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Abstract— This paper considers estimation theory for par-
tially observed stochastic dynamical systems whose state equa-
tions are McKean-Vlasov type stochastic differential equations
and hence contain a measure term corresponding to the
distribution of the solution of the state process. Nonlinear
filtering equations are provided based on the classification that
either the measure term is stochastic or deterministic and that
either the state or the measure term is estimated. When the
measure term is deterministic the standard theory holds without
any modification. In the situation where the measure term is
random, the induced functions in the dynamics of the state
become random and a similar recursion for the optimal filter is
obtained. The joint estimation of state and the measure term is
next considered. The extended state in this setup is shown to be
a Polish space valued stochastic process with random functions
in its state dynamics and a nonlinear filtering equation for this
setup is provided. The main motivation for the development of
estimation theory for McKean-Vlasov type dynamical systems
arises from recent progress in mean field game theory and
estimation problems in a mean field game framework are
discussed. In particular, a mean field game setting with one
major and many minor players is considered and nonlinear
filtering formulations for the optimal estimation of both the
major agent’s state and the stochastic measure induced by the
minor agents are provided.

Index Terms— Nonlinear filtering, stochastic McKean-Vlasov
SDE, Random probability measures, Mean field games.
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I. INTRODUCTION

The purpose of this paper is to discuss estimation problems
that appear in stochastic dynamical systems which are of
McKean-Vlasov (MV) type. This class of stochastic differ-
ential equation (SDE) have the property that the drift and
the diffusion coefficients of the state equation depend on the
law of the state random variable; and this class of equations
as well as its variants has been extensively studied in many
research areas including, in particular, mathematical physics.
A rigourous treatment of the existence and uniqueness results
for these equations is available in the literature see e.g., [1].
In this work, however, we focus on state estimation problems
for systems whose dynamics are MV type. To the best of our
knowledge, and rather surprisingly, such problems have not
been studied in the literature and our goal is to first define a
set of estimation problems in a hierarchial manner and then
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to present some preliminary results in the form of nonlinear
filtering equations.

MYV type SDEs appear in the recently developed theory of
large population non-cooperative dynamic games with mean
field couplings. For such a class of games, Nash Certainty
Equivalence (NCE) theory was developed in a series of
papers, see [2], [3], [4] and [5] among others, by Huang,
Caines and Malhamé. A closely related approach for such
problems has been independently developed by Lasry and
Lions in [6], [7] and [8] where the term Mean Field Game
(MFG) was introduced. In summary, MFG theory considers
games with a large number of stochastic dynamical agents
such that each agent interacts with a mass effect (i.e., the
average) of other agents via couplings in their individual cost
functions and individual dynamics where each agent has a
negligible influence on the overall system asymptotically in
population size but the mass affect on any agent is significant.
A key feature of the theory is that if the agents in a finite
population system apply the infinite population equilibrium
strategies, then this yields an approximate Nash equilibrium
(which is also referred to as an e-Nash equilibrium).

MFG theory is a rapidly growing area and has already
found many potential applications such as renewable energy,
communications, finance and biology. In particular, recent
works consider MFG where there is a major player and
many minor players (MM-MFG), see [9] and [10] for the
linear quadratic Gaussian (LQG) case and [11] for the case
of nonlinear state dynamics and nonlinear cost functions. In
this framework, a major player has a significant influence,
i.e., asymptotically non-vanishing, on any minor agents and
a fundamental feature for this setup has been established [9],
[11] when there is only one major player. In contrast to the
situation without major agents, the mean field term becomes
stochastic due to the stochastic evolution of the state of the
major player. As a result, MM-MFG stochastic systems con-
sist of a set of equations for the major player and the generic
minor player which consists of a stochastic Hamilton-Jacobi-
Bellman (SHJIB) equation; this yields a best response control
law and MV type state dynamics in which the measure term
is stochastic. Such a framework has potential applications in
economic and social models including power markets with
large consumers and utilities together with many domestic
consumers and generators [12], [13].
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In the most basic situation where there is no major player,
the agents do not need to estimate the other agents’ state
information and the mean field term. Estimation theory starts
to play a role in MFG theory when a partially observed
major player is considered; in particular, for the partially
observed LQG MM-MFG a Kalman filtering formulation is
provided in the recent work [13]. A notable feature of MM-
MFG theory is that the control actions generating e-Nash
equilibria depend on both the state of the major agent and
the stochastic measure flow which corresponds to the mean
field and which depends in turn on the Brownian noise of
the major agent. Therefore the control of partially observed
MM-MFG systems entails in principle the estimation of the
major player’s state, which has MV type dynamics, and
the stochastic measure of the generic minor agent (i.e., the
system’s mean field).

The organization of the paper is as follows. In Section II
we present estimation problems for stochastic dynamical sys-
tems with MV dynamics. Section III formulates estimation
problems in the MM-MFG setting and we obtain nonlinear
filters for the processes to be estimated. We conclude the
paper with Section IV.

Throughout the paper we use the following notation. For
a matrix A, AT, tr(A) and A;; denotes the transpose,
the trace and the corresponding entry, respectively. V, and
V2, denotes the gradient and Hassion operators w.r.t. the
variable z and in one-dimensional domain, 8, and 92, will
be used instead. Let S be a metric space. Then, 5(S) denotes
the Borel o-algebra, P(S) denotes the space of probability
measures and Cy,(S) denotes the space of bounded continuous
functions on S, respectively. Let (2, F,{F;}¢>0,P) be a
complete probability space with an increasing filtration {3 }.
All the filtrations defined in the paper are augmented by
all the P-null sets in F. All SDEs in the paper are of It
type. Finally, we present some technical assumptions for the
functions that appear in the dynamics or in the observations
at the beginning of each section.

