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Abstract— In many practical applications second order mo-
ments are used for estimation of the power spectrum. The
moments are estimated from the available data and then the
inverse problem to seek a spectrum consistent with the moments
is solved. The focus here is on the second step in this procedure.
Usually, the second order moments considered are the covari-
ances of the process, and well known methods are available for
efficiently determining the autoregressive part of a generating
model from them. The autoregressive part adds poles to the
model and in order to also have zeros additional information
needs to be determined from the data. Here, we consider the
case where second order moments of the inverse of the power
spectrum, so called inverse covariances, also are given. The
exact inverse problem corresponding to autoregressive moving
average models with one pole and one zero is studied explicitly,
and the solvability of the inverse problem is considered. Then
different exact and approximative interpolation problems are
considered from a global optimization approach. The exact
interpolation result generalizes a result by T.T. Georgiou on a
maximally random process from a smoothing perspective. For
the approximation a quadratic function of the interpolation
error is minimized in one approach and the distance between
interpolants of the covariances and the inverse covariances are
minimized in the second approach.

Index Terms— 93B15, 93B30, 93B50.
Inverse covariances, robust spectral estimation, spectral dis-

tances, geometry of spectral measures, smoothing.

I. INTRODUCTION

Spectral estimation is an important tool used for example
to determine noise models, in speech processing and for
prediction and smoothing of signals. Covariances are widely
used for estimation of the power spectral densities, and
in particular for AR-models. Efficient algorithms exists for
determining the models, e.g., the Yule-Walker method and
the least-squares method [11, Ch. 3.4]. Several other model
structures for covariance interpolators have also been studied,
for example in [8], [1], [6].

To improve the spectral estimation, the inverse-covariances
[5] are also considered here (together with the covariances).
Using more information about the process a better estimate of
the power spectral density should be obtained. But this also
raises questions of when the different types of information
can be joined together, can the two different types of interpo-
lation conditions be matched simultaneously, and does this
depend on which models are considered. In Section II, these
questions are considered for the exact interpolation problem.

In practice the second order moments have to be estimated
from data. Standard methods for estimating covariances are
well-known [11, Ch. 2.2]. By taking the inverse of a PSD-
estimate and then the inverse Fourier transform estimates
of the inverse covariances can be obtained [4]. However,
the estimation of the moments are not considered here.

Independently of how the moments are obtained, there will
be some uncertainty on the real values of the moments and
in practice it does not make sense to enforce exact matching,
hence approximative matching will be considered.

One new approach in this paper is the fitting of two
spectral densities to covariances and inverse-covariances,
respectively, whilst minimizing the distance between the two
estimates.

In Section II some basic properties of covariances and
inverse-covariances are described. In Section III some dif-
ferent optimization approaches to the interpolation problem
are considered, and in Section IV we draw the conclusions.

II. BACKGROUND

Consider the discrete time stochastic process y(t), t ∈
Z which is m−dimensional, zero-mean, and second-order
stationary with power spectrum dµ. The covariance (or,
equivalently, autocorrelation) samples are defined as

ck := E{y(t)y(t− k)
∗}, for k = 0,±1,±2, . . . ,

where E{·} denotes the expectation operator. These are the
Fourier coefficients of the power spectrum dµ of the process:

ck =
1

2π

∫ π

−π
e−ikθdµ(θ) for k = 0,±1,±2 . . . , (1)

and consequently c−k = c∗k. The power spectrum is thought
of as a non-negative Hermitian measure on the unit circle
T = {z = eiθ : θ ∈ (−π, π]} which, for simplicity, is
identified with the interval (−π, π].

Non-negativity of the power spectrum can be characterized
in terms of the covariances by the non-negativity of the
Hermitian block-Toeplitz matrices [9], [10]

T =


c0 c−1 · · · c−p
c1 c0 · · · c−p+1

...
...

. . .
...

cp cp−1 · · · c0

 , (2)

for p ≥ 0.
The inverse problem of determining a spectrum dµ from

a set of finite covariances is known as the trigonometric mo-
ment problem. Whenever the corresponding Toeplitz matrix
T is positive definite there is an infinite family of spectra
satisfying the covariance constraints.

