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Abstract— In this paper we consider the problem of finding
input-output representations of discrete-time subsystems which
contain sufficient information to effectively prove safety prop-
erties in a closed-loop system. The main difficulty is that safety
requires knowledge of the behaviour over unbounded time
intervals. We show that regular expressions over discretised in-
puts and outputs provide sufficient information, and that these
can be effectively computed from a state-space representation
given natural conditions on the system and the input, state and
output spaces.

Index Terms— Safety verification, input-output system, reg-
ular expression, computability theory

I. INTRODUCTION

In this paper, we consider the problem of finding an input-
output representation of discrete-time control systems which
contains sufficient information to computationally verify
safety, stabilisation and recurrence properties.

The motivation for this problem is to support the de-
velopment of software tools for the automated verification
of large-scale sytems of heterogeneous components. For
such systems, one wishes to have a canonical description
of components depending only on the input and output
spaces and the external behaviour of the component, but
not explicity on the state space or the details of state space
model. Indeed, by giving a generally-applicable framework,
one is free to change the of the state-space model for a
component, such as by providing a more detailed model
if extra information about the system becomes available or
is needed for the analysis of sensitive system properties,
without changing the rest of the system.

The difficulty in finding such a representation lies in the
nature of the verification problems considered. To verify
safety, we need access to information about the infinite-
time behaviour in a finite amount of data. In particular, even
for discrete systems, the information provided by trajectory
traces is insufficient, since an algorithm can only examine
a finite piece of the trajectory in finite time. Direct use of
algebraic representations such as Fliess series [] suffers from
similar problems, and symbolic approaches can only be used
for restricted classes of system.

The approach used here is natural, and proceeds in two
stages. Firstly, we discretise the input, state and output
spaces, and obtain a discrete automaton representation of the
component. By using finer discretisations of the spaces, and
if necessary, using more accuracy when computing the dis-
crete automaton, we obtain a sequence of discrete automata
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representing the behaviour of the original sytem arbitrarily
closely. We then represent the input-output behaviour of the
discrete automata by regular expressions, which provide a
description of the external behaviour without reference to the
state space. The use of regular expressions to describe the
input-output map is critical, since it is these which give useful
information about the behaviour over infinite time intervals.

Since we aim to show that the use of regular expressions
are sufficient to prove any verifyable property of the original
state-space model, we need to use an appropriate theory of
computation. We use the computable type theory developed
in [2], which is a simplification of the theory of type-two
effectivity of [10]. In the computable type theory, each class
of mathematic objects (real numbers, continuous functions,
open/closed/compact sets) is described by a type with a
natural representation defining the information needed to
describe an arbitrary object. Since the objects under con-
sideration lie in uncountable sets, an infinite amount of
information is needed to describe an arbitrary element; this
information is provided by a data stream i.e. a sequence of
symbols from some finite alphabet. A function or operator
between types is computable if a data stream describing the
result can be output by a digital computer (Turing machine)
given any data stream descriping the arguments. Given
the correct types for the system description, most system
properties are semidecidable in general, but are decidable
for robust instances. In this paper however, we will only be
concerned with verification questions.

Similar discretisation approaches have been used in the
study of dynamic systems, including [1] for optimal control,
in [4] for discrete-time systems, and [5] in the context of
hybrid systems. The use of regular expressions to describe
the behaviour of finite automata is standard, as are algorithms
to decide system-theoretic properties. The main novelty of
this paper is to combine discretisation, refinement and the use
of regular expressions, and the main contribution is to show
that this gives a methodology sufficient to verify any robust
safety, stabilisation or recurrence property. We also show that
a direct representation of the input-output map is sufficient to
prove properties related to reachability of a target set, but is
insufficient to prove safety. We also introduce concepts from
computable analysis, notably to explicitly discuss general
conditions under which discretisations can be effectively
computed.

The goal of working with external representations of a
system is also shared by the behavioural approach of [8].
However, from the point of view of computability theory,
the behavioural approach is insufficient unless the external
space is a compact Hausdorff space. Further, in this paper
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we use strict causality of the input-output mapping, which
distinguishes the inputs from the outputs.