II. NONLINEAR FILTERING FOR MCKEAN-VLASOV TYPE
DYNAMICS

Let a state process Zo(t,w) satisfy the following SDE

dfo(t w) = f_O [t3 Zo(t, w)7 4] (ta ZO(tv w))7 ﬂt] dt

+50 [taEO(tvw)7ﬂt] dwo(t,OJ) (1)
with the initial condition Zo(0), where 2 : [0,7] x © — R",
o : [0,T] x R™ — Uy, Uy is compact, fo : [0,T] x R™ x
Uy x P(R™) = R"™, ¢ : [0, 7] x R™ x P(R™) — R"*™ and
wo(t,w) is a standard Brownian motion in R™. Here

fO [tv 20 (ta (.U), $o (ta 20 (ta w))’ ﬁt}
_ /R ot 20l 0), ol 20(4,0)), 2) uldr) - (2)

for some probability distribution fi; on R™. The above type of
SDEs are referred to as controlled (in the case @q(t, Zo(t,w))
is a feedback control law) McKean-Vlasov (MV) type.
Given the functions (fy,¢o,50), the pair (fit, Zo(t,w)) is
called to be a consistent pair if Zy(¢,w) solves (1) and

P (Z(t,w) € A) = [, ie(dx) where A € B(R"). It should
be observed that the above MV dynamics can be extended to
the situation where the measure term is also random. More
explicitly, let 7;"° = o{wp(s),0 < s <t} and let ji;(z,w)
be the conditional law of 2 (¢, w) given F;° = o{wp(s),0 <
s < t}. Let us now denote the dynamics of the state process
20(t,w) by

dzo(t,w) = fo[t, 20(t,w), @o(t, 20(t,w)), fir(w)] dt
+60 [t, Z0(t,w), fur(w)] dwo (¢, w) (3)

with initial conditions (Z¢(0), fip(w)). Such dynamics are
referred as stochastic coefficient McKean-Vlasov (SMV).

Notice also that assuming that the density exists, the mea-
sure terms fi; and [i;(z, w) satisfy Fokker-Plank-Kolmogorov
(FPK) equation. More explicitly, ji;(z,w) satisfies stochastic
FPK (SFPK) given as follows:

a[j’t (1’, W)
ot

= <_<Vza fO [t,.]?, ®o (ta EO(t’w)) ’/lt(wi)] ﬂt(wi»

1
+2t1‘<vfw@(t’ﬂfaw)ﬂt(m,w») = Lsppr(t,w)  (4)

in [0,7] x R™ with initial value fio(w) and a(t,z,w) =
Golt, x, fis(W)]6L [t, z, fir(w)]. When the measure is deter-
ministic, fi;(x,w) should be replaced with ji; in (4) and let
Lrpk(t) denote the FPK equation for this case.

For these dynamics, we now formulate estimation prob-
lems in a hierarchial manner and obtain nonlinear filtering
equations. In the rest of the paper, we might not display the
dependence on the underlying probability space, i.e. drop the
w term in the variables of interest, to simply the notation.

Assumption Al: The functions fo(-),50(-), fo(-) and 60(-)
and ho(-) are assumed to be bounded and Lipschitz contin-
uous in their parameters [1], [16].

State Estimation for MV SDE

Assume that the state dynamics is given by (1) and the
observation dynamics is given as follows:

dyo(t,w,w") = ho (¢, zo(t,w)) dt + dvo(t,w’) 5

where hg : [0,T] x R — R? is a measurable function and
vy is a standard Brownian motion in R? and it is assumed
throughout the paper that it is independent of wq(t,w)
defined in (1) and of Zy(0). The nonlinear filtering problem
is now defined as follows: Given the history of observations
FP° = o{go(s) : s < t}, determine a recursive expres-
sion for E[Zo(t,w)|F/°] and equivalently for @o(t, ) =
P (20(t,w) € A|F/°) for A € B(R™). Observe that 7o (t, ) :
B(R™) x Q — [0, 1] is a regular conditional distribution (i.e.,
7o(t, A,w') = Ep[l4(Z0(t,w))|F°]) and hence, satisfies i)
For every w’' € Q, 7o(t,-,w’) is a probability measure on
R” ii) For any A € B(R"), 7o(t, A,-) is a F}°-measurable
random variable and finally iii) For any A € B(R"),
To(t, A,w') =P (2(t,w) € A|FP) (w'), w'—a.s. The goal
is to obtain a SDE for 7y(t,-,w’). We follow the standard
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steps of nonlinear filtering theory that can be found in e.g.,
[14], [16] and we consider the estimation of a function of
Zo(t,w); i.e., for £ € C,(R™), E[€ (2(t,w)) | FY°].

