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Abstract— The introduction of Algebraic Geometry by
Goppa as a tool for code construction resulted in a rich family
of linear codes that also allowed to obtain already existing
codes. This motivated the work of Pellikaan, Shen and van
Wee about which linear codes could be obtained as algebraic
geometric codes.

Similar tools have been used to develop the convolutional
counterpart of Goppa codes yielding some optimal construc-
tions and, as in the linear case, some codes which were already
known. Therefore it seems a natural question to determine
which convolutional codes can be constructed using algebraic
geometric tools. It has been shown by the authors that in fact
any convolutional code can be given an algebraic structure, i.e.
they can be obtained by evaluation of a certain subspace of
rational functions, and they have given conditions so that it is
defined by a complete linear system.

We present here such structure with explicit expressions
considering the projective line as the curve over which the
construction is carried out. That is to say, we expose how
any convolutional code can be obtained as a convolutional
Goppa code over the projective line. In addition we give the
explicit conditions so that a code is defined by a complete
linear system, i.e. the subspace of functions is the subspace
of global sections of a certain divisor. Further, we consider
the particular case of memory 0 codes, i.e. linear codes, which
implies that our conclusions are of application to linear codes
as well. In particular, considering linear codes as a class of
convolutional codes allows to overcome the limitation on the
number of rational points when working over a finite field.

I. INTRODUCTION

Convolutional Goppa codes (CGC) [1], [8] were intro-
duced as a generalization for convolutional codes of the use
of algebraic geometric elements to construct codes with a
certain structure that could be used to study their properties
and to decode them. It happens that, as it is also the case with
block codes, some already existing codes have been shown
to have that algebraic geometric structure.

Pellikaan et al. [10] studied which block codes were in
fact algebraic geometric concluding that every code could
be given an algebraic geometric structure, which they did
explicitly considering for each code a curve of high genus
in general.
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A different approach was considered in [6] to address the
analogous question for convolutional codes. When consid-
ering convolutional Goppa codes, which are defined over a
field Fq(z), the advantage of having curves with infinitely
many rational points plays a fundamental role. As a result
the authors concluded that any convolutional code, including
block codes, could be constructed as CGC over any curve
satisfying certain weak conditions, and in particular over the
projective line.

In fact, note that curves of small genus are to be preferred
when constructing algebraic geometric codes in order to have
tighter bounds on the value of the minimum distance, respec-
tively free distance, and on the error-correction capacity of
decoding algorithms.

In this work we show that every convolutional code can be
given a Goppa structure over the curve with lowest genus, the
projective line. We will actually give the explicit procedure
to construct any convolutional code in this way.

We will pay a particular attention to block codes, which
are known to be convolutional codes of degree 0, and to
which therefore all the results are of application.

Although this characterization may have apparently no
immediate practical application it actually opens the door
to the use of algebraic geometric tools for decoding any
convolutional code. Further, the fact that the curve considered
is the one with lowest genus and that, as it will be shown,
one can do it over rather small fields, is expected to result
in simpler and more effective procedures.

Our work has this structure. In Section II we expose the
algebraic geometric tools that will be needed. In Section III
we show how any code can be obtained as a convolutional
Goppa code by evaluation of certain functions on a set
of rational points of the projective line. In Section IV we
address the question of which codes can be obtained as CGC
defined by a complete linear system. In Section V we focus
on the case of block codes.

II. PRELIMINARIES

Convolutional Goppa codes are constructed making use of
algebraic geometric tools. Before proceeding with our study,
let us recall the main elements involved in the construction
[5].

Let Fq be a finite field with q elements, where q = ps is
the power of a prime and let Fq(z) be the field of rational
functions over Fq . Let us consider the projective line over the
field Fq(z), P1

Fq(z) = ProjFq(z)[x0, x1] and the affine line
A1

Fq(z) = P1
Fq(z) − {p∞} with affine coordinate t = x1/x0.
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A divisor D over a curve X , in our case the projective
line, is a formal sum D =

∑
p∈X npp where np ∈ Z and

np 6= 0 only for finitely many points p ∈ X . The degree
of D is defined as degD =

∑
np deg(p), where deg(p)

is the degree of the extension to the field where the point
has its coordinates. Here we will be considering points p
with coordinates in the ground field, i.e. rational points, and
hence deg(p) = 1. The support of the divisor D is the set
{p ∈ X |np 6= 0}. Every rational function f over the curve
defines a divisor (f) =

∑
nipi −

∑
n′jqj , where pi and qj

are the zeros of f with orders ni, respectively its poles with
orders n′j .