The paper is organised as follows. In Section II, we outline
the existing theory of discrete-time input-output systems, reg-
ular expressions and computable analysis which we will use
in the sequel. In Section IV, we formalise the discretisation
of a system over continuous spaces. In Section V, we show
how to represent the behaviour of the discretised system by
regular expressions. Conclusions and perspectives for further
work are given in Section VI. We mostly provide full proofs,
but some technical results are only sketched.

II. PRELIMARIES

We write X∗ to denote the set of words with elements in
X . We write Xω to denote the set of sequences with elements
in elements in X , and denote the sequence (x0, x1, x2, . . .)
by ~x. Given sequences ~x1 ∈ Xω

1 and ~x2 ∈ Xω
2 , the product

(~x1, ~x2) ∈ Xω
1 ×Xω

2 of is equivalent to the sequence of pairs
(x1,i, x2,i) ∈ (X1 ×X2)ω . We write ~x|k to denote the word
(x0, x1, . . . , xk).

We will use the notion of multivalued functions F : X →
P(Y ), which we denote F : X ⇒ Y . The graph of F is
graph(F ) = {(x, y) ∈ X × Y | F (x) 3 y}. If F : X ⇒ Y
and A ⊂ X , then F (A) =

⋃
{F (x) | x ∈ A}. Composition

of multivalued functions F : X ⇒ Y and G : Y ⇒ Z is
defined by G ◦ F (x) :=

⋃
{G(y) | y ∈ F (x)}.

A. Input-output systems

A nondeterministic state-space system with input space
U , output space Y and state space X consists of a tuple
S = (F,H,W ) such that

F : X × U ⇒ X, H : X ⇒ Y, W ⊂ X. (1)

The system is non-blocking if W is nonempty, and F,H have
nonempty values. Given input sequence ~u, a valid trajectory
of (1) is a sequence ~x such that x0 ∈ W and ∀n, xn+1 ∈
F (xn, un). Given trajectory ~x, a valid output sequence ~y
satisfies ∀n, yn ∈ H(xn).

A nondeterministic input-output map with input space U
and output space Y is a function

M : Uω ⇒ Y ω (2)

satisfying the strict causality condition

~u1|k = ~u2|k =⇒ M (~u1)|k+1 = M (~u2)|k+1 (3)

The input-output mapping of the nondeterministic state-
space system (1) is given by

M (~u) = {~y ∈ Y ω | ∃ ~x ∈ Xω s.t. x0 ∈W and
∀n ∈ N, xn+1 ∈ F (xn, un) and yn ∈ H(xn)}.

It is immediate that the input-output map is strictly causal
i.e. outputs depend only on past inputs.

If the input space U is a singleton, then the system is
a closed-loop system. The dynamic F of the state-space
representation reduces to a multivalued function F : X ⇒
X , and the input-output mapping reduces to a set of outputs
O ⊂ Y ω .

If U1 = Y2 and Y2 = U1, then the parallel composition of
input-ouput mappings M1 : Uω

1 ⇒ Y ω
1 and M2 : Uω

2 ⇒ Y ω
2 ,

denoted M1||M2, is the output set

M1||M2 := {(~y1, ~y2) ≡ ~y12 | ~y1 ∈ M1(~y2) ∧ ~y2 ∈ M2(~y1}

If S1 = (F1, H1,W1) and S2 = (F2, H2,W2) are state-space
systems, then the parallel composition S1||S2 is the closed-
loop system with state space X12 = X1 × X2 and output
space Y12 = Y1 × Y2 defined by

F12(x1, x2) = {(x′1, x′2) | x′1 ∈ F1(x1, H2(x2))

∧ x′2 ∈ F2(x2, H1(x1)).

H12(x1, x2) = {(y1, y2) | y1 ∈ H1(x1) ∧ y2 ∈ H2(x2)}.

It is straightforward to show that the output of S1||S2 is the
same as the parallel composition of the input-output maps.

If S1 is a system with input-output mapping M1, then we
define S1||M2 := M1||M2.

We are interested in verifying properties of closed-loop
systems. In all cases, we wish to show that some property
holds for all possible output sequences ~y ∈ O. In the notation
of temporal logic [6], properties are expressed in terms of
formulae Φ describing a set SΦ ⊂ Y .
• The target property ∀♦Φ for target set TΦ ⊂ Y is

satisfied if ∀ ~y ∈ O, there exists n ∈ N such that
yn ∈ TΦ. We write O |= ∀♦TΦ.

