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Irreversible port-Hamiltonian formulation of chemical reaction networks

Héctor Ramirez!, Daniel Sbéarbaro? and Bernhard Maschke?

Abstract— Reaction networks refers to multiple reactions,
like chemical, biochemical, biological etc., occurring simul-
taneously in a reactor. Traditional studies consider mainly
isothermal operation conditions, thus focussing on the dynamics
of the interconnected mass balance laws. This is however
an unrealistic scenario in most real life applications since
thermal gradients are often one of the main driving forces
of any Kkind of reaction. In a recent work the set of dynamic
equations governing the evolution of a general single chemical
reaction has been modelled as irreversible port-Hamiltonian
control systems. These systems express, just like standard
port-Hamiltonian systems, the conservation of energy as a
structural property but in addition they also express (as a
structural property) the second law of Thermodynamics: the
irreversible production of entropy. In this work the irreversible
port-Hamiltonian formulation is extended to general reaction
networks, allowing to propose an energy based model for non-
isothermal reaction networks. The developments are performed
for chemical reaction networks, but the model is general and
can be applied to any kind of non-isothermal reaction. The
results are illustrated on a simple 2 step chemical reaction
network.

I. INTRODUCTION

Reaction networks have been the subject of numerous
studies in the last decades. Indeed, the formulation of a
general reaction network theory is of great interest for
different scientific and industrial domains, such as chemistry,
biochemistry and biology. Most of the studies carried out on
reaction networks consider that the system is approaching
a thermodynamic equilibrium. However, this is a restrictive
assumption as Qiana and Beards [1] have pointed out, “Yet,
a majority of thermodynamic analyses and/or kinetic studies
focus only on “non-living” systems. By a non-living system,
we mean that if one waits a sufficiently long time compared
with its relaxation time, the system approaches a thermo-
chemical equilibrium. In contrast, a living system cannot be
isolated; it is open to energy and material exchange with
its surrounding, accompanied with heat dissipation. After
a time sufficiently long compared with its relaxation time,
an open system approaches to a non-equilibrium steady-
state”. An irreversible thermodynamic approach to model
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and analyse reaction networks is hence necessary for a
deeper understanding of their non-equilibrium dynamics.
The works of [2]-[4] were pioneers in introducing network
thermodynamics for the analysis of reaction networks. The
conservation of energy and irreversible creation of entropy
have been used to study biochemical reaction networks
from a dynamic system perspective [1] and to constraint
optimization based algorithms to reach optimal and also
physically admissible operation conditions [5]. Another line
of research aims to study the dynamic behaviour of open
(controlled) reaction networks by characterizing the network
by linear graphs and/or its underlying geometric structure
[6]-[8]. In this direction the works of [9]-[11] express
isothermal reaction networks as locally dissipative systems
with respect to virtual energy and entropy functions. Also
along this line, in [12] port-Hamiltonian systems (PHS) [13]
are used to propose a control system representation for open
reaction networks and in [14] the geometric structure of the
network is explored relating it with graph theory and some
virtual energy and entropy function to study stability and
model reduction.

In this paper a recently proposed energy based model,
called Irreversible port-Hamiltonian System (IPHS) [15],
[16] is used to model reaction networks. IPHS defines a class
of quasi-PHS which encompasses thermodynamic control
systems and it is shown, starting from a simple reaction,
that a reaction network can be systematically written in IPHS
format. One of the main features of IPHS is that they express
the first and second principle of thermodynamics, hence the
structure of these systems is directly related with the energy
and entropy functions. This allows to use to passivity based
techniques similarly as for mechanical systems to study
dynamic properties such as stability. The paper is organized
as follows. Section II presents the basics on chemical reaction
networks. In Section III we introduce IPHS. The main result,
which is the IPHS of a general reaction network, is given in
Section IV. Section V presents and illustrating example and
finally some concluding remarks are given in Section VI.