Each divisor D can be associated to an invertible sheaf
OX(D) and therefore to the Fq(z)-vector space of its global
sections

H0(X,OX(D)) = {f ∈ ΣX | (f) +D ≥ 0} .

A commonly used alternative notation for this space, that
we will use for the sake of simplicity, is L(D) ≡
H0(X,OX(D)).

An element with a central role in our study is the closed
immersion defined by any very ample invertible sheaf L

ϕL : X �
� // PH0(X,L)∗ = Pn−1

Fq(z)

p
� // < ψp >

(1)

where ψp : H0(X,L) −→ Fq(z) is the evaluation map
ψp(s) = s(p). Further, if {xi}n−1

i=0 is a basis of H0(X,L)∗

then the global sections {ϕ∗L(xi)}n−1
i=0 ⊂ H0(X,L) generate

L.
Here we will be mostly considering the invertible sheaf

L = OP1
Fq(z)

(G) associated to the divisor G = (n − 1)p∞
over the projective line. Bearing this in mind we can give an
explicit expression of the closed immersion ϕL (1).

Note that that L(G) = 〈1, t, . . . , tn−1〉. Any rational point
p ∈ A1

Fq(z) with affine coordinate α ∈ Fq(z) defines a
valuation map ψp ∈ L(G)∗

ψp : L(G)→Fq(z)
tj 7→ tj(p) = αj

(2)

Let {w1, . . . , wn} be the dual basis of {1, t, . . . , tn−1} in
L(G)∗ then ψp = 1w1 + αw2 + . . . + αn−1wn and ϕL is
given by

ϕL : P1
Fq(z)↪→PL(G)∗ = Pn−1

Fq(z)

p 7→ [1;α; . . . ;αn−1]
. (3)

This explicit expression allows us to prove the following
crucial result.

Lemma 2.1: The images by ϕL of any n different ratio-
nal points p1, . . . , pn ∈ A1

Fq(z) are in general position in
PL(G)∗.

Proof: Let us consider n different rational points with
affine coordinates α1, . . . , αn ∈ Fq(z). Their images by ϕL
are in general position if there is no hyperplane containing
them. That means by (3) that they are in general position

if and only if the vectors (1, αi, . . . , α
n−1
i ), i = 1, . . . , n,

generate the whole L(G)∗, if and only if∣∣∣∣∣∣∣∣∣
1 α1 α2

1 . . . αn−1
1

1 α2 α2
2 . . . αn−1

2
...

...
1 αn α2

n . . . αn−1
n

∣∣∣∣∣∣∣∣∣ =
∏

1≤i<j≤n

(αj − αi) 6= 0

which is obviously the case since the points are different.

III. CONVOLUTIONAL CODES ARE CGC OVER P1
Fq(z)

Let us recall some basic facts on convolutional Goppa
codes assuming they are constructed over the projective
line. The general construction in detail and proofs of their
properties can be found in [6], [8].

CGC are constructed over a curve X , in our work we
will restrict ourselves to X = P1

Fq(z) the projective line over
Fq(z). Let p1, . . . , pn be a set of n different Fq(z)-rational
points of P1

Fq(z). Let us consider the divisor D = p1+· · ·+pn
and let G be another divisor on P1

Fq(z) with support disjoint
from D. It is possible to define an evaluation morphism

α : L(G)→ Fq(z)×
n

.̂ . .× Fq(z)
s 7→ (s(p1), . . . , s(pn))

Definition 3.1 ([8]): The convolutional Goppa code
C(D,G) associated with the pair (D,G) is defined as the
image of α. Analogously, given a subspace Γ ⊆ L(G), one
defines the convolutional Goppa code C(D,Γ) as the image
of α|Γ.