Notice first that for fixed (fi¢)y<;<7p> folt, =, u, fig], u
Uy, and & [t, z, ji;] become functions of (¢, z, u) and (¢, m)
respectively, and we shall set fg (t,x,u) := fo[t,z,u, [it]
and &} (t,xz) := 0o [t,x,[i¢]. As a result, the estimation
problem reduces to a standard nonlinear filtering prob-
lem. Following the approach presented in [16], we first
define the exponential martingale that we will use fre-
quently throughout the paper and invoke it for the change
of measure argument Let fo ho (s, Z0(s,w)) ,dvg(s)) =

> =1 fo (s, Z0(s,w)) d(s) and

M(t)_1 = exp(—/0 (ho (s,20(s,w)) , dg(s))
_%/0 |h0(s,z0(s,w))|2ds>. ©)

Let 7: = o{wo(s),(s),0 < s < t} and observe
that M(t)~! is a F; martingale. Define the probability
measure P which is absolutely continuous with respect to
P and the Radon-Nikodym derivative on (€2, F;) be such
that dP| 7 = M(t)~!. Hence, by Girsanov’s theorem [14,
Theorem 7.1.3] jjo(t) is a P-Brownian motion. Furthermore,

by the Kallianpur-Stribel formula we have that for all ¢ €
Cp(R™)

By [M()0(z0(t, ) "]
By [M()]7]

Ep [€ (20(t,w)) | FP°] = (7
Henceforth, for each problem, we first obtain a recursive
an expression for the term Ej [M (¢)¢(Zo(t, w))|F{°], which
is called the Duncan-Mortensen-Zakai (DMZ) equation or
the unnormalized filter, and then obtain a recursion for the
optimal filter (i.e., for the expectation under the measure P).

Following the standard theory, we first note that go(t) is
a P-Brownian motion and hence, by It6’s formula

= M(t)h§ (t, Zo(t,w)) dio (). (®)
s (t,x) ag"
1 n n

j=11=1

dM (t)

Let T := (t,2) and set the operator on Zy(t, w)

Theorem 1: Under the assumption A1, the unnormalized
filter for Zo(¢,w) satisfies

Es [M(8)0(Z0(t,w))| F] =

+/0 Eg [M(s)L0(zo(s,w))|FL] ds +

Es [M(0)£(2(0))|F5°]

/0 Es [M(s)f (Zo(s,w)) hd (s, Z0(s,w)) \.7-"8370} dyo(s)(10)

with initial conditional distribution 7( (0, -) € P(R™). 0
With the DMZ equation in hand, we can derive the optimal
filtering equation for 7o (t). Let us first define the following

innovation process:

Io(t) := go(t) - / Ep [ho(s, Z0(s,w))|F2°] ds

Then it can be shown that Iy(t) is an F}°-Brownian motion
under the original measure P.

Theorem 2: Under the assumption Al, the optimal filter
7o(t) satisfies the following stochastic integral equations
(SIE): For all £ € Cy(R™),

Ep [£(2(t,w)) [F"] =

Ep [£(20(0)) |Fg°] + p [L0(Z0(s,w)) [F°] ds

0
- (E [0 (2ol 0)) BT (s, Z0(,0)) | FF°]
—Ep [€ (20(s,w)) | F2°] Ep [h§ (s, Z0) |f.§’°})dlo<s)<11>

with initial conditional distribution 7 (0,-) € P(R"™). 0

State Estimation for SMV SDE

We now generalize the above result for the random measure
case. In particular, the state dynamics are now given by (3)
and we are interested in estimating the state process Z(t,w).
Hence, let the observation dynamics be given as follows:

dfjo(t,w,w’) = ho (t, 30(t, w)) dt + dvp(t,w’) (12)

where as before hg : [0,7] x R® — R? and v is a d-
dimensional standard Brownian motion and it is assumed
throughout the paper that it is independent of wy (¢, w) given
in (3) and of the initial conditions Z,(0). Notice again that for
a fixed stochastic measure flow /i;(w)o<t<7) fo [t, 2, u, fit]
and &9 [t,z, iy(w)] now become random functions and
we write them as f (¢, z,u,w) = fot,z,u, fis(w)] and
G4 (t,x,w) 1= 6o [t, x,ﬂt(w)]. Hence, the filtering problem
reduces to the estimation of the state process whose dynamics
are now driven by random functions. It is easy to show that
the randomness of the function in the dynamics does not
affect the analysis of nonlinear filtering, see Section III, and
hence we obtain the following results. Let F;/° := o{go(s) :
s < th, folt, ) -:P(éo(t w) € |FP). Define M(t)~" as
defined in (6) by replacing Zo(s,w) with Zo(s,w) and define
the measure P similarly. Let T := &% (¢, x,w) 657 (¢, z,w)
and define the following operator on Zy(t,w):

1 n n n -
= 520D Tudil + Y fy (b uw) 95t (13)

j=11=1 j=1

Theorem 3: Under the assumption Al, the unnormalized
filter for 2o (¢, w) satisfies

Ep [M(t)é(éo(t,w))\]-‘t@ﬂ] ~E, [M(O)é(éo(O))\fgo]
+/tEﬂa, [M(S)ﬁ(w)é(zo(s,wmfgo} ds +
0

[ B ) Gl B 525,00 L7 dis)
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with initial condltlonal distribution 7 (0, -) € P(R™). 0
Now, let Io(t) := go(t fo Ep[ho(s, 20(s,w))|F¥]ds which
is a F}°-Brownian motion under the original measure P.