II. CHEMICAL REACTION NETWORKS

Let us first consider a single reaction in a continuous
stirred tank reactor with the following reversible reaction

scheme
m m
T
E oA = g BiA;
i=1 i=1

with «;, 5; being the constant stoichiometric coefficients for
species A; in the reaction. The time variation of the species
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in the reactor is given by [17]

ng=Fe — Fg +1;V 1=1 (D

where n; is the number of moles of the species ¢, (and n
the vector n = (nq,... 7nm)—r). All reactions are assumed
to be reversible, with reaction rates obeying the mass action
law [6], [7] r; = ;v where r (n,T) is the reaction rate
which is the difference of the forward reaction rate r; and
the backward reaction rate ry: v = (ry — 1) and depends
on the temperature and on the reactant mole number, 7; is
the signed stoichiometric coefficient: v; = «; — 5;, and
is positive or negative depending on whether the species
1 is a product or a reactant in the reaction. F.; and Fi;
are respectively the inlet and outlet molar flows (and F,
the vector F, = (Fel,...,Fem)T). Following the usual
assumptions [17], [18], V the volume in the reactor is
assumed to be constant as well as the pressure. The dynamic
evolution of the mole balance can then be represented by
a set of ordinary differential equations which in compact
matrix form is written as

I:IZCTV—f—Fe—Fi

RN ()

2

where C is a m x 1 vector called the stoichiometric vector,
and whose elements are the signed stoichiometric coefficients
of the reaction.

The classical construction of the complete state space of
the ideal mixture in the CSTR, i.e., considering the energy
balance as well, is based on Gibbs’ fundamental relation.
Assuming constant volume and pressure of the mixture in
the reactor, Gibbs’ relation reduces to

dUZ

where U denotes the 1nternal energy, S the entropy and
the conjugated intensive variables are the chemical potential
g—gi = u; and the temperature g—g = T. If we consider for
instance a chemical reaction and under the assumption of
constant volume, the internal energy is

UdS

dz
2t B

3)

U= ZTLL[CW(T — To) + uOi],

i=1

“4)

where c,;, ug;, Tp are respectively the heat capacity at
constant pressure, reference molar energy and reference
temperature. At constant volume and pressure the reference
molar enthalpy is hg; = wg; [19], and the balance equation
of the internal energy is [18], [20]

U H Z et ez_

where Q@ = \T, — T) is the heat flux from the jacket
with A the heat conduction coefficient, 7, the temperature
of the jacket, H the total enthalpy of the reactor and h;, hg;
respectively the inlet and outlet specific molar enthalpies,
which are related with the chemical potentials and the
specific molar entropies s; by:

Hi = h,’ - TSz

sz sz) + Qa (5)
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The entropy function on other hand is given by

m

S=Cpln(4)—Ry Y [niln(

i=1

&)+ Z(ms()i),

=1

where C, = Z?ll niCpis To, N, so; and R, are respectively
total heat capacity at constant pressure, reference tempera-
ture, total number of moles, reference molar entropy and the
ideal gas constant. Hence, the entropy balance equation is
given by

m

S = Z(Feisei - Fssi)

i=1

+Q+U,

T, (6)

where s.; and s; are respectively the inlet molar entropy
and the molar entropy of species 7, and o is the irreversible
entropy creation due to mass transfer, heat transfer and
chemical reactions:

T

m

=3

=1

(hei - Tsei - :ul) + T 7T Zﬂzyz

We have taken the example of a chemical reaction, but it
should be noticed that since the state space is constructed
from Gibb’s fundamental relation, the energy and entropy
balance equations always fulfil the first and second principle
of thermodynamics; i.e. that the total energy is conserved
and that the internal entropy creation is always greater or
equal to zero. Hence in general it is always possible to write
(5) and (6) as

U:Uin_
S =5, —

Uout7

7
Sout +o ( )

where Ujp,, Sin, Uout, Sout are respectively the energy and
entropy carried in to the reactor by external sources and
out of the reactor to external sinks. The entropy creation
on other hand is due to the internal irreversible processes
and is completely characterised by the nature and geometry
of the specific process.