By construction, C(D,G) is a convolutional code of length
n and dimension

k ≤ dimL(G) .

Under the condition 2g − 2 < degG < n, the evaluation
map α : L(G) ↪→ Fq(z)n is injective, and the dimension of
C(D,G) is exactly

k = dimL(G) = degG+ 1− g

Considering the same divisors D,G there is a dual con-
struction of convolutional Goppa codes which is based on
taking residues at the support of D of a certain subspace of
differentials determined by both divisors [8]. As in the block
case, the resulting code is in fact the dual code C⊥(D,G) to
C(D,G).

Remark 3.2: Note that since we are considering the same
divisors D,G in the construction of C⊥(D,G) we conclude
in particular that C is a Goppa code if and only if so is C⊥.

With these elements we can proceed to give an explicit
description of how any convolutional code can be given a
geometric structure over the projective line as presented in
[6, §III.A].

Let C be a convolutional code of length n and dimension
k generated by a matrix

G =

 a11 . . . a1n

...
...

ak1 . . . akn

 , aij ∈ Fq(z) . (4)
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We want to construct the code C as a convolutional Goppa
code over P1

Fq(z), i.e. g = 0. For this we need n different
rational points p1, . . . , pn ∈ A1

Fq(z) and a k-dimensional
Fq(z)-vector subspace Γ ⊂ L(G) for a certain divisor G
such that Im α|Γ = C, α|Γ being the restriction to Γ of the
evaluation map α at p1, . . . , pn.

Note that we can always take different rational points in
the affine line p1, . . . , pn ∈ A1

Fq(z) since Fq(z) has infinitely
many elements. Let us fix G = (n − 1)p∞. The sheaf L =
OP1

Fq(z)
(G) defines a map ϕL (3) such that for any rational

point p ∈ P1
Fq(z) ϕL(p) = 〈ψp〉 ∈ PL(G)∗. By Lemma 2.1

their images by ϕL are in general position in PL(G)∗ and
hence 〈ψp1 , . . . , ψpn〉 = L(G)∗.

Then we can define a linear map α = (ψp1 , . . . , ψpn) by

α : L(G) ↪→ Fq(z)n

s 7→ (ψp1(s), . . . , ψpn(s)) = (s(p1), . . . , s(pn))
(5)

Recall that we take t as affine coordinate in A1
Fq(z) and

that L(G) = 〈1, t, . . . , tn−1〉. Let {w1, . . . , wn} be the dual
basis of {1, t, . . . , tn−1} and let

V =


1 α1 α2

1 . . . αn−1
1

1 α2 α2
2 . . . αn−1

2
...

...
...

...
1 αn α2

n . . . αn−1
n


be the matrix of the change of basis linear map from {ψpi} to
{wi}. Let {σ1, . . . , σn} be the dual basis of {ψp1 , . . . , ψpn}.
The inverse of the dual to the basis change map is the
basis change map from {σi} to {ti}, i. e. σi = ci0 + ci1t +
. . .+ cin−1t

n−1, where (cio, . . . , c
i
n−1) is the i-th row of the

matrix (V t)−1. In order to give an explict expression of the
coefficients of σi(t) = ci0 + ci1t + . . . + cin−1t

n−1 note that
the duality of the bases, σi(ψpj ) = δij , means σi(αj) = 0
if i 6= j, which implies

σi(t) = λi

n∏
j=1,i6=j

(t− αj) (6)

and σi(αi) = 1, which implies

λi =
1

n∏
j=1,i6=j

(αi − αj)

Then the coefficients cin−r, for all r = 1, . . . , n, are

cin−r = (−1)rλiSr(α1, . . . , α̂i, . . . , αn)

with Sr(α1, . . . , α̂i, . . . , αn) the basic symmetric polynomial
of degree r in n−1 variables that depends on all αj , j ≤ n,
except αi [7].