Theorem 4: Under the assumption Al, the optimal filter
7o(t) satisfies the following SIE: For all £ € Cy(R™),

Ep [¢ (2o(t,w)) | 7] = Ex [€ (2(0)) |7
+ /0 Er [£(0)e (2o(s.)) [ FE°] ds
- (E [€ (ol w)) BT (5, 0) | 7]
—Ep [€ (20(s,w)) | FP) Ep [T (s, 20) |f§o})dfo(s)(14)

with initial conditional distribution 7((0,-) € P(R"™). 0
In scenarios of interest below it will be required to
jointly estimate the state process and the measure flow.
In the rest of this section, we consider such joint es-
timation problems for which we first introduce some
preliminary material about the metric on a space of
probability measures. Let C,, := C([0,T];R"™) be the
space of continuous functions on [0,7] and let F" de-
note the o-algebra induced by all cylindrical sets of
the form {z(-)eC,:zy, € B;, ¢, €[0,T],i=1,---,1}
where B; € B(R"), forall ¢ and [ € IN. Let P(C,,) denote
the space of Borel probability measures p on (C,, F").
Notice first that by following the canonical respresentaion
of stochastic processes as well as using the Wasserstein
metric, D4.(-,-) on P(C,,), with appropritate metric p de-
fined in C ([0, T];R™), it is shown in [3] that the metric
space P, := (P (C,),DY) is Polish. However, such a
representation might not be appropriate for our problem
formulation. In particular, note that h(t,-), the observa-
tion function, is a function of u;(w) rather than the flow;
{pt(w),0 <t < T}. Therefore, let’s define the R U {oo}-
valued map W(pi,p2) = infy [p, [p. d(z,y)dn(z,y)
where d = | - | is the Euclidian norm and = € P(R™ x R")
with marginals p; and us. W(:) is called the Wasserstein
metric of order 1. Let P,, := (P(R™), W) and it is known
that P,, is a complete, separable metric space. Notice that
one could use a weaker metric, such as Prokhorov metric on
P(R™) induced by d, to metricize the space of probability
measures and to obtain a Polish space. However, for the
consistency throughout the paper we prefer to use W(-). We
now have two metric spaces, (R",d) and P,,, where both of
them are Polish and it is known [15] that a countable product
of Polish spaces is also Polish. Based on this, let Cn :=
R™ x Py, and let z, ,(t,w) be a Cn-valued stochastic process.
Let &(t,-,-) =P (2,,,(t,w) € -|F/") where &(-) : [0,T] x
B(Ch) x @ — [0,1] and as before satisfies the following:
i) For every @ € , &;(¢,-,@) is a probability measure on
Cn, ii) For any A € B(Cn), &(t, A,-) is a F}" measurable
random variable and finally, iii) For any A € B(Cn),
&i(t, A, w) = P (2,,(t,w) € A|FY") (@), @ — a.s. Observe
that &; is a P(Cn)-valued stochastic process. Finally, it is also
convenient to recall the definition of conditional expectation

of a measure valued random variable [17], [18]. Let w(w) be
a P(Cn)-valued random variable and G C F be a sub-o-field.
An R-valued function, F, F € C,(P(Cr)), is affine if there
exists a real constant ¢ and a function f € C(Cr) such that
for all u € P(Cn), F(p) = c+pf, where uf := [ f(z)p(dz).
Then, the conditional expectation of 7(w) conditioned on G
is defined as a P(Cn)-valued random variable E [7(w)|G]
such that F(E[r(w)|G]) = E[F(x(w))|G] holds for all
continuous affine functions F : P(Cr) — R.

The main motivation of the above statement is that when
it is desired to jointly estimate (Zo(t,w),fi+(w)) we can
consider this joint process as a C~-valued stochastic process
where Cn, is Polish and hence use the arguments of nonlinear
filtering theory for stochastic processes whose state space is
Polish [14, Section 8.2, 8.3].

Assumption A2: The functions go(-) and h(-) defined
below have a measure term as a parameter. We assume
that they are bounded and Lipschitz continuous in their
parameters: e.g., for x1,x2 € R™ and pq,ps € P(R™),
|90(ts 1, 1) = go(t, w2, )| < K (Jo1 — o + W, p2))-

State and Measure Estimation for MV SDE
In the third class of problems, we switch back to the
deterministic measure case and consider the joint estimation

of the state and the measure: We have the state dynamics
given by (1) and the observation dynamics is given by

dvg(t) = go (t, Zo(t,w), fig) dt + dvo(t,w")

where gg := [0, T|xR"xP(R™) — R< and we are interested
in estimating (Zo(¢,w), i) where fi; satisfies Lrpk(t), vo(t)
is a standard Brownian motion in R? and is independent of
wo(t). Notice that since the measure term is deterministic,
we have P (2o(t,w), fie| F;°) = 67,P (20(t,w)|F;°). Hence,
the filtering problem for this setup is no more general than
the one defined via (1) and (5).

State and Measure Estimation for SM'V SDE

In this problem we consider the joint estimation of the state
and the measure when the measure term is itself random.
Hence, we have the state dynamics given by (3) and let the
observation dynamics be given by

fir(w)) dt + dvo(t,w’)  (16)
Let 2o, (t,w) := (20(t,w), fiz(w)) and hence, Zg , : [0,7] x
Q — Cn. Recall also that we have
déO(tv LU) = f(}k (ta 20(t? (U), SOO(tv 20(ta OJ)), w) dt
+6¢ (¢, 20(t, w), w) dwo (¢, w).

5)

dio(t,w,w") = go (¢, 20(t,w),

a7
As before, our goal it to obtain a recursive expression
for £(t, A) = P(io7u(t,w) €A|.7-'f°) for A € B(Cn).