Let us now consider a chemical reaction network [11]
involving m chemical species, among which m, chemical
reactions take place

m m

Zo‘iin = Zﬁz‘in, j=1,...
=1 i=1

with a;; and f3;; being the constant stoichiometric coef-
ficients for species A; in the reaction step j. The linear
combinations of the species in (8), namely > ., a;;A; and
Yo BijAq, for j = 1,...,m, are called the complexes.
Many fundamental studies on the dynamic behaviour of
reaction networks has been carried out by defining the
complexes to be the vertices of a directed graph [6]-[8],
[11], [14]. The basic structure underlying the dynamics of
the vector n of mole numbers of the chemical species is
given by the mass balance law:

®)

7m7"

n=CrV+F, —F,, 9)
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where the m x m,. matrix C is called the stoichiometric ma-
trix whose columns are the stoichiometric vectors of each re-
action: C = [Cy,Cy,...,Cpy), and v = [ry, 72, ..., 7, ]
is the vector whose elements are the reaction rates of each
individual reaction. The energy and entropy balance will be
given by (7), with each input and output term given by the
sum of the input sources and output sinks and where the total
internal entropy production will be given by the sum of the
internal entropy production of each reaction.

III. IRREVERSIBLE PORT-HAMILTONIAN SYSTEMS

On the state space R™ > x, a PHS is defined in the case
of power preserving systems by the following state equation,

i = J@) 2 (@) + glpult)

where U : R®™ — R is the Hamiltonian function that is
usually the total energy of the system, J(z) € R™ x R™ is
a skew-symmetric structure matrix, g(z) € R™ x R™ is the
input vector field and «(t) € R™ is a time dependent input.
For those systems, the Hamiltonian function represents the
total energy of the system and the skew-symmetric structure
matrix represents the energy flows between the different
energy domains of the system. Furthermore the structure
matrix J(z) relates to symplectic geometry as it defines a
Poisson bracket, if it satisfies the Jacobi identities, else it is
a pseudo-Poisson bracket (see [21]). If J is constant in some
local coordinates then it satisfies the Jacobi identities [22].
In the sequel we will consider only true Poisson brackets
(not pseudo-Poisson brackets). The Poisson bracket of two
C°(R"™) functions Z and G is expressed as:

;
(2,61 =52 (0I5 @)

The PHS dynamics is expressed in term of the Poisson
bracket (11) as:

(10)

Y

& ={z,U}; + g(z)u(t).

The properties of Poisson brackets such as their skew-
symmetry and the fact they satisfy Jacobi identities cor-
respond to the existence of conservation laws or balance
equations for open systems. For instance the conservation
of the energy is the base of the control using PBC methods
[23]. Several attempts have been made in order to preserve
as much as possible the PH structure when dealing with
thermodynamic systems, leading to a class of systems called
quasi-PHS [9], [10], [24]-[26]. These systems retain as much
as possible the port Hamiltonian structure, but differ by
their structure matrices and input vector fields which depend
explicitly on the gradient of the Hamiltonian. An important
remark is that, although the forms of PHS (10) and quasi-
PHS are very similar and both embed, by skew-symmetry
of the structure matrix, the conservation of energy, in the
latter the drift dynamic is a nonlinear function in the gradient
%—’i(m). In this sense the symplectic structure of the PHS,
given by the Poisson tensor associated with the structure
matrix J(x), is destroyed.

(12)
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There is a large class of thermodynamic systems that can
be expressed as quasi-PHS if the Hamiltonian function is
selected as a thermodynamic potential such as the internal
energy or the entropy [15], [27], [28]. From a control
perspective it is usually more complicated to impose a
desired closed-loop dynamic on quasi-PHS. Passivity based
techniques can be easily applied to PHS, however due to the
non-linearity with respect to the gradient of the Hamiltonian,
this is not the case for quasi-PHS.

In recent works [15], [16] a class of quasi-PHS, denoted
Irrevesible Port Hamiltonian Systems (IPHS) have been pro-
posed to model a large class of thermodynamic systems and
to embed the first and second principle of Thermodynamics
in the structure of the quasi-PHS.