• The safety property ∀�Φ for safe set SΦ ⊂ Y is
satisfied if ∀ ~y ∈ O, yn ∈ SΦ for all n.

• The stabilisation property ∀♦�Φ is satisfied if ∀ ~y ∈ O,
there exists m such that yn ∈ SΦ for all n ≥ m.

Note that the recurrence property ∀�♦Φ is equivalent to
∀�∀♦Φ, but stabilisation properties cannot be reformulated
in this way since ∀♦�Φ 6=⇒ ∀♦∀�Φ as shown in [3].

B. Regular expressions and finite automata

Regular expressions are an important way of describing
the behaviour of discrete automata [9], [7]. A regular expres-
sion over a finite alphabet Z is a string of symbols defined
recursively:
• The empty string ε is a regular expression.
• The literal z is a regular expression for all z ∈ Z.

For all regular expressions R,R1, R2,
• The catenation R1R2 (or R1·R2) is a regular expression.
• The alternation R1|R2 is a regular expression.
• The Kleene star R∗ is a regular expression.

Additionally, we use parentheses to indicate precedance, so
• (R) is a regular expression.

A regular expression R denotes a regular language L(R) ⊂
Z∗ as follows: L(ε) = {ε}, L(a) = {a}, L(R1R2) =
{u1u2 | u1 ∈ L(R1) ∧ u2 ∈ L(R2)}, L(R1|R2) = L(R1) ∪
L(R2), and L(R∗) =

⋃
k∈N{u1 · · ·uk | ∀i, ui ∈ L(R)}.

The class of regular languages is closed under com-
plementation and intersection. Further, regular expressions
representing L(R) := Z∗ \L(R) and L(R1)∩L(R2) can be
effectively constructed. Given regular expressions R1 and
R2, the language inclusion predicate L(R1) ⊂ L(R2) is
decidable, and hence so is equality L(R1) = L(R2).

MTNS 2014
Groningen, The Netherlands

1652



In this paper, we will be interested in ω-languages, which
are sets of sequences rather than sets of words. A regular
ω-expression is a string defined recursively: If R is a regular
expression and S, S1, S2 are regular ω-expressions,
• The catenation RS is a regular ω-expression.
• The alternation S1|S2 is a regular ω-expression.
• The sequentialisation Rω is a regular ω-expression, as

long as ε 6∈ L(R).
The language L(Rω) is defined {u0u1u2 · · · | ∀i, ui ∈ R}.

The class of regular languages is precisely the class
recognised by finite automata. A (nondeterministic) finite
automaton A consists of a finite set Q of states, a transition
relation T : Q × Z ⇒ Q, a set Q0 of initial states, and a
set Qf of accepting states. A word z0z1 · · · zn−1 is accepted
by A if there exists a list of states q0, q1, . . . , qk such that
q0 ∈ Q0, qk+1 ∈ T (qk, zk) for all k, and qn ∈ Qf . The
language L(A) recognised by A is the set of all accepted
words. Similarly, a sequence ~z is accepted by A using the
Büchi acceptance criterion if there is a sequence ~q such that
q0 ∈ Q0, qk+1 ∈ T (qk, zk) for all k, and {n ∈ N | qn ∈ Qf}
is infinite.

Given a regular expression or regular ω-expression, it is
straightforward to construct an automaton recognising its
language, and vice-versa [9], [7].

C. Computable analysis

In computability theory, computations are performed by
Turing machines, which are finite-state machines with access
to an infinite memory. In computable analysis [10], one
works with objects of uncountable sets, and needs to use
descriptions in some sequence space Σω , where Σ is a finite
alphabet. Computation is an infinite process, and yields a
continuous partial function η : Σω ⇀ Σω .

In order to relate computation over Σω to a set of
mathematical objects X , one describes objects of X via
a representation, which is a partial surjective function δ :
Σω ⇀ X . A sequence ~p ∈ Σω such that δ(p) = x is
a δ-name of X . A representation δ must provide useful
information about an element x ∈ X from a finite portions
of a δ-name ~p of x. Typically, this means that δ is admissible
with respect to the induced quotient topology on X , which
essentially means that a δ-name of x only gives information
about the open sets containing x.