Assume that the measure dµ is absolutely continuous
and that dµ = Φdθ, where Φ is the spectral density. The
covariances (C) in (1) are then given by [11]

ck =
1

2π

∫ π

−π
e−ikθΦ(eiθ)dθ, for k = 0,±1,±2 . . . , (3)
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and define the auto-correlations (AC) as rk := ck/c0.
Assume also that the measure is coercive so that the

spectral density is positive on the unit circle, hence Φ−1

exists. The inverse covariances (IC) are defined as [5]

cik =
1

2π

∫ π

−π
e−ikθ

(
Φ(eiθ)

)−1
dθ, for k = 0,±1,±2 . . . ,

(4)
and define the inverse auto-correlations (IAC) as rik :=
cik/c

i
0.

Directly estimating a MA model from the AC is well
known to not always be possible by exact interpolation
[11, Ch. 3.6]. One of the advantages with the IAC is that
a MA model can always be estimated by using the Yule-
Walker equations to match an AR model to the inverse auto-
correlation function (IACF). A tempting idea is therefore to
estimate ARMA models from the AC and IAC by using the
Yule-Walker algorithm to determine the AR-part from the
AC and to determine the MA-part from the IAC. However,
the combined ARMA model will then neither match the AC
nor IAC moments.

Another approach is to determine an MA model by ap-
plying the Yule-Walker algorithm on the IAC and then using
this MA model (zeros) and the C to determine an ARMA-
model using [2]. This model will match the C but not the
IAC. To match both C and IAC a simultaneous interpolation
problem has to be considered.

However, not any given C and IAC data can be interpolated
exactly. Consider the spectral density of an ARMA(1,1)
system

Φ(z) = ρ
(z + p)(z−1 + p)

(z + a)(z−1 + a)
, (5)

where a and p have absolute value less than one. Then the
positive real part of Φ is given by

Φ+(z) =
d

2
+

b

z + a
, (6)

where

d = ρ
1 + p2 − 2pa

1− a2
, b = ρ

(p− a)(1− ap)
1− a2

(7)

Then the covariances are given by c0 = d and c1 = b.
Similarly

Φ−1(z) = ρ−1 (z + a)(z−1 + a)

(z + p)(z−1 + p)
. (8)

The positive real part of Φ−1 is given by(
Φ−1

)
+

(z) =
δ

2
+

β

z + p
, (9)

where

δ = ρ−1 1 + a2 − 2pa

1− p2
, β = ρ−1 (a− p)(1− ap)

1− p2
(10)

Then the IC are given by ci0 = δ and ci1 = β, and the IAC
ri1 = β/δ.

The PSD Φ in (5) has three parameters, assume that we
want to determine Φ so that c0 = 1, and c1 and ri1 are
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Fig. 1. Level curves for c1 in ”red”, and level curves for ri1 in ”blue”.

matching some given numbers with absolute value less than
one. In Figure 1, ρ has been eliminated and a and p are
varied between -1 and 1 and the contour plot for c1 and ri1
are depicted. It can be seen that each red curve does not
intersect all blue curves, hence it is not always possible to
find a match to the given parameters. From (7) and (10),

r1

ri1
= − (a− p)2 + 1− p2

(a− p)2 + 1− a2
≤ 0, (11)

hence r1 and ri1 have different signs. This was previously
known for MA and AR processes [4], but does not hold in
general.

For general spectral densities, there are similar restrictions.
A consequence of the Cauchy-Schwarz inequality

1 =

(∫ √
Φ
√

Φ
−1
dθ

)2

≤
∫

Φdθ

∫
Φ−1dθ (12)

is that the relation c0ci0 ≥ 1 always hold, and this also limits
which covariance data that can be interpolated.

III. OPTIMIZATION APPROACHES TO THE
INTERPOLATION PROBLEM

In this section we consider simultaneous interpolation of
covariances and inverse-auto-correlations using an optimiza-
tion approach.

