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Abstract— Systems driven by impulsive inputs are readily
modeled for linear systems. Extension of the results to nonlinear
systems has run into many problems. Consequently impulsive
nonlinear systems are usually described by the effect of im-
pulses, thus giving rise to jumps in the state space. However, it
is not clear a priori how these jumps are to be related to the
effective impulsive inputs (the causes) to the system. We derive
such results for bilinear systems of arbitrary order, and discuss
further extensions to other classes of systems. The method is
justifiable by taking an approach touching on non-standard
analysis. It is based on first principles considering singular
functions as sequences of regular functions, pretty much as they
are thought in an undergraduate signal course, and leads to a
definition of insensible times and functions. The latter provide
the fine structure extension.

I. INTRODUCTION

Impulsive inputs are very convenient as approximations
for fast inputs, in linear systems. Here fast means of short
duration compared to the natural time constants (or periods)
in the system. These models are of interest in biomedi-
cal and ecological applications [3], [5], [27], [30], and in
aerospace engineering systems [15], [18]. Indeed, in such
cases the error introduced by replacing the actual input by
an impulsive one is small, but the computational burden in
computing the response is greatly simplified. For this reason
it is extremely desirable to extend this computation with
impulsive inputs to the nonlinear realm. Unfortunately, many
such attempts have failed, mainly because of the fact that the
Schwartz distribution theory does not allow multiplication
of distributions. Whereas there would not be any problem
with δ(t − t1)δ(t − t2) when t1 ̸= t2, it is the zero
function, products like δ2(t) cannot be defined. Several other
peculiar things happen: for instance the Heaviside, or unit
step function, H(t), is invariant in the class of piecewise
continuous functions if it is raised to some power. However,
application of the chain rule leads to

d

dt
Hn(t) = nHn−1(t)δ(t),

which then implies in turn that nHn−1δ(t) should not
depend on n, and in fact equate to simply δ(t). But this
is inconsistent with Hn(t) = H(t). Furthermore, impulsive
control poses no problem for time varying linear systems.
See for instance the work of Silverman [25], or Kurzhanski
and Osipov [14]. It has been shown that for the smooth time
varying model

ẋ(t) = A(t)x(t) + b(t)u(t),
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the impulsive input u(t) = u0δ(t) + u1δ̇(t) + · · · +
un−1δ

(n−1)(t), generates a jump in the state of the form

∆x = R(A(t), b(t))[u0, . . . , un−1]
⊤,

where

R(A(t), b(t)) = [b(t), (A(t)−D)b(t), . . . , (A(t)−D)n−1b(t)]

is the time varying reachability matrix. The differential
operator D is considered to act towards the right [29]. Thus

(A−D)b = Ab− ḃ

(A−D)2b = A2b− 2Aḃ− Ȧb+ b̈.

Note that this compact form in terms of powers of the
operator (A−D) is a lot more insightful that its expanded
form. However, once nonlinear models are introduced, say

ẋ = f(x) + g(x)u, (1)

then the problem of allowing impulsive inputs becomes
problematic, as essentially x and thus also g(x) must contain
a discontinuity at the very moment the impulse acts on the
system. For this reason, nonlinear impulsive systems are
typically described by the effect of the impulse on the state,
a state dependent jump,

x(t+)− x(t−) = J(x(t−), u0)

for the function J is assumed to be given, and u0 is a
jump parameter encoding somehow the impulse induced by
the input, see for instance the seminal work of Bainov and
Simeonov [1], and the recent monographs [31], [32]. There
is, however, no direct connection given between this J and
the smooth dynamics in (1). The present paper seeks to derive
such a causal analysis. This paper gives a reinterpretation to
the work on optimal control involving measures [17], [21]
and independently Orlov [19].