A function f : X → Y is computable if there is a
machine-computable function η : Σω ⇀ Σω such that
δY ◦ η = f ◦ δX . Computable functions are necessarily
continuous. An element x ∈ X is computable if there is a
machine-computable function η with no inputs which outputs
a δ-name of x.

Representations which can be effectively converted be-
tween each other induce the same computable operations,
and are considered equivalent. A computable type X is an
equivalence class of pairs (X, [δ]) under effective equiva-
lence of representatives. We emphasise that a computable
type is more than just a set of objects; it also specifies a
way of describing objects of the sets. Different representa-

tions of the same underlying set provide different kinds of
information, from which different properties can be deduced.

Computable types form a Cartesian closed category, so
has a terminal (singleton) type I, canonical product types
X1 × X2 with computable projections π1,2, and canonical
function types denoted X → Y or YX , with a computable
evaluation YX ×X → Y and equivalence (X × Y)→ Z ≡
X → (Y → Z). The category of computable types also
supports countable products

∏∞
n=1 Xn.

There are natural types N and R of natural and real
numbers, respectively, supporting the usual arithmetical op-
erations, but equality on R is undecidable. The sequence type
Xω =

∏∞
n=0 X is equivalent to the type N→ X .

There is natural Sierpinski type S with values {>, ↑},
where the element ↑ of S denotes “unknown”. A verifyable
predicate on X is a computable function X → S.

Since a subset of a space X is open if, and only if,
its characteristic function is continuous X → {>, ↑}, we
identify the type of open subsets O(X ) with (X → S)
via the membership predicate U 3 x. Thus computable
open sets U are those for which the predicates U 3 x
are verifyable, The type of closed sets A(X ) is similarly
identified with (X → S) via the predicate A 63 x. We
identify the type of compact subsets of X with a subtype
K(X ) of (O(X )→ S) via the subset predicate C ⊂ U ; note
C ⊂ (U ∩ V ) ⇐⇒ (C ⊂ U) ∧ (C ⊂ V ). Thus computable
compact sets C are those for which the predicates C ⊂ U
are verifyable.

Important computable operators on sets are singleton X →
K(X ) given by x 7→ {x}, intersection A(X ) × K(X ) →
K(X ), and set-image (X → K(Y))×K(X )→ K(Y) given
by F,C 7→ F (C).

A type is effectively Hausdorff if inequality is verifyable,
from which it follows that every compact set is computably
closed, and is effectively compact if every closed set is
computably compact. If F : X → K(Y), then graph(F )
is computable in K(X × Y) if X is effectively compact,
and in A(X × Y) if Y is effectively Hausdorff. The real
number type R and all subtypes and products are effectively
Hausdorff, and any product of closed bounded intervals with
computable endpoints is effectively compact.

A type X has the effective Tychonoff property if the
natural inclusion (K(X ))ω ↪→ K(Xω) is computable; it is
known that all countably-based spaces have this property. If
X has the effective Tychonoff property, then given a map
G : X ∗ → K(X ), the countable skew product {~x ∈ Xω |
∀n ∈ N, xn+1 ∈ G(~x|n)} is computable in K(Xω).

If p : K(X )→ S is a verifyable property and p(C) = >,
then there is an open set U such that p(C ′) holds for any
compact set C ′ ⊂ U . Further, given a sequence of compact
sets Cn such that Cn+1 ⊂ Cn for all n and

⋂∞
n=0 Cn = C,

there exists m such that p(Cn) holds for any n ≥ m.
We note that although any subset S of a discrete space

Q is decidable, the information on S given by a K(Q)-
name merely suffices to compute a sequence of exact sets
Sn ⊂ Q such that Sn+1 ⊂ Sn for all n, and Sn = S for n
sufficiently large. However, for a given n, we do not have
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enough information to decide whether Sn actually equals S.
We write P(Q) for the type of exact subsets of Q, for which
membership is decidable.

D. Computable systems theory

Combining the theory of Sections II-A and II-C allows
us to develop effective computability for systems theory.
Given types U , X , Y , we can describe a state space system
(F,H,W ) by taking

F ∈ X × U → K(X ), H ∈ X → K(Y), W ∈ K(X ).