A. Exact simultaneous interpolation

First assume that the C c0, c1, · · · , cn and IAC ri1, · · · , rim
are given and that an exactly interpolating PSD Φ should be
determined. This can be posed as an optimization problem
where we choose to minimize the inverse variance, ci0, of the
PSD Φ. The harmonic mean of the PSD is given by[

1

2π

∫ π

−π
Φ(eiθ)−1dθ

]−1

,

and describes the minimal variance of the smoothing error [7,
Sec.IV]. Maximizing the minimal variance is then equivalent
to minimizing the function

f(Φ) =
1

2π

∫ π

−π
Φ−1dθ (13)
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under the constraints

ck =
1

2π

∫ π

−π
Φeikθdθ,

for k = 0, 1, · · · , n, and

rik
1

2π

∫ π

−π
Φ−1dθ =

1

2π

∫ π

−π
Φ−1eikθdθ,

for k = 1, · · · ,m. The objective function is convex and
bounded from below by (12). The constraints on C are
convex, but the ones on IAC are not. Lagrangian relaxation
and duality theory leads to a spectral density of the form

Φ =

√
βq −Q
P

, (14)

where P and Q are pseudo-polynomials of the form

P (z) =

n∑
k=0

pk
zk + z−k

2
, Q(z) =

m∑
k=1

qk
zk + z−k

2
,

and βq = 1+
∑m
k=1 qkr

i
k. This generalizes the result in [7] by

adding zeros estimated from the IAC. Note that ci0 is used for
minimization in the objective function and therefore is not
matched in the constraints. However, we can not guarrantee
that a solution exists and therefore it may be necessary to
consider approximative interpolation.

B. Approximative simultaneous interpolation

Given the same moments as before, the hard interpolation
constraints are now replaced by quadratic penalties on the
deviations from the nominal values of the moments. Let
the weights αk, βk > 0 be given, and add the weighted
quadratic penalties to the previous objective function f in
(13). Minimizing the function

f≈(Φ) =
1

2π

∫ π

−π
Φ−1dθ +

n∑
k=0

αkε
2
k +

m∑
k=1

βk∆2
k (15)

under the constraints

εk − ck +
1

2π

∫ π

−π
Φeikθdθ = 0,

for k = 0, · · · , n, and

∆k − rik
1

2π

∫ π

−π
Φ−1dθ +

1

2π

∫ π

−π
Φ−1eikθdθ = 0,

for k = 1, · · · ,m, leads to a spectral density of the form
as in (14) with interpolation errors εk = −pk/(2αk) and
∆k = qk/(2βk). The derivation is similar to the one in [3].

C. Minimizing the distance between two interpolants

The previous optimization approaches led to spectral
densities of a square root form. Alternative optimization
problems are now considered to search for other power
spectrum structures.

Consider now a simultaneous matching of two PSDs to the
known data. Match the PSD Φ against the C c0, c1, · · · , cn
and the PSD Ψ against the IC ci0, c

i
1, · · · , cim, and then

minimize the distance from Φ to Ψ. That is, minimize the
function

f(Φ) =
1

2π

∫ π

−π
D(Φ,Ψ)dθ

under the constraints

ck =
1

2π

∫ π

−π
Φeikθdθ, k = 0, 1, · · · , n

cik =
1

2π

∫ π

−π
Ψ−1eikθdθ, k = 0, 1, · · · ,m.

This way two PSDs are estimated, Φ and Ψ. The distance
between the optimal Φ̂ and Ψ̂ is a measure of the discrepancy
of the C and the IC ability to jointly describe the process.

Forming the Lagrangian function

L =

∫
D(Φ,Ψ)dθ +

n∑
k=0

pk

(
ck −

∫
Φeikθdθ

)
+

n∑
k=0

qk

(
cik −

∫
Ψ−1eikθdθ

)
(16)

=

∫
D(Φ,Ψ)− PΦ−Q0Ψ−1dθ

+

n∑
k=0

pkck +

m∑
k=0

qkc
i
k, (17)

where Q0(z) =
∑m
k=0 qk

zk+z−k

2 , and finding the first order
optimality conditions reveals the structure of the optimal PSD
estimates.

Next we consider a number of choices of D that are
popular in interpolation theory.

1) Maximum entropy: Letting D(Φ,Ψ) = − log Φ/Ψ =
− log Φ + log Ψ, then the problem is the maximum entropy
problem for Φ and Ψ separately in the C and the IC, so

Φ =
1

Q0
, Ψ =

1

P
.

Each of the two PSD can be determined by the Yule-Walker
equations. However, D is not a distance and Φ and Ψ are
not drawn to each other.