Definition 1: [15], [16] IPHS are defined by the dynam-
ical equation
ou

J—

I:R(I ou OS) o

) 9z dx ()+g(a017u)7 (13)

where

1) z € R™ is the state vector, U(x) :
S(z): C*([R") - R.

2) The structure matrix J € R™ x R™ is a constant skew-
symmetric matrix.

3) R =R (z,%,25) is composed of a positive definite

function and a Poisson bracket evaluated on S and U:

' Oz’ Oz :ry( ’%){S U}J7

with y(z, 57) = 4(x) : C*(R") — R, 4 > 0, a non-
linear posmve function of the states and co-states of the
system that can be expressed as a function of the states
only.
g(z, 9% u) € R! xR™ is associated with the port of the
system, where the input is u(t) € R™ a time dependent
function.

The main difference with the definition of a PHS is
that R (z,2%,95) depends on the co-state variables de-
stroying the linearity of any Poisson tensor, considering
the mapping aU to the drift dynamics R( z, ‘gg, gf ) J o5 aU
and assomated w1th the matrix RJ. Furthermore, the Vector
field g (2, 2%, u) may also depend on states and co-states.
The first and second principle express, respectively, the
conservation of energy and the irreversible transformation
of entropy. It is possible to represent this by the following

equations

C>®(R™) — R and

R(Jc

6U

ou BS)

(14)

4)

dUu d s
o an Z=° (z
where the Hamiltonian U is the internal energy, G denotes an
entropy like function (that may be equal to the total entropy
S) and o (z, 97) the irreversible entropy creation which in
general depends on the state and the differential of the total
energy. For IPHS, by skew-symmetry of J the total energy
of the system satisfies the energy balance equation

ot
T Oz

ou

=0 J2U) >0 (15)

au

= (u(t)).
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Indeed, since g(u(t)) represent the flows through the
controlled-ports of the system the only energy variation is
due to the interaction with the environment. The entropy
variation on the other hand is given by

s oS8’ ou oS’

i ou 9S e
dt — Oz (2 ) (@) oz +

' Jx ) Ox or g(u(t))

A consequence of the second principle of Thermodynamics
is that the entropy variation due to internal transformations
is always greater or equal to zero. This actually requires R.J
to explicitly depend on 2Y. Indeed, from Definition 1 we
have R (z, 22, 2%) = ~ (z, 32) {S, U}, hence the internal

» Oz’ Ox
entropy production, denoted by ¢;,¢, is given by
s’ oU
B %:7(73:6){3[]}]_0171157 (16)

which is greater or equal to zero for any functions U (z) and
S(z) since by definition v > 0.

IV. IRREVERSIBLE PORT-HAMILTONIAN FORMULATION
OF REACTION NETWORKS

Let us start by recalling the IPHS of a simple chemical
reaction as proposed in [15]. The dynamical equation of a
chemical reaction in a CSTR defined by the mass and entropy
balance equations, respectively (2) and (6), can be expressed
as the IPHS

oUu
z=RJ o
with state vector x = [n1,...,n,,,S]", the internal energy
U (x) as Hamiltonian function, J a constant skew-symmetric
matrix whose elements are the stoichiometric coefficients of
the chemical reaction mapping the network structure of the
reaction,

(x) + g(z, 55 u) a7

0 0 21
J=10 0 (18)
0 0 Um,
_171 _l7m O
and v
-
R—ng@{&Uh—<TA>A (19)
with v = A and {S,U}; = A, where A = 72211 Ui Ju; 18

the chemical affinity of the reaction and corresponds to the
thermodynamic driving force of the chemical reaction. The
port of the IPHS is given by inlet and outlet of mass and
may be modelled simply as g(x, u). Notice that we have not
explicitly defined the input u, but it will indeed be related
to some input or output flow of mass or/and energy [17]. It
is not hard to verify that this dynamical model indeed is an
IPHS and that it expresses the mass and entropy (energy)
balance laws. We leave the exercise to the reader.