The use of the compact set types is appropriate, since we
wish to prove properties about all trajectories. Similarly, the
type of input-output maps M is naturally taken to be Uω →
K(Yω), and the type of output sequences is K(Yω).

The statement “the target property is verifyable from the
output sequences” is then interpreted as computability of the
operator K(Yω) × O(Y) → S define by the predicate ∀~x ∈
O, ∃n ∈ N, ~xn ∈ T.

III. INPUT-OUTPUT MAPS

In this section, we show that the input-output map is
sufficient to prove target properties, but the output set is
insufficient to prove safety.

Lemma 1:
1) The input-output map MS : Uω → K(Yω) is com-

putable from a state-space system S = (F,H,W ) with
F ∈ (X × U → K(X )), H ∈ (X → K(Y)) and
W ∈ K(X ).

2) Suppose Y1 = U2 and Y2 = U1. Then the parallel
composition O12 = M1||M2 ∈ K((Y1 × Y2)ω) of
input-output maps M1 ∈ Uω

1 → K(Yω
1 ) and M2 ∈

Uω
2 → K(Yω

2 ) is computable.
3) Let T ∈ O(Y) and O ∈ K(Yω). Then the target

predicate ∀~y ∈ O, ∃n, yn ∈ T is verifyable from
names of T and O.

Proof:
1) For given ~u, the set {(x0, y0) | x0 ∈W ∧y0 ∈ H(x0)}

is computable in K(X × Y). Given (xn, yn), the set
(xn+1, yn+1) | xn+1 ∈ F (xn, y)∧yn+1 ∈ H(xn+1) is
computable in K(X ×Y). Hence the set of sequences
(~x, ~y) ∈ Xω × Yω ≡ (X × Y)ω is computable in
K((X × Y)ω). The result follows by projecting onto
Yω .

2) Define Oi =
⋃

~ui∈Uω
i
{~ui}×Mi(~ui) for i = 1, 2. Since

each Ui is effectively compact, so is Uω
i , and Oi is

computable in K(Uω
i × Yω

i ) ≡ K((Y1 × Y2)ω). Since
each Yi is effectively Hausdorff, so is (Y1×Y2)ω , and
hence Oi are also computable in A(((Y1×Y2)ω). The
result follows since O12 = O1 ∩O2.

3) The projections πn : Yω → Y defined by πn(~y) = yn
are computable functions. Since preimage and count-
able union of open sets are computable,

⋃∞
n=0 π

−1
n (T )

is computable in O(Yω) from a name of T . Hence
O ⊂

⋃∞
n=0 π

−1
n (T ) is verifyable from a name of O.

Combining the above results, we immediately obtain:

Theorem 2: Let U1 = Y2 and U2 = Y1. Then the operator(
Uω

1 → K(Yω
1 )
)
×
(
Uω

2 → K(Yω
2 )
)
×(O(Y1×Y2))→ S de-

fined by (M1,M2, T12) 7→M1||M2 |= ∀♦T12 is computable.
In other words, the information provided by a name of

input-output map M1 of a system S1 is sufficient to prove
target properties whenever S1 forms a closed-loop system in
parallel composition with another system S2 described by its
input-output map M2.

Theorem 3: The function K(Yω) × O(Y) → S given by
(O,S) 7→ O |= ∀�S is not computable.

In other words, the information provided by an output
generator is insufficient to prove safety.

Proof: Let X be the set {±2−n | n ∈ N}∪{0}. Define
initial point w = −1 and output map h : X → {0, 1} by
h(1) = 1 and h(x) = 0 for x 6= 1.

We define systems S∞ with maps f∞ : X → X given by

f∞(x) =


x/2 if x < 0;

x if x = 0, 1;

2x if 0 < x < 1.

We define f±n as the modification of f∞ with f±n(−2−n) =
±2−n, and let S±n = (f±n, h, w).

Then each S−n is robustly safe, and has a unique output
sequence O−n = {0ω}. Each S+n is unsafe, and has a
unique output sequence O+n = {02n+11ω}. The system
S∞ is safe, with unique output sequence O∞ = {0ω}.
However, arbitrarily small perturbations are unsafe, with
possible output sequences {0m1ω} for sufficiently large m.