Note that ji;(w) satisfies (4) and hence, let dwy(t,w) =
(dwo(t,w),0)T and

-]

i (¢, Z0(t,w), go(-),w) }

Lsepr(t,w)
A | 6§t 2(tw),w) oT
o~ [Fef
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where 0 is a m-dimensional 0-vector. Observe now that the
estimation problem given by (16) and (17) can be written as

F(t,w)dt + G(t,w)dwo(t,w) (18)
9o (t, 20, (t,w)) dt + dvg(t,w’).(19)

dioyﬂ (t, w) =
dig(t,w,w’) =
Therefore, the problem becomes a nonlinear filtering prob-
lem on the Polish space Cr with random functionals F(t,w)
and G(t,w). In the previous sections we have observed

that the standard theory holds when the state dynamics
are given by random functions. Following similar steps we

define M (t)~" = Jo (90 (5,20,u(t,w)) , dvo(s)) -

éﬁmm@www)ﬂzowmwﬂ$o<s<ﬂ

and define the measure P on (Q,F;) as %\E = M(t)~!
and therefore, 0y(t) is a P-Brownian motion. Let G(¢,w) :=
GG and define the following operator on 2o, (t,w):

_ %ZZ@W £+Zf5‘78 £+ o CSFPK(t w).

j=11=1

‘= exp

We have the first result whose proof is similar to the proof
of Theorem 9. Let ¢ € C,(Cr).

Theorem 5: Under the assumptions A1-A2, the unnormal-
ized filter for 2o ,,(¢,w) satisfies

Es [M(1)0(20,0(0,) 77 | = Eg [€(20,,(0,))| 7"
+ / t Ep [Ka. () l(Zo,u(s,w))|F] ds
0

t
+/ Ep [M(s)0(20,.)90 (s, 20,) [F2°] dbo(s)  (20)
0

with initial conditional distribution £(0,-) € P(Cn). 0
The innovations process is defined similarly: Io(t) := 9 (t)—
3 Ep [go(s, 20,,.(5,w))|F2°] ds and we obtain the following
theorem whose proof is similar to the Theorem 10 below.

Theorem 6: Under the assumptions A1-A2, the optimal
filter satisfies the following SIE: For all ¢ € Cy(Cp)

Ep [€(B0,u(t0)IF" | = Be [((20,,(0,0)I75"] +

t

+/ Ep [KMS(W)K(ZO,M(&W))U::O] ds
0
t

+ [ B (00,068 (5.20,017) -
0

Ep [£(20,u(s,w))|F] Ep g5 (5,Zo,u) ffe]} dIy(s)21)

with initial conditional distribution £(0,-) € P(Cn). O
MYV and SMYV type SDEs appear in a variety of applications
and here we consider MFG and apply the nonlinear filtering
theory to state and measure estimation in MFG.

III. NONLINEAR FILTERING THEORY FOR
MAJOR-MINOR MEAN FIELD GAMES

Assumption (A3): The functions defined in this section,

e’ fo(t7 x’ u’ y)7 Uo(t, '/'L'7 y)’ f(t, m? u7 y’ Z)7 0(t7 x’ y7 Z)’
Lo(t,z,u,y) and L(t, x,u,y, z), satisfy the assumptions that

are sufficient for the MM-MFG results hold, namely; (i)
they are continuous and bounded in all their parameters
and Lipschitz continuous in (x,y,z), (ii) their first order
derivatives w.r.t. x are all uniformly continuous and bounded
w.r.t. all their parameters and Lipschitz continuous in (y, z),
(iii) fo(t,z,u,y) and f(t,x,u,y, z) are Lipschitz continuous
in u, (iv) Jo > 0 such that o,(t,x,y)ol (t,x,y) > ol and
o(t,z,y,2)ol (t,z,y,2) > ol, for all (t,z,y,z) [11]. Fi-
nally, h is assumed to be bounded and Lipschitz continuous.

Following the setup in [11], we consider a dynamic game
with one major and N minor agents. Let z,(¢) : [0,7] x
Q = R, z(t) : [0,T] x Q2 = R, 1 < ¢ < N, denote
the state of the major and minor agents, respectively, U, and
U;, 1 < i < N, are some compact spaces where the control
actions of the agents live. The dynamics of the agents are
given as follows: For 1 <7 < N,

dzo(t) = NZf t, 2o(t), uo(t), 2 (¢))dt
1 N
+5 ; Tolt, 20(1), 2 (£)) duw, (1) 22)
1 N
dz(t) = NZ Ft, 20(t), us(t), zi(t), z; (t))dt
L
o7 2 0l 20(0),2i(0), % (1)dwi(t)  (23)

Il
_

J
where Supjcio1,... N} E|z;(0)]*> < k < oo, where k is
independent of N, u,(¢) : [0,7] — U, and wu;(¢) : [0,T] —
U; are the control inputs of the major and the minor agent i,
respectively, f, : [0,T] x R" xU, x R" — R"™, 0, : [0,T] X
R xR™ — R ™ f: [0, T]xR™ xU; x R" xR™ — R™ and
o : [0, T xR®"xR"xR™ — R™ ™ are measurable functions
and {(wo(t),w;(t))e>0, 1 < ¢ < N}, are independent
standard Brownian motions in R™. The initial states of the
agents, {2,(0),2;(0),1 < i < N}, are independent of each
other and of {(w,(0),w;(0)), 1 < i < N}. Let Fz =
0{20(0), z;(0),wo(s), w;(s), 1 <i< N, 0<s <t} and
F = 0{2,(0),ws(s),0 < s < t} be the two filtrations.
The objective functions are given as follows: For 1 <i < N,

