, N}, we calculate
N singular values at the second level as
oaw(T) = sup |T(z1, - ,xN)|-
lznll=1,n€N,
<xk,w,<cl>>xk =0

Again, assume that this maximum is attained by an N-
tuple, say {w§1’k>, e ,wﬁ’m }. We call this N-tuple the
singular vectors in the space Sy 1y at level 2. Clearly,
we can identify the level from the cardinality of the
set (1, k). Since, the search spaces Sy 1yVk € NV at the
second level are supersets of the search space required in
02(T), it follows that oy 1y (T) > 62(T) for all k € .

Continuing in this way, at the third level we consider
a maximum of N3 different search spaces. These spaces
are orthogonal complements of the spaces spﬁ{wi”} X
W{w§1’k>} for all i # j and 4,5,k € N and
spﬁ{wgl),wy’k)} for all ¢ = j. The number of search
spaces increases exponentially with an increase of the
level index. Specifically, at the mth level, we define the
following set.

Definition VI.1. A direction set at level m is a set
D'm = <17 k?a k3> Tty km>

. . 1
where index ko refers to singular vector w,iz>
. (1,k2)

index ks refers to w;_

at level 2,

at level 3 and so on till index

. 1k2,ks, - Jkm—
k., refers to singular vector w,i 2 Y at level

m — 1. Also, D1 := (1).

The direction set indicates the choice of singular
vectors that are selected at each level. At the mth level
we find the singular value in a space orthogonal to the
space of these singular vectors. Hence, we define the
following search space.

Definition VIL.2. Given a direction set ©,, =

(1,ko, ks, -+ , k) at level m, the search space at level
m is defined as
SOm .— S;Dm N S]%nz
1
where SPm = <span{w,<:1’m ,k,;)}ngm . Here
i=n

ki
ki = 1 and L denotes the orthogonal complement of
the space.

Now, we define singular values and vectors at a given
level in a given direction precisely.
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Definition VI.3 (Singular value and vectors at a given
level in a given direction). Given a direction set ®,, =
(1,ko, k3, -, km) at the level m, the singular value in
the space S®™ is defined as

oo, (T) = sup

|k llscp, =1, k€N
Tk GS,;Dm

T (z1,-  2n)l- (10)

This singular value is attained by an N-tuple, say
{wP™, -+ ,wy™}. Every such N-tuple is referred as
the singular vectors in S®= at level m.

Note that there exists no definite relationship between
CO-singular values (defined in Section V) and singular
values after level-2.

To identify non-zero singular values in a search
space S®m at the mth level, we denote the orthogonal
projections into the space (S2m)t by P®m. With
these notions it is trivial to show that og, (T') of the
tensor T' exists and is non-zero if and only if T'((I —
PPz, (I = PY™)an) # 0,

Now, assume that for a some M, Pf M — ] for all
n € N. Then we can write

M
m=1

To illustrate these ideas, let us consider the following
example.

Example VI.4. Let T be as in Example V.1. Proceed
sequentially by searching singular values and singular
vectors in the space S®™ at the mth level. Here, ©,,, =
D(1 : m) and © = {1,2,3,1}. The set D(1 : m)
denotes the set that consists of the first m elements of
D. Hence, T, =2 e1 ®e; ®61—|—% (e1+e2)Rea®es
Clearly, T = TO.

Comparing the above example with Example V.1, it
follows that 7, is a better decomposition than T.. The
above example shows that 7" admits an orthogonal C' P
decomposition. However, this is not true in general as
the following example illustrates.

Example VLS. Consider the tensor T : R2xR? xR? —
R defined by T =e1 ®e1 @e1 +ea®@e1 @ep +ea®
es ® ey where e 1= [1 O}T and eo = [0 1]T are
an orthonormal basis of R%. Now, T = (e1 +e2)®e; @
e1 + e2 ® ea ® ea. Proceed sequentially by searching
singular values/vectors in the space S®™ at the mth
level. Here ©,, = D(1 : m) and © := {1,1,2,3}.
Hence, T, = (e1+e2) Qe Qey + %(—61 +er)ResRes.
Clearly, T — T, = %(61 + e2) ® ea ® ey is not zero.

Example VL5 shows that T, may not be equal to 7.
Therefore, T}, is not an orthogonal decomposition of the

tensor 7. However, we can easily obtain a modal-rank
decomposition of the form

Ly Ly

l1=1 In=1

(In)

oul  (12)

where #j,.., = T(u(lll),~-~ 7ug\lf\’)). Few ways of
obtaining uﬁf ) are explained below.

1) Directional modal rank decomposition: Assume

that the projection matrices P°» = [ at some
Mth level for all. n € AN. Then we can have
wlD o )| = PP for all n.

2) Modal rank decomposition via orthogonalization:
Assume that set of singular vector {w? m }1§m§M
for some M forms a basis of the space X,,. Then
ugf ) are the vectors obtained from Gram-Schmidt
orthogonalization of the set {wfm}lgmg a for
some M.