Since arbitrarily small perturbations of S∞ are unsafe,
safety of S∞ cannot be proved from its output set O∞ =
{0ω}. Since O−n = O∞ for all n ∈ N, safety of S−n cannot
be proved from the output sequence O−n, even though safety
is robust.
Note that it is actually the case that for any output set O, it
is impossible to prove any nontrivial safety property given a
name of O as an element of K(Yω). An alternative proof of
Theorem 3 would be to simply observe that any safe output
sequence is the limit of unsafe output sequences.

Intuitively, the main obstruction to using the set of output
sequences to prove safety is that the standard representation
of sequences only gives information about finite time inter-
vals from a finite piece of information, whereas to prove
safety we need to know about infinite time intervals.

IV. DISCRETISATION

A discretisation of a set X is a finite cover X̂ of X .
We identify elements x̂ ∈ X̂ with subsets of X . Given
discretisations X̂ of X and Ŷ of Y , and a function F :
X ⇒ Y , we define the discretisation F̂ : X̂ ⇒ Ŷ by

F̂ (x̂) = {ŷ ∈ Ŷ | ∃x ∈ x̂, ∃ y ∈ ŷ, y ∈ F (x)}
= {ŷ | F (x̂) ∩ ŷ 6= ∅}.

Given a discrete function F̂ : X̂ ⇒ Ŷ , we define the
undiscretisation F̃ : X ⇒ Y by

F̃ (x) = {y ∈ Y | ∃ x̂ 3 x, ∃ ŷ 3 y, ŷ ∈ F̂ (x̂)}

=
⋃
{ŷ ∈ F (x̂) | x̂ 3 x}.
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The undiscretisation of the discretisation is then

F̃ (x) = {y ∈ Y | ∃ x̂ 3 x, ŷ 3 y, F (x̂) ∩ ŷ 6= ∅}.

We henceforth consider discretisations by computable
closed compact sets, so X̂ ⊂ AK(X ). Since discretisations
are finite, this means that X must be compact.

Lemma 4: Let X̂ and Ŷ be discretisations of, respectively,
X and Y by computable closed compact sets. Then given F :
X → K(Y), the discretisation F̂ is computable X̂ → K(Ŷ ).

Proof: For given x̂ ∈ X̂ , since x̂ is a computable
compact set, F (x̂) is computable in K(Y), and since ŷ is
a computable closed set, the predicate F (x̂) ∩ ŷ = ∅ is
verifyable. Hence F̂ (x̂) is computable in A(Ŷ ) ≡ K(Ŷ ).

Lemma 5: Let X̂ and Ŷ be discretisations of, respectively,
X and Y by computable closed compact sets. Then given
F̂ : X̂ → K(Ŷ ), the undiscretisation F̃ is computable X →
K(Y).

Proof: For given x ∈ X , the predicate x 6∈ x̂ is
verifyable since x̂ is a computable closed set. Hence {x̂ ∈
X̂ | x ∈ x̂} is a computable as a closed set, and hence as a
compact set. Then F̂ ({x̂ | x ∈ x̂}) is computable in K(Ŷ ).
Since each x̂ is a computable compact set,

⋃
{ŷ ∈ F̂ ({x̂ |

x ∈ x̂})} is computable in K(Y).
We now show that if discretisations of X and Y can

be made arbitrarily fine, then the over-approximation of
discreting and undiscretising F : X → K(Y ) can be made
arbitrarily small. A cover R of X is said to refine a cover
S if ∀R ∈ R, ∃S ∈ S, R ⊂ S.

Definition 6 (Effectively discretisable type): A type X is
effectively discretisable if given any countable open cover U
of X , it is possible to construct a discretisation X̂ of X by
computable closed compact sets such that X̂ refines U .
Clearly, any compact subset of Euclidean space is effectively
discretisable, since we can simply take covers X̂k to consist
of boxes of width 2−k.

Lemma 7: Let X and Y be effectively discretisable com-
pact Hausdorff spaces, let F : X → K(Y), and let W be a
neighbourhood of graph(F ). Then there exists open covers
U of X and V of Y such that for any discretisation X̂ refining
U and Ŷ refining V , the corresponding widened function
F̃ : X → K(Y) has graph(F̃ ) ⊂W .