T q N
TN (ug,u) ::E/O N;Lo(t,zo(t),uo(t),zj(t))dt(24)
JN(ul,u i) =

2 %
ZL (t, 20(t), ui (1), zi(t), z; (¢))dt (25)

where vl == {uy, -+ ,un}, u_; == {ud \w;} Uu,, T is
the terminal time and L, and L are R, -valued nonlinear
cost functions. Let us now summarize the result derived in
[11, Theorem 7.2]. Recall first that the major-minor agent
stochastic MFG (SMFGQG) system is given by

d«go (t, UJ) = fo [t; 207 ﬂo(t, w, go)a et (w)}dt

+0o[t, Zo, pt(w)]dw,(t,w), Z,(0) = 2z,(0) (26)
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dim(t7wawl) = fm[tu2m7ﬂ”m(tvwﬂ2m)720(t7w)7ut(w)]dt
+0[t, Zm, Zo(t, w), pe(w)]dw(t, w") 27)

(b w,2) = i (12] (15(@)) gy 28)
U (t,w, ) = T (t,x\(,us(w),éo(s7w))0§SST) (29)

where (115(w)) <, i the stochastic measure flow induced
by the solution of the generic minor agent stochastic MV,
Zm(t,w), such that P (%, (t,w) < | F*) = [ pe(w, dz)
with Z,,(0) has the measure pg(dz) = dF(xz) where F
is defined in [11, Assumption A.2.] and where @, (t,w,x)
and U, (t,w,z) are the best response control processes
(i.e., the unique solution of stochastic Hamilton-Jacobi-
Bellman equations [11, Eqn. (5.14)-5(19)]). Equivalently,
(115(W)) < yq can also be characterized by the following
SFPK equation with random coefficients: Assume that the
conditional density of Z,,(t,w) given F,"° exists and denote
it by p(t,w, z), we then have

dp(t,w,x) =
<<vma Jmlt, @, tm (8, w, Zm), Zo(t, w), e (w)]p(t, w, x))

+ 5tV alt . a)plt.,) )t p(0.2) = (o)
1= L (t,w)dt (30)

where a(t,w,z) = oft,z,Z(t,w), u(w)]oT]] and
u(t,w,dx) = p(t,w,z)dx as. 0 < t < T. Notice that the
above dynamics are MV type SDEs where we have

fo [tv 207 ao(tvw, 20)7 Mt(w)]
= o fo (ty 207 ﬂo(t,w, 20)7 $) :ut(d'r)
fm [t7 2m7 am(ta w, 2771)7 505 :U’t(w)]

= fm (t,ém,ﬁm(t,w,ém),io,x) ,ut(dx) (32)
RTL

€29

The SMFG best responses @, (t,w, x) and @, (t,w,x) which
are obtained at the infinite population setup are next applied
into a finite NV + 1 major and minor population (22)-(23).
Let F}* = o0{z(7),2i(7),0 < 7 < t,1 < ¢ < N}
and U;, j € {o,1,---,N}, denote the set of centralized

admissible control set of an agent j where U; = {u]— (t,w) :

uj(t,w) is F{* adapted & Ep fOT lu;(t,w)]?dt < 0o

Definition 1: Given ¢ > 0, the admissible control laws

(ug,---,u$) for N + 1 agents generates an e¢-Nash equi-
librium with respect to the costs J,N ,J € {07 1,---, N}, if
JJN(uj,u j)—€ <infy, ey, Jj (u], i) < J (ug ‘ij)+€

for any j € {0,1,--- ,N}.

Hence, according to [11, Theorem 7.2], the set of control
laws given by ug = U,, u{ = Um,? = 1,---, N generates
an O(eny + 1/\/N)-Nash equilibrium, where limy o ey =
0, for the cost functions defined in (24)-(25). This result
assumes that the agents are provided with the state of
the major agent and also the stochastic measure (mean

field) induced by the minors. In this work, we consider

a partially observed major-minor MFG scenario formulate
different problems based on the hierarchy that we followed
in the previous section. It should be noted that in order to
emphasize the MFG application, we keep %, and %, in the
state dynamics below, e.g., see (34). However, the nonlinear
filtering results that we obtain below hold for any admissible
control laws.

Major Agent’s State Estimation in MM — MFG

In the first scenario minor agents estimate only the major
agent’s state. Therefore, let the observation dynamics of
minor agents, 1 <¢ < N, be given as follows:

= h(t, zZo(t,w)) dt + dv;(t,w") (33)

where h : [0,7] x R® — R? is a bounded measurable
function and v;(t,w’) is a standard Brownian motion in R¢
which is independent of {w,(t), w;(t),i =1,---,N}. Note
that for a fixed measure flow pu;(w)o<i<7, We have:
déo(t7 UJ) = fo[t7 207 aO(t7 w7 20)7 Mt(w)]dt

+0, [tv 207 et (w)]dwo(t)