3) Single directional modal-rank decomposition
(SDM): We can obtain n different To given in (11),
if we proceed in n different directions given by set
Dr = {90 (k) =nVl < k < mand D7,(1) =
1} for all levels 1 < m < dimX,, and n € N.
Now, set u\™ = w2

Note that ugf) always depends upon the tensor. This

solves the issue 1 in Section V.

A. A short note on selection of the direction set

The above setting defines a class of different decom-
positions depending on the direction set we choose at
each level. Now, we can get the direction set based
on the maximum singular value at each level or the
singular values which provide a best approximation (in
Frobenius sense) of the tensor 7" at a given level. This
is computationally intensive because of an exponential
increase in the number of singular values at each level.

To reduce calculation, we use the constraint ©; =
D;+1(1 : 7). Now, the singular values are ordered and
never increase with levels as S®+ O S®i+1. Also, the
number of singular value we need to compute now is
N at each level m > 1. We used this simple method
to obtain TO given in (11) and to obtain a modal rank
decomposition via orthogonalization. We refer to this
modal-rank decomposition as maximum singular value
modal-rank (MSVM) decomposition.

We claim that all modal-rank decompositions dis-
cussed in this section are equivalent to the classical SVD
for order-2 tensors (see Appendix for the proof).

Because of space limitations, we omit a discussion on
the relation between the singular values and the upper
bound of the errors inferred from the modal truncation
the we considered in this section.
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VII. CALCULATION OF THE SINGULAR VALUE AND
VECTORS

In this section, we propose a numerical scheme to
determine the singular value and singular vectors of an
arbitrary direction set. Using Lagrangian multipliers, we
obtain the following theorem (proof is skipped due to
length constraints).

Theorem VIL1. Given an order-N multi-linear func-
tional T : X; X -+ x Xy — R defined on finite

dimensional vector spaces X,, of dimension L,. Let
(4)

{yn’} be a set of independent vectors in X,, where

neN,ie{l,---,I,} and I, < L,. Define

{1, -+, 0N} = arg sup |T(z1, - ,xN)]|-
|z ||=1,nEN,

<$717y£;i>>x =0Vi<l,

and 5 .= T(wy,- -+ ,Wn). Then for all a,, € X,, such
that <an,y,(f) =0,neNandiec{l,---,I,} with

I, <L, we have that

T(/lz)la" cyQpy awN) = 6<an,ﬁ)n>xn 5
[@nllx, =1, wn,yﬁf)>x =0.

A. Algorithm

Theorem VIIL.1 provides a set of equations that have
singular values and singular vectors as solutions. A
numerical scheme for the computation of singular values
and vectors is based on the operator

1 T TN
GT(‘T) = z z VT( T )
T(Hwil\"“ ) sz”) 1] [zl
where o, € Xy, ¢ = [z - J:X,]T, and VT

denotes the gradient of 7' with respect to z. It can
be shown that the fixed points of G coincide with
the solutions of the set of equations given in Theorem
VII.1. The algorithm iterates on Gp in the sense that we
compute

x(n-i—l) — GT(:L.(W')) for n:()’]_,.‘..

Unfortunately, convergence of this algorithm is not guar-
anteed (even locally). Because of this, we propose to use
the iterative map Hp := G+ (1 —6)I instead of Gr.
With this map, (local) convergence of iterations to fixed
points is actually guaranteed for specific values of 6.
Specifically, we have the following theorem (proof is
skipped due to length constraints).

Theorem VIL.2 (Local convergence theorem). Define
Hy = 0Gr + (1 — 0)I where 0 € (0,1]. If the fixed
point of Hr is a strict maximum and 0 € (0, %)
then the iteration x"+t1) = Hyp(x(™) converges to the
fixed point from every initial condition =°) in an open
neighborhood around the fixed point.

Fig. 1.

Starting from left: cross section of original MRI scan,
(15,15, 15) approximation of the MRI scan computed using TSVD,
HOSVD, MSVM and SDM.

Note that the fixed points of Hpr and G are same.
This result leads to the following power-type algorithm
to compute the singular values and corresponding vec-
tors for a given direction set ©,,.

INPUT Tensor T € Ty

DESIRED Singular value/vectors of 7' at level m for a
given direction set D,,.

Step 0 Set tolerance level e > 0. Define
T(x1, - ,xn) = T(I - PP™)ay,---, (I —
PR )an).

Step 1 Select random z(©)
5”1, = 1.

Step 2 Select 6 < (0, %) and iterate the map
() = Hz (™), for all i = 0,1,...,7* where
i* is such that ||x(i*)*— 2@ =D /)|20)] < g

Step 3 Write w;™ =z,

Step 4 If T(wP™,--- , dy"
—Pm,

S RES Li such  that

) < 0 then set wP™ =

In the last step, we used multi-linearity to have a non-
negative singular value. Initialization with the singular
vectors obtained by the HOSVD sometimes helps to
improve convergence in the above algorithm [4].

VIII. SIMULATION

In this section, we illustrate the power of the algo-
rithms described in this paper. We consider a modal
truncation of the MSVM and SDM decompositions and
we compare the performance of these methods with the
TSVD and the HOSVD algorithms [10], [4].