One way out of the impasse with regards to d
dtH

n(t)
is to postulate that microscopically the Hn(t) are different
functions for all n. This means that one should encode
a rate of convergence of how fast a sequence of regular
functions should approach the limit function, which brings
one to the realm of nonstandard analysis [22]. Indeed,
classically, a generalized function can be described as a
weak limit of regular functions [11]. In this sense, given a
convergent sequence (f1(t), f2(t), . . . , fn(t), . . .) of regular
(continuous) functions, its weak limit is associated with the
sequence, or more precisely the equivalence class of all
weakly converging sequences with the same weak limit. This
is similar with defining irrational numbers as equivalence
classes of sequences of rational numbers. However, such an
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equivalence class can be partitioned further according to the
rate of convergence which gives rise to the nonstandard reals.
The focus in this paper will be on operator methods and is
inspired by the work in [2], [23], [24], [28] and applications
in electromagnetics [20]. An outline of this fine structure
approach is presented in the appendix.

II. MOTIVATING EXAMPLE

Consider the simple scalar nonlinear system

ẋ = xu,

with initial condition x0. We note that if x0 = 0, no other
states can be reached regardless the magnitude of the input.
We postulate that for an impulsive input u(t) = u0δ(t) this
also holds. However, when x0 ̸= 0, then

ẋ

x
= u0δ(t)

from which

log x(0+) = log x(0−) + u0

and thus x(0−) = x0 ̸= 0, x(0+) = eu0x(0−), and we note
that this is indeed consistent with the postulated case where
x0 = 0.

III. GENERALIZATION

At once we can extend this to the arbitrary scalar case,
linear in the control:

ẋ = g(x)u.

Now, an impulsive input yields

ẋ

g(x)
= u0δ.

Letting G be the primitive of the reciprocal g−1 (not the
inverse function), this yields

G(x(0+))−G(x(0−)) = u0.

If G(·) is invertible, with inverse function denoted by
↼

G,
then we obtain the effect of the impulse in explicit form

x(0+) =
↼

G (u0 +G(x(0−)).

This is related to Abel’s functional equation (See [12]).
Example: The logistic system: ẋ = x(1 − x)u where the
input, u is proportional to the carrying capacity, has impulse
effect

x(0+) =
x(0−)eu0

1− x(0−) + x(0−)eu0
.

This is displayed in figure 1: Initial states x(0−) are located
on the horizontal axis through u = 0, and the corresponding
x(0+) can be read off as function of u (vertical axis).

Alternatively, we can approximate this ODE by its Euler
discretized form for a time step ϵ:

x((k + 1)ϵ) = x(kϵ) + g(x(kϵ))u(kϵ)ϵ (2)

Fig. 1. Impulse effect on the state

Let an impulse of strength u0 be approximated by a square
pulse of duration τ = Nϵ, and magnitude u0/τ , so that the
“area” is conserved when taking the limit for N → ∞. We
then have the N -fold iterated function

x(Nϵ) = f◦N (x(0)),

where f(x) = x+ϵg(x)u0

τ = x+ u0

N f(x), and f◦k is defined
by

f◦(N+1)(y) = f(f◦N (x)) = f◦N (f(x))

with f◦1(x) = f(x). Letting id be the identity operator,
where id(y) = y, this can be expressed as

x(Nϵ) = f◦N (x(0)) =
(
id +

u0

N
f
)◦N

[x(0)].

Now let N → ∞ to get

x(τ) = lim
N→∞

(
id +

u0

N
f
)◦N

[x(0)].

This is independent of τ , so that we can now let τ → 0
to get, in a notation analogous to

lim
N→∞

(
1 +

a

N

)N

= ea

the operator symbol (an exponential iteration)

x(0+) = e◦u0f [x(0−)].

This should not be confused with the exponential series
expansion of eu0f(x).