Let us consider si ∈ L(G), i = 1, . . . , k with

s1 = a11σ1 + . . .+ a1nσn
...

sk = ak1σ1 + . . .+ aknσn

(7)

which explicitly are

si = ai1σ1 + . . .+ ainσn =
n∑
r=1

(−1)rtn−r
n∑
j=1

aijλjSr(α1, . . . , α̂j , . . . , αn)

for all i = 1, . . . , k. By construction α(si) = (ai1, . . . , ain).
Let us consider then the subspace Γ = 〈s1, . . . , sk〉 ⊂

L(G). By construction the matrix representation of α|Γ is
precisely G, and therefore D and Γ are the data that allow
us to obtain C as a convolutional Goppa code over P1

Fq(z)

C(D,Γ).
Remark 3.3: Note that the choice of the points p1, . . . , pn

does not depend on the code C. That is to say, we can take
any n different rational points on the affine line and once the
points are fixed a basis (7) of the linear system Γ is obtained.

The previous construction proves a version on the projec-
tive line of [6, Theorem III.1].

Theorem 3.4: Every convolutional code of length n can
be obtained as a convolutional Goppa code C(D,Γ) over the
projective line with G = (n− 1)p∞.

Example 5.5 illustrates this process, applied there to a
convolutional code of degree 0, i.e., a block code.

IV. CGC DEFINED BY COMPLETE LINEAR SYSTEMS

In the previous Section we have seen how we can identify
any code C with a vector subspace Γ of a space of sections
L(G), with G = (n− 1)p∞, over the projective line. Since
dimL(G) = n > k = dim C, Γ ( L(G). However it is
specially interesting to know if one may identify a code
with a whole subspace L(G), i.e. if we can carry out our
construction taking G = (k− 1)p∞, i.e. if a code is defined
by a complete linear system over P1

Fq(z) as a convolutional
Goppa code.

Let C be a convolutional code generated by a matrix G
(4) and let us assume without loss of generality the first
k columns of G are linearly independent. Let x0, ..., xk−1

be the homogeneous coordinates , of Pk−1
Fq(z) and recall that

t is the affine coordinate in A1
Fq(z). We want to determine

whether C = C(D,G) is a CGC defined by a complete linear
system L(G) and by divisors D =

∑n
i=1 pi and G = (k −

1)p∞ over P1
Fq(z).

Let us consider the immersion ϕL defined by the sheaf
L = OP1

Fq(z)
(G). We have that L(G) = 〈1, t, . . . , tk−1〉. The

equations of P1
Fq(z) ⊂ Pk−1

Fq(z) are [4]

xixj − xi−1xj+1 = 0 1 ≤ i ≤ j ≤ k − 2 . (8)

Definition 4.1: Let us call the column-points of a k × n
matrix G to each of the points in Pk−1

Fq(z)

pi = [a1i; . . . ; aki] ∈ Pk−1
Fq(z), i = 1, . . . , n

whose coordinates are given by the columns (a1i, . . . , aki)
T

of G.
We assume that the column points of a generator matrix of

a code verify pi 6= pj for each i 6= j, otherwise there would
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be 2 linearly dependent columns on the generator matrix, i.e.
a repeated coordinate times a constant in every codeword.

Since we are assuming that the first k columns of G are
linearly independent then p1, . . . , pk ∈ Pk−1

Fq(z) is a set of k
linearly independent points.

Lemma 4.2 ([6]): Given k linearly independent rational
points of Pk−1

Fq(z)

p1 = [α11; . . . ;αk1], . . . , pk = [α1k; . . . ;αkk]

there always exists a generator matrix G′ of the code C whose
first k column-points are p1, . . . , pk.

Proof: Let

T =

 α11 . . . α1k

...
...

αk1 . . . αkk

 (9)

be the square matrix whose column-points are p1, . . . , pk,
and let

R =

 a11 . . . a1k

...
...

ak1 . . . akk

 (10)

be the left-most square submatrix of a given generator matrix
G of the code. The lemma follows by taking G′ = BG with
B = T R−1.