= fo (t,go,ao(t,w,io),x) Ut(dxaw)dt

R”L
+/ 0o(t, Zo, ) e (dx, w)dw,(t)
= foui (t, 20, Uo(t,w, Zo),w) dt + 04 1, (£, Zo, w)dw,(t)(34)

where f, ,, 1 [0,T] xR™ xU, xQ — R™ and o, ,, : [0,T] %
R™ x ) — R™* ™ are now random functions. Therefore, the
estimation problem is given by the SDEs:

dy; (t,w, w)

dgo(taw) = fo,ut (t,éo,ao(t,w,éo),w) dt
+00,1, (t, Zo, w)dw,(t, w) (35)
dy;(t,w,w") = h(t,Z,(t,w))dt +dv(t,w").  (36)

Let /' := o{y;(s) : s <t} and we shall now obtain a re-
cursive expression for E[((Z,(t,w))|F;"], where £ € C,(R™),
and equivalently for m;(¢, A,w") = P(Z,(t,w) € A|F/")
for A € B(R™). Let F; = o{wo(s),v(s),0 < s <t} and
we define M (t)~! in a same manner with (6) so that M (t) !
is a F; martingale and let g—gb:t = M (t)~! so that y;(t) is a
PP-Brownian motion. Let T := Tops (s Zoyw) 00 1, (s Zoyw) T
and define the following operator on Z, (¢, w)

‘Cﬂt(w)e = % Z Z leajzlg + Z fg)uﬁjﬁ.
j=1

j=11=1

(37

Observe that £, ()¢ is identical for all minor agents. We
first derive the unnormalized filter equation for which we
skip the proofs due to space limitations.
Theorem 7: Under the assumption
Es [M()0(Z0(t,w))|F{*], 1 < i < N, satisfies

g [M(8)6(Zo(t, )| "] = Ep [M(0)£(Z(0,w)) | Fy']

of
0
t
/Em
0

A3,

e (@) (Zo(s, w))|]:yl] ds

+

zo(s,w))hT (s, 2o) |}'Sy] dyi(s) (38)
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with initial conditional distribution 7;(0,-) € P(R™). O
We can now derive the optimal filtering equation for 7;(-).
We first define the following innovation process: I;(t) =
yi(t) — fot Ep [h(s, Zo(s,w))|FY] ds which can be shown to
be a F;*-Brownian motion under the measure P.

Theorem 8: Under the assumption A3, the optimal filter
satisfies the following SIE: For all ¢ € C,(R™), 1 <14 < N,

Ep [0(20(t,0)|F] = Ep [6(20(0,0))|FY']
+/0 Ep [Eﬂs(w)f(éo(s,w)ﬂfg”} ds
+/0 (EP [6(Z5(s,w))AT (s, %) | FY]
~Ep [0(zo(s,0))| FY] Ep [T (5, 5,) |f;ﬂ)dfz-<s> (39)

with initial conditional distribution 7;(0,-) € P(R™). 0
State and Stochastic Measure Estimation
in MM - MFG

In this setup minor agents estimate both the major agent’s
state and the stochastic measure flow. Therefore, let the
observation dynamics of minor agent ¢ is given by:

dy;(t,w,w") = hi(t, Z,(t,w), u(w)) dt + dv;(t,w”)(40)

where h : [0, 7] x R" x P(R") — R, 1;(w) € P(R™), is
bounded and v;(t) is as defined above. Recall also that the
state process dynamics can be written as:

dzo(t7 w) = fO,ut (t? 503 ﬂ()(ta UJ, 20)3 (.U) dt
+00,1 (t, Zo, w)dw,(t,w) (41)

where f, ,, and o, ,, are random functions defined in (34).
Hence, the problem is given by the following SDEs:

dZo(t,w) = fou, (t, 20, Uo(t,w, Z,),w)) dt
+00,1, (t, Zo, w)dw, (1) (42)
dy;(t,w,w") = h(t,Z,(t,w), pe(w)) dt + dv;(t,w")(43)
Let z,,(t,w) = (Z(t,w),m(w)), £ € Cp(Cr) and

&i(t, Aw"”) = P(zo,(t,w) € AlFY) for A € B(Cn).
Recall that 1;(w) satisfies the SFPK equation given in (30).
Setting dw,(t,w) = (dw,(t,w),0)T and

FHt = |: fo’”f (t’ 207&0(75’0')720)’“)) :|
‘Cg}t’K(tw) ’

Kt Jovl—Lt (tvgoaw) OT
GHt = [ 0 0 , (44)

the estimation problem given by (42)-(43) can be written as

dzo,(t,w) = Fl(t,w)dt + G (t,w)dw,(t,w)(45)
dy;(t,w) = h(t,z,,(t,w))dt + dv;(t) (46)
where z,,, : [0,7] x Q& — Cn which is then a standard

nonlinear filtering problem on the Polish space C~. Observe
that the functionals F#t(¢,w) and G*t(t,w) are random. To
continue, following the steps of previous sections, let

M(t)™! == exp (— /Ot<h(sazo,u(8aw))adVi(3)>

t
7%/0 |h(s,zo_’#(s,w))|2ds> 47

and F; = o{w,(s),vi(s),0 < s < t} so that M(t)~!is a
Fi-martingale. Set IP as before so that y;(¢) is a P-Brownian
motion and for ¢ € C,(Cr)

By [M ()20, (t, )| F"]

Eg [M(8)F7"]

and dM(t) = M(t)hT (t,2,,,(t,w))dy;(t). We can now
present the main result. Let G(¢,w) := GG and define
the following operator on z,_ (¢, w)