Finally a third, more customary representation, is given
by the Lie transport form. Indeed, if g satisfies a Lipshitz
condition, then locally the initial value problem for ẋ = g(x)
can be solved. Let the solution at time t for initial value y at
time 0 be denoted by ϕ(t, y). Thus ϕ(0, y) = y. Let h be an
arbitrary function in some space H and consider the induced
operators

Φt : H → H, (Φth)(y) = h(ϕ(t, y))

then it is well known that the Φt form a semigroup with
the Lie-derivative, Lg = g ∂

∂x , as infinitesimal generator.
Thus the solution of the nonlinear equation may also be
represented by (see appendix)

h(ϕ(t, y)) = σye
tLgh
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where σy is the evaluation functional at y. The effect of the
impulse is then easily obtained as

x(0+) = σx(0−)e
u0Lg id.

The first terms in this series are

x(0+) = x(0−)+u0g(x(0−))+
u2
0

2!
g(x(0−))g′(x(0−))+. . .

This is the celebrated Magnus expansion, which also lies at
the heart of the Runge-Kutta ODE solvers. See [2], [23],
[24], and for a combinatorial proof with pictograms: [28].

IV. BILINEAR FIRST ORDER SYSTEMS
Consider first a system of n coupled first order ODE’s, in

vector form
ẋ = Axu. (3)

Let us approximate the Dirac delta of strength u0 by an
arbitrary function u(t) of finite duration, τ , with the single
constraint that

∫ τ

0
u(t) dt = u0. Integrating (3), we find

dx = Axudt.

Let udt = dU(t), and set x(t) = y(U(t)) with U(0) = 0,
then the integral from 0 to t is

y(U(t)) = eAU(t)y(U(0)).

For t = τ , this implies with U(τ) = u0, that

x(τ) = eAu0x(0).

Since the right hand side is independent of τ , letting τ → 0
gives the jump x(0+) = σx(0−)e

Au0 id, and this regardless
the precise approximation of the impulse. This result is also
corroborated by the exponential of the Lie derivative of the
form LAxg = ∂g

∂xAx.

Consider now F : Rn → Rn, defining the single input
controlled dynamical system ẋ = F (x)u. Again, it is easily
seen that by changing t to U(t), and setting x(t) = y(U(t)),
the expression

y(1) = eu0LF y(0)

results, which means x(0+) = σx(0−)e
u0LF id, and this

is again independent of the precise structure of u(·). The
independence of the above results from τ is traced back to
the fact that outside [0, τ ] the input is zero, so that the state
remains stationary there.

For a multi-input bilinear system of the form

ẋ =
m∑
i=1

Aixui(t)

where ui(t) = ui0δ(t − ti), with t1 < t2 < · · · < tm, it
follows then readily that

x(tm+) = eAmum0 · · · eA1u10x(0).

However, if tj = tj+1, while all other strict inequalities are
maintained, then

x(tm+) = eAmum0 · · · e(Aj+1uj+1,0+Ajuj0) · · · eA1u10x(0),

provided that the two delta functions may be approximated
by the same regular function u. Unless Aj and Aj+1

commute, this will differ form the case with strict impulsive
time inequalities. For the multi-input case, ẋ(t) = F (x)u
with F : Rn → Rn×m, uniqueness is guaranteed by a
Frobenius condition. See [17], [19].

This jump solution still holds for the case for the system
with drift

ẋ = f(x) + g(x)u. (4)

The explicit Euler discretization scheme with approximation
of u(t) = u0δ(t) by ũ(t) in (0, τ) such that

∫ τ

0
ũ(t) dt = u0

is
xk+1 = xk + ϵ[f(xk) + g(xk)ũk] (5)

with

Nϵ = τ, and ϵ

N−1∑
k=0

ũk = u0,

and where xk ≈ x(kϵ). Note that, since

ϵ|
∑
k

g(xk)ũk| ≤ ϵ max
0≤i≤N

|g(xi)|

∣∣∣∣∣∑
k

ũk

∣∣∣∣∣ ≤ max
0≤i≤N

g(xi)u0,

it follows that when τ → 0, the solution of (3) converges to
the solution to the drift free equation. Consequently, it still
holds that for the general case (4)

x(0+) = σx(0−)e
u0Lg id, (6)

with the same caveat (Frobenius) for extensions to the multi-
input case.
In the absence of this Frobenius condition, it is necessary to
further discriminate the Dirac delta by using ideas from non-
standard analysis. For instance, for k = 1, 2, . . ., let δ(k)(t)
be the weak limit of the sequence kNktk−1χ[0,1/N ](t) for
N → ∞ (χI is the indicator function of interval I). Clearly,
each