The data consists of a 3D MRI scan of a human
head. The same data is used in [10]. The data is a 3-
dimensional object of gray-scale levels defined on a grid
of 262 x 262 x 29 pixels. The data is stored as an order-3
tensor 1" of size 262 x 262 x 29. The modal rank of the
tensor T is (255,219, 29) (calculated by MATLAB [9]).
One planar cross section of the data is shown in the left
image of Figure 1. All simulations are performed with
tolerance £, = 1078 and 0 = 0.5.

We performed modal truncations at level (ry, 72, 73)
where 11 = ro = r3 = r and 1 < r < 15. The rela-
tive approximation errors ||T' — T, .r,||7/||T||F for the
various algorithms are shown in Table I. Here T}, .., is
the modal truncation at level (71,72, 73) of T'. It follows
that both MSVM and SDM truncations outperform the
TSVD and that accuracy of SDM is comparable to the

1484



MTNS 2014
Groningen, The Netherlands

(ri,72,73) | TSVD | HOSVD | MSVM | SDM
1,1,1) 051814 | 051815 | 0.51814 | 0.51814
(3,3,3) 051269 | 0.26496 | 0.26480 | 0.26487
(5,5,5) 0.51089 | 0.23352 | 0.23073 | 0.23007
7,7.7) 043250 | 0.21127 | 0.20730 | 0.20718
(9,9,9) 043104 | 0.19269 | 0.19255 | 0.19227

(11,11,11) | 0.42965 | 0.18092 | 0.18598 | 0.18217

(13,13,13) | 042752 | 0.17311 | 0.17890 | 0.17316

(15,15,15) | 042573 | 0.16668 | 0.17524 | 0.16639

TABLE I

RELATIVE APPROXIMATION ERROR FOR VARIOUS ALGORITHMS

truncations of the HOSVD (see also Figure 1).The slow
decay rate of the TSVD truncation error is attributed to
the restrictions of the search space to define a completely
orthogonal decomposition. Note that for level (1,1,1)
approximations, SDM, TSVD, MSVM are always better
than HOSVD (see [10, theorem V.2]).

The compression achieved by truncation at level

(15,15,15) is 1 — 12X18xX18 - — (.99792 i.e. 99.792%.

IX. CONCLUSIONS

This paper addresses the approximation problem of
multi-linear functionals defined on finite dimensional
vector spaces. We proposed a number of decompositions
of tensors as dyadic expansions of rank-1 elements
and considered their properties as candidate lower rank
approximations of a given tensor. This approximation
problem is motivated by questions on signal and data
compression for large-scale data elements that consist
of multiple independent variables. This paper contributes
with novel approximation methods of tensors by defining
different classes of singular values and singular vectors
of tensors. For general order-N tensors, the proposed
decompositions depend on search directions at every de-
composition level. This leads to a plethora of algorithms
for tensor approximation. We focused on two easily
computable algorithms (MSVM and SDM) for tensor
approximations and compared these algorithms with the
existing TSVD and HOSVD algorithm. Convergence
of the numerical algorithms has been established and
we have shown that these algorithms outperform the
TSVD algorithm. The approximation accuracy of SDM
is comparable with the HOSVD truncations.

APPENDIX

We now show that the singular values and vectors
obtained in (5), forms an SVD of a given matrix M. It
is shown in [10, e.g. IV.3] that (4) is equivalent to SVD
of a matrix. Therefore, we just show that for a given
order-2 tensor, the maximization problem defined in (5)
is equivalent to the problem in (4).

Consider an order two tensor 7' : R" x R™ — R.
The first singular value/vectors in (5) and (4) are same.

Therefore, we have that T'(z1,y) = o1 (Y, y1)g»

T(z,y1) =01 (z,21)p (13)

and ||z1]|g, = 1 and ||y1||lr,, = 1. Therefore, we start
with the second singular value/vectors. Using Theorem
VIL.1, we can show that the singular value o5 and
singular vectors {22, y2} defined in (5) satisfy ||z3||r, =
L |ly2llr,, =1, (z2,21) =0,

T(z2,y) = 02 (Y, Y2)g,, (14)

and T'(z,y2) = o02(z,72) , for all z € R, and
y € R,,. Now, setting y = y; in (14) and setting
x = x9 in (13), we have T'(z2,y1) = 02 (yl,y2>Rm =
o1 <$2,$1>Rn = 0. This implies (yl,yg)Rm =0.

Now, we use induction to prove the rest. Assume
that the {yn—_1,---,y1} of right singular vectors is
a mutually orthonormal set, we prove that y, is or-
thogonal to this set. Using Theorem VIL.1, we can
obtain singular value o, and singular vectors {x,, y,}
defined in (5), satisfy |z,||g, L llynllr, = 1,
Tp L {xp_1,--,21} and T(zp,y) = on (y,yn)Rm,
T(x,yn) = op <x,xn>R" for all z € R, and y € R,,.
Setting y = yr (1 < k < n), we have T'(z,,yr) =

On <yk,yn>Rm = oy <xn,xk>Rn = 0. This implies
(Yrs Yn)p, = 0 for all 1 < k < n. We get the above
result even if exchange x and y, therefore given any
direction set we will have same decomposition in order-
2 tensor case.
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