Proof: (Sketch) We can first construct discretisation of
X such that for all x, {x}×F (x̂) ⊂W for all x ∈ X . Hence
W is a neighbourhood of the graph of x 7→

⋃
{F (x̂) | x̂ 3

x}. We can then construct a discretisation of Y such that
(x, y) ∈W whenever x ∈ x̂, y ∈ ŷ and F (x̂) ∩ ŷ 6= ∅.

Given input, state and output spaces U , X and Y with
discretisations Û , X̂ and Ŷ , and an input-output system
S = (F,H,W ) over U,X, Y , we can construct a discretised
system Ŝ = (F̂ , Ĥ, Ŵ ) with F̂ : X̂ × Û → K(X̂),
Ĥ : X̂ → K(Ŷ ) and Ŵ : K(Ŵ ). Ideally, we would
like the F̂ , Ĥ and Ŵ to have exact values, rather than
just compact (over-approximating) values. We say a discrete
input-output automaton is an input-output system (F,H,W )
over discrete sets (U,X, Y ) such that F : X × U → P(X),
H : X → P(Y ) and W ∈ P(X).

The main result of this section is to show that given a
sequence of successively finer discretisations of U , X and Y ,
and an input-output system S , we can construct a sequence
of discrete input-output automata whose undiscretisations are
arbitrarily close to the original system.

Theorem 8: Suppose the spaces U,X, Y are effectively
discretisable. Then there exist a sequence of input-output
automata Ân on (Ûn, X̂n, Ŷn) which is effectively com-
putable from S such that the undiscretised automata Ãn =
(F̃n, H̃n, W̃n) converge to (F,H,W ) as n→∞.

Proof: Without loss of generality, we can assume that
the discretisations Ûn, X̂n, Ŷn are successive refinements.
By Lemma 4, we can compute the automata An with
F̂n, Ĥn and Ŵn taking compact values. However, we can
terminate the computations of F̂n, Ĥn and Ŵn after m
steps to obtain a discrete automata An,m with F̂n,m, Ĥn,m

and Ŵn,m having exact values, Since the discretisations of
U,X, Y are successive refinements, we can ensure that F̂m,m

refines F̂n,m for all n ≤ m. By Lemma 7, by taking m

sufficiently large, the undiscretisations of F̃m,m, H̃m,m and
W̃m,m systems converge to (F,H,W ).
Note that the sequence Ân is an extrinsic property of S ; it
depends on the names of (F,H,W ) used to construct the
discretisations.

The information provided by the sequence of discretised
automata Ân gives rise to a sequence of systems converging
to the original, the sequence Ân is sufficient to prove any
provable property of an input-ouput system:

Corollary 9: Let S = (F,H,W ) be an input-output
system, and Ân = (F̂n, Ĥn, Ŵn) a sequence of input-output
automata given by Theorem 8. Then any verifyable property
of S can be proved from some element of Ân.

V. THE REGULAR EXPRESSION REPRESENTATION

We have seen that we can discretise an input-output system
by constructing a sequence of discrete input-output automata.
However, these automata still have the form of a state-
space representation. In order to convert to a state-space free
representation, we use regular expressions.

An input-output automaton A = (F,H,W ) over finite
sets Û , X̂, Ŷ can be viewed as an automaton with labelled
transitions having initial states W and a transition from
x to x′ labelled (y, u) if y ∈ H(x) and x′ ∈ F (x, u).
The language LA of A = (F,H,W ) is the set of all
sequences (y0, u0, y1, u1, . . .) such that there exists ~x ∈ Xω

such that x0 ∈ W , xn+1 ∈ F (xn, un) and yn ∈ H(xn),
i.e. ~y ∈ MA(~u). Note that we can represent the language
either as a subset of (Y × U)ω or of (Y ∪ U)ω . In our
formalism, the language of an input-output automaton is that
of a nondeterministic Büchi automaton for which all states
are accepting.