Let us now consider a chemical reaction network. The

mass and energy balances are given by (see eq. (9) and (7)):
n=CrV+F,—F,,

SZO'—FSML—

out>
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Let us define a vector containing the the non-linear R;
functions of each reaction:

RcR™ =[Ry,...,Rn,]", (20)

The chemical reaction network can then be formulated as a
IPHS from the stoichiometric matrix C and the vector R as
follows
4= [_
Jr

with & = [n1,...,nm,S] the state vector, U(z) and S(z)
respectively the internal energy and the total entropy of the
complete reaction network, g(x, u) the vector containing the
inputs of the system

au
ox

Om

0

F.-F,
g(]:’u) B |:Szn - Sout:| ’

and 0,, the zero matrix of dimension m x m.

Remark 2: The system (20)-(22) defines a larger class of
IPHS than the one contained in Definition 1. Indeed, it is
straightforward to verify that for m,, = 1 (13) is a particular
case of (21).

It is interesting to notice how the structure matrix Jg
expresses the energy flow from the material domain to the
energy (entropy) domain in a somehow similar manner as a
symplectic structure does for mechanical systems [21], [22].
Since Jr = —Jg it’s straightforward to verify that the total
energy is conserved. The entropy balance on other hand is
expected to be (in the case of a closed-reactor) the sum of the
entropy productions of each reaction in the network. Indeed,
from (21) we have
0s. 0S8 _ oU

9t P

(22)

my
S = =-R'CTu=>0; (23)
i=1
where o; is the entropy production due to the -th chemical
reaction. It is also interesting to comment on the fact that
unlike traditional representations of reaction networks, which
are of dissipative nature [10], [11], [14], the IPHS defines a
conservative system. This “contradiction” follows since for
IPHS the energy (entropy) domain is been considered as part
of the state space, and thus the dissipation in the material
domain is transformed into entropy creation in the energy
domain.

On other hand, and following the same idea as in [16]
for coupled mechanical-thermodynamical systems, it is also
expected that the dynamical system (21) can be obtained by
considering the addition of each individual reaction defined
with respect to the complete state space. Indeed, since the
temperature in the reactor is common to all reactions, every
individual (closed) reaction can be represented by the vector
field oU

Xj = R;Jj(z)5(2),

with z the state vector of the complete network, J;(z) the
structure matrix and R; the non-linear function containing
the reaction rate of the j-th reaction. The dynamic of the
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complete reaction is then given by the sum of the vector
fields of all individual reactions and the contribution of the

input vector field:
. mpg my 8U
T = ZXj +g(z,u) = (Z RiJi>
—————

i=1

> Rul) 5 +ate)

Jr

To verify that Z;n:rl R;J; = Jg it suffices to notice that the
term R.J can equivalently be written as

CR
0 )

Om

RJ= {—RCT

with C' the m x 1 stoichiometric vector defined in (2).

V. EXAMPLE: A SIMPLE REACTION NETWORK

Consider the following simple closed reaction network
occurring in a CSTR at constant volume

011 A1 + a1 Ay == B3y As,
ro (24)
agoAs + auo Ay = Bs24s.

The network reaction scheme may be formulated as an IPHS
either by: formulating each individual reaction as an IPH
vector field with respect to the complete state space and then
“adding” them; or by identifying the stoichiometric matrix
of the reaction network and the vector R defined in (20)
and immediately obtain Jg. Let us first study the individual
reactions. The dynamic of the first reaction is generated by
the following vector field

ou
Xi=RJi—

T
5 (%)
where the state vector is given by the state vector of the
complete reaction network x = [ny, ny, n3, n4,ns, 5]’ and
the Hamiltonian is given by the internal energy of the
complete system U(x). The structure matrix is given by

(25)

0 0 0 0 0 71
0 0 0 0 0 vy
I — 0 0 0 0 0 vy
Yl o 0 0 00 0
0 0 0 00 O
-1 —bgp —v3r 0 0 O
with Vij = Q5 — Bij, and
|4
Ry = WY (8,U}y, =
1=M (LL', 31) { ) }J1 (T.Al Aq
with v = ;lAvl and {S,U};, = A, where A4, =