Ep M(Zo,u(taw))“rtyi] =

(48)

1 n n ) 8€
M= 5 D Gudl+ D f3,,0;+ o, re (49)

jil=1 j=1

Theorem 9: Under the assumptions A2-A3, for 1 < ¢ <
N, Eg [M(t)€(2o,,(t,w))|F{"] satisfies

Eg [M()€(20,,(t, w))| F"] = Eg [€(20,,(0, w)) | Fg"]

t
[ B M0 5, P2 s

+/0 Ep [M(5)0(zo, )" (5. 20,,) | 2] dyi(s) (50)

with initial conditional distribution &;(0,-) € P(Cn). O
The proof is an extension of the proof of Theorem 7 to
Polish spaces, or more generally, extension of the nonlinear
filtering theory for Polish space valued stochastic processes
to the systems whose dynamics driven by random functions
and we skip due to the space limitations. We now provide
the optimal filtering equation for this setup. Let £ € C,(Cr).

Theorem 10: Under the assumptions A2-A3, the optimal
filter &(-), 1 <1 < N, satisfies the following SIE:

Ep [0(20,,,(t, )| "] = Ep [(20,. (0, w)) | F5"]

t
"r/ Ep [A#s(w)g(zow(&w))‘fgi] ds +
0

/ [E [6(Z0 )7 (5, 20 (5, )) | FV] —
Ep [((20 (5,)|FY] Be [0 (5, 20,,) |F¥] | dLi(s) (51)

with initial conditional distribution &;(0,-) € P(Cn). 0
Proof: Notice that by taking £ = 1 in (50) we obtain
i (@)
dEy [M ()| F") = B [M(t)h" (t,20,,(t,w)) |[F"] dyi(t)

and as a result of It6’s formula

1 t ! Yi

(B MO+ W
! -1 Yi 1
= || ey MO

. /t E; [M(s)h” (s,zo,ui?;u)) 7]
0 Es [M (s)[F3"]
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xEg [M(s)h (s,20,,(s,w)) | FY]ds. (52)
where (Eg [M(-)|F¥'])s denotes the quadratic variation pro-
cess of Eg [M(t)|F;"] and (52) holds due to (¢) and y;(t)
being a Brownian motion (see [14, Property 9, pp.57]). Let
us now apply Itd’s formula to (48) with ¢ € C,(Cr);

E, [M(t)f(zo,u(t,w))lff”}>
E; M (6)| 7]

0 [((zo (¢, w)) | 7] = d (

d (Es [M(£)0(2o,u(t, w))| F}")
Es [M(2)|F"]

FE; [M(1)(zp (1) | F) d (W)

+d<EI@, [M(.)E(z(,w(.’w)”}".yi] ’ W>t
- = (MO0 (20, (8, T
Eg [M(t)| 7]
L Ep [M®)zo,u(t, )T (¢, Zo,u(t, w)) | F"] dyi(t)}
Es [M(1)[F"]
[_ Eg [M (£)0(Z0,,(t, w))|F ] d (Ep [M ()| F])
Es [M(2)| 7]
Ep [M (8)0(20,,)|F" 1 Ep [M ()0 (t,2,,) | F}"]
Ep [M (1) F)°

+

xEp [M(t)h (t,20,,(t,w)) | F2] dt]

{_ g [M(t)0(20,,
Es [M

hT (tv Zoylt) |]:tyl]
12
t)| 7]

)
(

XEg [M(8)h (£ 20,) | 7] dt] (53)

= Ep [Ap, ()l(Zo,u(t, w))|FF] di
+Ep [((zo,u(t,w))hT (t,20,u(t,w)) \ffi] dy;(t)
—Ep [U(Zo,,(t,w)) | FY*] B [07 (1,20, (¢, w)) | F"] dys(t)
+Ep [((20,,(t, w))| F{* | Ep [hT (t, 20, (t,w)) \.F,ty'i]
xEp [h (t,2,,,(t,w)) | F*] dt
—Ep [(20,,(t, w))AT (2,20, (t,w)) | FP']
xEp [h (¢, 2, (t,w)) |F] dt
= Ee [Ay, () (20,0t w))| F"] dt
+Ep [ﬁ(zo,u(t,w))hT (t, 2o, (t,w)) \]—‘tyi] dI;(t)
—Ep [((20,,(t, w))|FY | Ep [h” (¢, 20, (t, w)) |[FY*] dI;(2)

(54)

where the first square paranthesis in (53) holds due to (50),
the second one holds due to (52) and the last term is valid
since the quadradic variation is given by

(B VMO8 DV it )

-3 (<]E1@ [M()l(2Zo,. (-, w)) | F¥] + W>t

(B8 IO () )~ ) ) 69

P

which can be shown to be equal to the last term in (53).
The rest of the steps can be verified via (48), (50) and (52)
where in (54) we substitute the innovations process I;(t) +
fg Ep [h(s, 2o, (s, w))|F¥] ds. u

IV. CONCLUSION

In this work we have formulated estimation problems for
partially observed stochastic systems whose state dynamics
are driven by MV type SDEs and have provided nonliner
filtering equations for several scenarios. The main motiva-
tion to study estimation theory for systems with MV type
dynamics arises from MM-MFG theory and it is believed that
estimation theory for MV type stochastic dynamical systems,
and in particular for MFG systems, possesses interesting
problems meriting investigation.
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