∫ 0+

0− δ(k)(t) dt = 1, so that their effect is impervious
in the linear case. This results in a higher-dimensional
characterization for generalized functions (at each singularity
time, ti, an auxiliary function ui(·), or better a sequence of
such functions is specified). In principle, with this extension,
powers are Dirac deltas and other multiplicative combina-
tions can formally be specified. For instance Ḣ = δ(1) and
H(t)δ(1)(t) =

1
2δ(2)(t), which is consistent with d

dtH
2(t) =

2H(t) d
dtH(t). Likewise the paradoxical evaluation of 1

t tδ(t)
either as 1

t [tδ(t)] = 0 or [ 1t t]δ(t) = δ(t) gets resolved:
tδ(k)(t) = limN→∞

k
(k+1)N δ(k+1).

V. DERIVATIVES OF IMPULSES

One may wonder if a similar limit approach could be used
to model the effect of higher order impulsive inputs (i.e.,
derivatives of impulses as input). We show in this section
that the usual limit procedure, which works in the linear
case, must break down, as the associated Lie series does not
converge in general. Consider the case of u = u1δ̇, where
u1 ∈ R. Representing the doublet as the limit δ̇(t) ≈ [δ(t)−

MTNS 2014
Groningen, The Netherlands

1096



δ(t− ϵ)]/ϵ, its effect on the state at ϵ(+) is, in view of the
solution for the impulsive input we obtained

x(ϵ+) = σx(0−)e
−u1

ϵ LgeϵLf e
u1
ϵ Lg id.

The first few terms in the series expansion are

(1− u1

ϵ
+ . . .)(1 + ϵLf + . . .)(1− u1

ϵ
+ . . .)

which give

1 + ϵLf + (LfLg − LgLf )−
u2
1

ϵ2
L2
g + . . .

i.e., a series results having both positive and negative powers
of ϵ, unless the vector field g is independent of the state
x. Hence any finite term based computation will lead to
erroneous results. One exception is the case where the vector
field g is uniform over the state space: i.e., when its Jacobian
vanishes everywhere. In this case the system is of the form

ẋ(t) = f(t, x(t)) + g(t)u(t)

and Lg is simply a time-variant (or constant as the case may
be) vector. Then the Lie-series has only two nonvanishing
terms

σxe
u0Lg id = x+ u0g,

and the effect of the input [u1δ(t)− u1δ(t− ϵ)]/ϵ, approxi-
mating the doublet is

x(ϵ+) = σx(0−)σx(0−)e
−u1

ϵ LgeϵLf e
u1
ϵ Lg id

=
(
1− u1

ϵ
Lg

)(
1 + ϵLf +

ϵ2

2!
L2
f + . . .

)
×
(
1 +

u1

ϵ
Lg

)
id

= id + u1(LfLg − LgLf ) id + h.o.t.

where we used the fact that LfLg = 0 and L2
g = 0, and

h.o.t. are the higher order terms. Finally, note that

LfLg − LgLf = L[f,g]

where [f, g] is the standard Lie-bracket of the vector fields
f and g. But, since g does not depend on the state,

[f, g] = Jf (x)g,

where Jf is the Jacobian, ∂f
∂x of f . Unless this Jacobian is

proportional to the identity matrix, a new direction in which
the state may change is created. The effect of a doublet u1δ̇
is then obtained by letting ϵ → 0, to get

x(0+) = x(0−) + u1Jf (x(0−))g. (7)

Likewise the effect of the higher order derivatives of a Dirac
delta is

u(t) = ukδ
(k)(t) =⇒ x(0+) = x(0−) + σx(0−)Ladk

fg
id,

where adk+1
f = [f, adkf ] and adfg = [f, g], This generalizes

results in [6], [7], [8], [9], [13] and may be of interest
in optimal feedback control problems as discussed in these
papers.