Let us consider now k points p1, . . . , pk ∈ P1
Fq(z) ⊂ Pk−1

Fq(z)

with coordinates pi = [1;αi] and L the invertible sheaf
associated to the divisor G = (k − 1)p∞. Their images
by ϕL, ϕL(pi) = [1;αi;α

2
i ; . . . ;α

k−1
i ], are clearly linearly

independent points in Pk−1
Fq(z). Then, by Lemma 4.2, we may

consider a generator matrix G′ of the code such that its first k
columns are the coordinates of the points ϕL(pi) for i ≤ k.

Hence, we have the following Theorem, which is a version
of [6, Theorem IV.2] and can be proved in an analogous way.

Theorem 4.3: C is a convolutional Goppa code over the
projective line defined by a complete linear system if and
only if the n column-points of a generator matrix G lie in
ϕL(P1

Fq(z)).
Therefore, the convolutional code C generated by the

matrix G is a CGC defined by a complete linear system over
the projective line by divisors D =

∑
pi and G = (k−1)p∞

if and only if the columns of the matrix

G′ =


1 . . . 1
α1 . . . αk
...

...
αk−1

1 . . . αk−1
k

R−1


a1k+1 . . . a1n

a2k+1 . . . a2n

...
...

akk+1 . . . akn


satisfy equations (8), with αi the affine coordinate of pi for
all i ≤ k and R as in (10).

Example 5.3 in the following section illustrates a version
of this result over finite fields by carrying out the study of
certain block cyclic codes. However note that everything in
the example works if Fq(z) is considered instead of Fq and
therefore it can be taken as an example of the general case.

In addition, we can conclude that a subclass of convolu-
tional codes can be defined by a complete linear system over
the projective line.

Proposition 4.4 ([6]): Every convolutional code of di-
mension up to 2 is a CGC defined by a complete linear
system over P1

Fq(z).
Remark 4.5: Block codes defined by complete linear sys-

tems over the projective line are, by construction, MDS. This
is not in general the case for convolutional codes. However,
it is far easier to construct MDS codes over P1

Fq(z) than
over curves with higher genus, as exposed and illustrated
with examples in [8]. For a explicit characterization of MDS
convolutional codes we refer to [9].

V. BLOCK CODES ARE CGC OVER P1
Fq(z)

We want to point out that so far the only, yet crucial, fact
that makes a difference when using Fq(z) instead of Fq is
the availability of an infinite number of rational points on the
projective line. Otherwise, all the elements presented in this
work concerning convolutional codes are valid as long as q
is big enough so that the projective line has enough rational
points. Therefore, as shown in [6, §V] we may consider the
same procedure to construct block codes and we can restate
Theorem 3.4 and Theorem 4.3 for block codes as follows.

Theorem 5.1: Every q-ary block code of length n ≤ q
can be obtained as a Goppa code C(D,Γ) over P1

Fq
with

G = (n− 1)p∞.
Theorem 5.2: C is a convolutional Goppa code over P1

Fq
,

defined by the complete linear system L(G) if and only if
the columns of a generator matrix of C lie in ϕL(P1

Fq
).

As an application of the last Theorem let us check explic-
itly which binary cyclic codes of length 7 can be constructed
as evaluation codes over the projective line.

Example 5.3: As it was pointed out before, we may only
construct Goppa codes over P1

Fq
of length n ≤ q. Hence, to

obtain binary codes of length 7 one should construct a code
over an extension P1

Fq
, q = 2s ≥ 7, and then obtain the code

as a subfield subcode by intersecting the resulting code with
F7

2.
Let us consider the cyclic code of length 7 over Fq

generated by m(x) = x3 + x + 1 and let us check wether
it can be constructed as a convolutional Goppa code defined
by a complete linear series over the projective line.

According to Remark 3.2, we can proceed by studying its
dual code, i.e., the code with generator matrix

Hm(x) =

1 0 0 1 0 1 1
0 1 0 1 1 1 0
0 0 1 0 1 1 1


By Theorem 5.2 the code must have a generator matrix

whose column-points are points in Pk−1
Fq

satisfying equations
(8).