2) L2 - distance: Letting D(Φ,Ψ) = (Ψ− Φ)
2, then

Φ = P +

√
Q0

P
, Ψ =

√
Q0

P
.

3) 1/Ψ - Weighted L2 - distance: Letting D(Φ,Ψ) =
(Ψ− Φ)

2
/Ψ, then

Φ = (P + 2)

√
Q0

P (P + 4)
, Ψ = 2

√
Q0

P (P + 4)
.

4) Ψ - Weighted L2 - distance: Letting D(Φ,Ψ) =
(Ψ− Φ)

2
Ψ, then

Φ =
1

2

3P 2 + 4Q0√
P (P 2 + 4Q0)

, Ψ =
1

2

√
P 2 + 4Q0

P
.
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5) Kullback-Leibler distance: Letting D(Φ,Ψ) =
Φ log Φ

Ψ + Ψ− Φ, then

Φ =

√
Q0

eP − 1
eP , Ψ =

√
Q0

eP − 1
.

6) Itakura-Saito distance: Letting D(Φ,Ψ) = Φ
Ψ −

log Φ
Ψ − 1, then

Φ =
1

2
Q0

(
1 +

√
1 + 4/(Q0P )

)
,

Ψ =
1

2
Q0

(
−1 +

√
1 + 4/(Q0P )

)
.

7) Hellinger distance: Letting D(Φ,Ψ) =(√
Φ−
√

Ψ
)2

, then

Φ =

√
Q0

P

1

(1− P )3/2
, Ψ =

√
Q0(1− P )

P
.

8) α-divergence: Letting D(Φ,Ψ) = ΦαΨ1−α − αΦ −
(1− α)Ψ, then

Φ =

√
Q0√

1− α
P̃ 1/(1−α)√
P̃α/(α−1) − 1

Ψ =
√

1− α

√
P̃α/(α−1) − 1

Q0
,

where P̃ = 1− P/α.
Using for example the spectral distortion D(Φ,Ψ) =

(log Φ− log Ψ)
2, there exists no closed form expression for

the optimal form of the interpolant.
Note that the pseudo-polynomials P and Q0 have to be

determined simultaneously from the C and the IC data, and
together determine the two estimates Φ and Ψ.

Note also that if D(Φ,Ψ) = D(Ψ−1,Φ−1), as for the
Itakura-Saito distance, then the structure of Φ and Ψ will be
the same.

IV. CONCLUSIONS

The initial aim was to determine a power spectrum corre-
sponding to an ARMA model, that interpolates the covari-
ances and inverse-covariances. It has been shown that ARMA
models can not always match the given covariance (C and
IAC) data. Directly minimizing the quadratic interpolation
deviations

n∑
k=0

(
ck −

∫
P

Q
eikθ

)2

+

m∑
k=1

(
rik

∫
Q

P
−
∫
Q

P
eikθ

)2

in the parameters of a PSD on the form Φ = P/Q leads to
a difficult non-convex optimization problem. Here, a global
approach has been applied using a general PSD and duality
theory to derive the optimal shape of the PSD. If there exists
a solution of the special form then it can be determined by
solving a dual convex optimization problem. However, these
approaches have not resulted in PSDs of rational form.

The natural form of the interpolant of the C and IAC
parameters seems to be the square root of some rational

function. This may depend on that locally most measures are
similar when the two PSDs are close enough. The presence
of the square root makes it more difficult to solve the
optimization problems, and depending on the application, it
may be computationally difficult to work with the determined
PSD. What is interesting is that it seems to be the natural
extension of the maximally random PSD determined in [7].
It determines the least-variance smoothing of the signal given
the covariances c0, c1, · · · , cn.

We have only analyzed the existence question for
ARMA(1,1) systems here. For the methods in Section III
we do not expect that there is always a solution. Given C
c0, c1, · · · , cn and IAC ri0, r

i
1, · · · , rim, will there exist exact

interpolants? If the dual problem, to the primal problem in
Section III-A, has interior point solutions, then we know
that there exist an exact interpolant of the form (14). Even if
there exists no interpolants of the form (14), there may still
exist interpolants of other forms but then the minimization
problem will not have an optimal solution. The objective
function (13) may approach some value (> 0) but never
attain it.
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