The language of an input-output automaton is a regular
ω-language. It is easy to show that the language must also
be a closed (equivalently, compact) subset of (Y ×U)ω . The
complement is therefore open, so there is a subset B of (Y ×
U)∗ such that LA = {~z ∈ (Y × U)ω | ∀k ∈ N, z|k 6∈ B}.
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In other words the set B contains disallowed prefixes of
elements of LA. Further, the language B can be generated
by adding a fail state z and transitions (y, u) from x to z if
y 6∈ H(x).

Although the ω-language of an input-ouput automaton can
be computed as a regular ω-expression, it is convenient to
use a a modified semantics for regular expressions which
succinctly generates only closed ω-languages. To do this, we
do not use the empty string ε or repetition ∗ We introduce an
operator +, which means “zero or more repetitions, possibly
infinitely many”, and is defined by R+S ≡ R∗S|Rω . For
example, the complete regular expression a+bcω expands to
a∗bcω|aω .

We now consider Û , Ŷ which are discretisations of U
and Y by closed, compact sets, and a regular expression
R̂ over (Ŷ × Û). An element of LR̂ is a sequence of the
form (ŷ0, û0, ŷ1, û1, . . .). We define the input-output map
MR̂(~u) = {~y ∈ Y ω | ∃(ŷ0, û0, ŷ1, û1, . . .) ∈ LR̂, ∀k ∈ N,
uk ∈ ûk ∧ yk ∈ ŷk}.

We can now define the regular expression representation
of the type of input-ouput maps Uω → K(Yω), and by
extension to the type of input-output systems.

Definition 10: The regular expression representation of
input-output maps encodes M by a sequence of tuples
(Ûi, Ŷi, R̂i) such that Ûi, Ŷi are discretisations of U, Y by
closed, compact sets, and R̂i is a regular expression over
Ŷi×Ûi such that for all i, MR̂i+1

is a refinement of R̂i, and
M =

⋂∞
i=0MR̂i

. The regular expression representation of
state-space systems encodes S = (F,H,W ) by a sequence
of regular expressions describing the languages of the au-
tomata of Theorem 8.
Combining the previous results, we obtain the main result
of this article, which is that the regular expression repre-
sentation of the input-ouput map of an input-ouput system
provides sufficient information to prove any verifyable prop-
erty of the system.

Theorem 11: Let S = (F,H,W ) be a non-blocking
input-output system such that F : X × U → K(X),
H : X → K(Y ) and W ∈ K(X). Then any property of
S verifyable from (F,H,W ) is also verifyable from the
regular expression representation of the input-output map of
S generated by a convergent sequence of discretised input-
output automata generated by Theorem 8.

Proof: Immediate from Corollary 9, the construction
of an automaton recoginising a language, and decidability of
language equivalence for discrete automata.

We therefore have verifyability of robust temporal logic
properties of closed-loop systems:

Corollary 12: The target safety, recurrence and stabili-
sation properties for the parallel composition of S1 with
another system S2 are verifyable from the regular expression
representations of S1 and S2.

VI. SUMMARY AND CONCLUSIONS

In this paper, we have considered the problem of com-
puting an input-output description of a discrete-time state-
space system which contains sufficient information to prove

temporal logic properties of the system with a closed-loop
controller. We showed that the standard representation of the
input-output map contains insufficient information, but that
a representation based on regular expressions obtained by
discretising the system is sufficient; indeed, contains suffi-
cient information to verify any property which is verifyable
from the original state-space description. In future work, we
plan to implement the computation of the representation for
low-dimensional state-space systems.

The main practical implication of this result is that regular
expressions provide a convenient and powerful state-space-
independent description of subsystems of a complex control
system. Rather than compute an infinite sequence of regular
expressions, one would compute a regular expression which
captures a “sufficiently robust” discrete abstraction of the
dynamics. This regular expression could then be used as a
concrete format to be used for further analysis, such as in a
discrete model-checking tool. Of course, one need not com-
pute the regular expression directly, but instead store a finite
automaton describing the dynamics. The usefulness of this
approach in a practical situation is likely to be determined
by the availability of consise, accurate discrete descriptions
of the original system, and it is likely that sophisticated
techniques for computing and simplifying discretisations will
be needed to obtain good results.

These results can be largely extended to systems on spaces
which are effectively locally-compact rather than compact.
They can also be extended to continuous- and hybrid-time
systems; the only real difficulty is in handling time correctly.
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