Hence, if Hm(x) generates a Goppa code over P1
Fq

there
would be an immersion P1

Fq
↪→ P2

Fq
and three different

rational points in general position in the image pα =
[α0;α1;α2], pβ = [β0;β1;β2], pγ = [γ0; γ1; γ2], i.e., satis-
fying

x0x2 − x2
1 = 0 (11)

MTNS 2014
Groningen, The Netherlands

1782



such that the code, as a Goppa code, would be de-
fined over pα, pβ , pγ , p4, p5, p6, p7 for certain rational points
p4, p5, p6, p7. Since pα, pβ , pγ are in general position, the
matrix α0 β0 γ0

α1 β1 γ1

α2 β2 γ2


is invertible, and another generator matrix of the code would
beα0 β0 γ0

α1 β1 γ1

α2 β2 γ2

Hm(x) =

(
α0 β0 γ0 α0 + β0 β0 + γ0 α0 + β0 + γ0 α0 + γ0
α1 β1 γ1 α1 + β1 β1 + γ1 α1 + β1 + γ1 α1 + γ1
α2 β2 γ2 α2 + β2 β2 + γ2 α2 + β2 + γ2 α2 + γ2

)
In order to check that the conditions of Theorem 5.2 are
satisfied, our study will consist of checking whether the
columns 4 through 7 of this matrix are the coordinates of
points which are also in the image of the immersion, i.e.,
whether those columns satisfy (11).

If we check column 4, equation (11) means that we shall
have

(α0 + β0)(α2 + β2)− (α1 + β1)2 = 0

Bearing in mind that both (α0, α1, α2), (β0, β1, β2) satisfy
(11), this is equivalent to

α0β2 = β0α2

and that either one of these cases arises
1) α0 = 0. Since α0α2 = α2

1 then α1 = 0 and it must be
α2 6= 0. Therefore, the equation implies β0 = 0 and
consequently β1 = 0, β2 6= 0.

2) α2 = 0. Similarly to 1) it must then be α1 = 0, α0 6=
0. The equation implies β2 = 0, and hence β1 = 0,
β0 6= 0.

3) α0, α2 6= 0, which by the equation implies β0, β2 6= 0.
Indeed, the equation is equivalent to α0

β0
= α2

β2
. We have

that α2
0

β2
0

= α0α2

β0β2
=

α2
1

β2
1

, and therefore α0

β0
= α1

β1
= α2

β2
.

In any of the cases we conclude that it must be
(α0, α1, α2) = λ(β0, β1, β2), which contradicts our assump-
tion that pα 6= pβ .

We therefore conclude that the code generated by Hm(x)

and its dual code, the cyclic code with generator polynomial
m(x), are not Goppa codes defined by a complete linear
system over the projective line.

Note that the parity check matrix of the cyclic code
generated by m′(x) = x3 +x2 + 1 has the same columns as
Hm(x) but in a different order. Hence the previous analysis
would be also valid for the cyclic code generated by m′(x)
and its dual. Furthermore, since x7−1 = m(x)m′(x)(x+1)
every cyclic code of length 7, except the trivial repetition
code and its dual, is either generated by m(x) or m′(x) or
it is dual to one of them. We conclude then that any of the
non trivial binary cyclic codes of length 7 is not a Goppa
code defined by a complete linear series over the projective
line.

Theorem 5.1 proves that every linear block code is a
subcode of a strongly algebraic geometric code defined over
the projective line over a sufficiently large field. In [10,
Theorem 2] it was proved that any code was weakly algebraic
geometric and a construction over one particular curve, in
general of high genus, was given. The construction presented
here allows to carry out the construction over the projective
line. In fact, it has been shown by the authors that one can
consider any curve as long as it has enough rational points
[6].

As previously mentioned, a major obstacle for the con-
struction of block Goppa codes is that curves over finite fields
have a limited number of points. This number is even more
restricted if the field size and the genus of the curve are
small, as in the case of this work, which is usually required
for reasons of efficiency.

A classical solution for this problem has been to consider
an extension of the ground field so that the curve has enough
rational points and then intersecting the resulting code with
the ground field. These are called subfield subcodes.

However, our approach to the problem allows us to give
another procedure which is based on the crucial fact that
block codes are simply convolutional codes of degree 0.
Therefore they can be defined on the projective line over
an infinite field, which does not have a limited number of
points.