— Zi:l 9.5 Vi1p; 1s the chemical affinity (chemical driving
force) for the single reaction. The dynamic of the second
reaction is obtained similarly,

ou
Xy = RoJo—

o7 (z) (26)
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with respect to the following structure matrix

0 0 0 0 0 0
0 0 0 0 0 0
T, — 0 0 0 0 0 V3o
27100 o 0 0 Do
0 0 0 0 0 Usg
0 0 -3 —Wgo —Us2 O
with
Vv
Ry = oUY 1§ U, = (22
2 =2 (2, 52) {S, U}, (TAQ As
where v = ;’;‘(2 and {S,U};, = A, and Ay =

— 2 _i=3.45 Vizpti- The IPHS of the complete chemical re-
action network is given by the sum of the vector fields of
each reaction, (25) and (26), and the contribution of the input
and outputs flows and the interaction with the cooling jacket,
which is all modelled by an input vector field g(z,u):

t=X1+ Xo+ g(z,u)

oU oU
= R1(T/)J1%(33) + Rz(x)n]z%(f) + +g(x, u)
oUu
- (Rl(x)Jl n Rg(x)Jg) (@) + glaw)
oU
= JR(QT)@*I(QU) +g(z,u).
with

JR(.%‘) = Rl(a?)J1 + Rg(l‘)JQ =
0 0 0 0 0 Riv1y
0 0 0 0 0 Riv9y
0 0 0 0 0 *
0 0 0 0 0 Rovyo
0 0 0 0 0 Rovss

—Rii1 —Rivgr —* —Rolsys —RaoUsy 0

with x = R31 + Rov39. The differential of the Hamiltonian
is g—g = [u1, p2, p3, pia, o5, T), hence the dynamic of the
reaction network is given by

ny = 111 + Fer — Fa,
Ng = o171 + Feg — Flo,
N3 = V3171 + V3272 + Fez — Fia,
Ny = Ugoro + Fey — Foy,

ng = Usarg + Fes — Fis,
S = *% Z Via i — % Z Vo pt; + Sin — Sout-

i=1,2,3 i=3,4,5
where
1% —
oy =—7 g Vi1 i, and
i=1,2,3
_ Vv .
02 = —7F Vig[hi,
i=3,4,5

correspond to the irreversible entropy production of each
individual reaction and which satisfy

o1+ 02 =040t 2 0,
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with oy, the total entropy production. Let us now derive the
IPH model directly from the stoichiometric matrix C. For
the reaction network (24) we have

V11 0
V21 0 rV
_ _ TA, A
C= |31 U3, R=
_ ro V. A
0 Dy TA; 2
0 Dso

From which we directly obtain Jr by using (21).

VI. CONCLUSION

Non-isothermal reaction networks, i.e., in which the irre-
versible thermodynamic phenomena are not neglected, have
been represented as dynamic control systems using the irre-
versible port-Hamiltonian system (IPHS) representation. The
importance of taking into account the irreversible behaviour
of a reaction network, which is characterized by the energy
balance of the network, relies not only in obtaining better and
more realistic models but also in obtaining physically coher-
ent models. Indeed, the change of energy and the evolution of
any real system (chemical, biochemical, biological, etc) obey
the second law of Thermodynamics and hence the possible
trajectories are conditioned by the irreversible processes. Not
taking into the energy balance and the dissipative phenomena
can lead to for instance physically inadmissible operation
points, as reported in [5]. The IPHS model has been derived
systematically from the stoichiometry and the reaction rates
of the reaction network. The irreversible control system has
been developed using as base chemical reaction networks, but
the formalism is general and applies to any kind of reaction
network. One important implication of this formulation,
which “codes” the irreversible nature of the reactions in the
structure of the control system, is that standard passivity
based techniques may be applied to study the dynamic
properties, such as stability or stabilization, of the reaction
networks.

Future work will use the IPHS formulation of chemical
reaction networks to perform stability analysis and stabiliza-
tion.
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