Since block codes can be viewed as convolutional codes of
degree 0 we may consider the particular case of convolutional
Goppa codes of degree 0, and we know therefore that they
can be always obtained as a code C(D,Γ) over P1

Fq(z).
Hence, it only needs to be checked which of them are defined
by a complete linear system.

If we restrict ourselves to the case of binary block codes
we can give some explicit conditions in order to be CGC
over the projective line.

Proposition 5.4 ([6]): 1) A necessary condition for a
binary block code to be a Goppa code defined by a
complete linear system over P1

F2(z) is that its system-
atic generator matrix does not have any column of
weight 2.

2) A necessary condition for a binary block code to be a
Goppa code defined by a complete linear system over
P1
F2(z) is that none of its systematic generator matrix or

its systematic parity check matrix has a row of weight
3.

3) The length of a k-dimensional binary block Goppa
code defined by a complete linear system over P1

F2(z)

is at most min{2k −
(
k
2

)
− 1, 2n−k −

(
n−k

2

)
− 1}.

4) A necessary condition for a maximal binary cyclic
code to be a Goppa code over P1

F2(z) is that its
generator polynomial must have more than 3 non zero
coefficients.

5) Binary Hamming codes are not Goppa codes defined
by a complete linear system over P1

F2(z).
Example 5.5: According to last Proposition the binary

[7, 4, 3] Hamming code can’t be constructed by a complete
linear system over the projective line. It has been shown in
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[10] that it can be obtained as a Goppa code on a curve
over F2 of genus at least 3. We may, however, give it a
Goppa structure over the projective line by considering it as
a convolutional code of degree 0.

Let us consider the points pi ∈ P1
F2(z), i ≤ 7 with

affine coordinates p1 = (1), p2 = (z), p3 = (1 + z), p4 =
(1/z), p5 = (1/(z+ 1)), p6 = (z/(z+ 1)), p7 = ((z+ 1)/z)
and the divisor D =

∑
pi.

Proceeding as in Theorem 3.4 we obtain
Γ = 〈s1, s2, s3, s4〉 with

s1 = t6 + t5 + t3 + t+ 1 + z6+z5+z3+z+1
z4+z2 (t4 + t2)

s2 = t6+t5z+tz−2+z−1

z5+z4+z3+z2+z+1 + t4(z5+z3+z2+z+1)
z9+z8+z3+z2 +

t3(z4+z3+z2+z+1)
z8+z2 + t2(z5+z4+z3+z2+1)

z9+z8+z3+z2

s3 = t6+t5(z+1)
z5+z3+z + t4(z5+z4+z3+z+1)

z9+z3 +

+ t3(z5+z4+z)+t2(z5+z3+1)+tz2

z9+z3 + 1
z6+z5+z4+z3+z2+z

s4 = t6z5+t5z4+tz7+z6

z5+z4+z3+z2+z+1 + t4(z9+z8+z7+z6+z4)
z7+z6+z+1 +

t3(z8+z7+z6+z5+z4)
z6+1 + t2(z9+z7+z6+z5+z4)

z7+z6+z+1

Hence, the convolutional Goppa code C(D,Γ) is generated
by the matrix

G =


1 0 0 0 0 1 1
0 1 0 0 1 0 1
0 0 1 0 1 1 0
0 0 0 1 1 1 1


and it is therefore a code of degree 0, i.e. a block code. In
fact, G is precisely the systematic generator matrix of the
[7, 4] binary Hamming code.

VI. CONCLUDING REMARKS

The simplest curve, the projective line, can be taken as the
support to construct any convolutional code as an evaluation

code. Furthermore, it can be done over any n of its rational
points.

However not all of them may be constructed as Goppa
codes defined by a complete linear system. For those who
can be defined like that we have given a characterization
in this work, as well as some more explicit conditions for
certain particular cases.

In particular we have considered the case of block codes
as convolutional codes of degree 0. The approach presented
here allows to overcome the classical drawback of the limited
number of rational points on curves over finite fields.
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