VI. EXAMPLE
Consider the nonlinear model of the pendulum, with a

force control whose interaction depends on the excursion of
the pendulum. Thus

θ̇ = ω

ω̇ = − sin θ + β(θ)u

Note that in this case

Lgh =

[
∂h1

∂θ
∂h1

∂ω
∂h2

∂θ
∂h2

∂ω

] [
0

β(θ)

]
The effect of an impulsive input u0δ(t) is[

θ(0+)
ω(0+)

]
= σx(0−)e

u0Lg id =

[
θ(0−)
ω(0−)

]
+ u0

[
0

β(θ)

]
.

Higher order terms in the series vanish. The state can not
instantaneously be changed arbitrarily using this impulsive
control, but it is clear that if β is not zero at θ0, then the
position at any arbitrary later time can be made arbitrary
since the initial speed can be changed, thus changing the
kinetic energy of the pendulum.
Let’s look at the problem now in another way: Assume that
β is an invertible function of θ with inverse

↼

β= b, such that
ξ = β(θ) ⇒ θ = b(ξ). Changing coordinates, we get

ξ̇ = β′(b(ξ))ω

ω̇ = − sin(b(ξ)) + ξu.

The effect of the impulsive input u = u0δ is[
ξ(0+)
ω(0+)

]
=

[
ξ(0−)
ω(0−)

]
+ u0

[
0

ξ(0−)

]
.

Let now β be independent of θ. In this case we can compute
the effect of the control u = u0δ + u1δ̇ by taking first a
purely impulsive approximation

ũϵ(t) =
(
u0 +

u1

ϵ

)
δ(t)− u1

ϵ
δ(t− ϵ).

Next, let ϵ → 0 on he system in the original coordinates. Its
effect on the state is easily computed[

θ(ϵ+)
ω(ϵ+)

]
= σx(0−)e

−u1
ϵ LgeϵLf e(u0+

u1
ϵ )Lg id

→
[

θ(0−)− u1

ω(0−) + u0

]
.

VII. GRAMIANS
It was shown that the strength of the impulsive input, u0,

has the same effect on the system ẋ = f(x)+g(x)u as when
an auxiliary autonomous system ξ̇ = g(x) were propagated
for a duration u0. This suggests using an equivalent flow for
the impulse driven system. This not only justifies the usual
description of impulsive systems via the jump-maps x(0+) =
F (x(0−), u0), but also allows a more causal interpretation
of them. Alternatively, we obtained the ODE associated with
impulsive inputs at t = 0

∂x(0+, u)

∂u
= g(x(0+), u).
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Suppose we observe h(x), then the energy in the transition
due to an impulse of strength U may be represented by the
quadratic form

∫ U

0
h(eνLg id)2d ν.

This leads one to quantify the degree of instantaneous
controllability from the initial state x by a nonlinear Gramian∫ u0

0

(eνLgx)(eνLgx)⊤ dν

which, unlike the linear case, is in general not quadratic in
x, due to the differential action of Lg . For instance, for the
system

ẋ = f(x) +Bxu

the Lie-exponential is (see Appendix B)

eνLgx = eu0Bx,

so that the corresponding Gramian is given by

P (x) =

∫ U

0

eBνxx⊤eB
⊤ν dν.

Note that strictly speaking, this is an observability Gramian
which satisfies the Lyapunov equation

BP (x) + P (x)B⊤ + xx⊤ = eBUxx⊤eB
⊤U .

However, it is not clear what role (if any) this Gramians
plays or why it might be useful. One possibility may be their
relevance for stability analysis [4]. Another avenue to explore
is the extension to infinite dimensional systems, particularly
systems with delay. It is expected that functional analytic
methods such as in [10], [26] will play an important role.

APPENDIX

A. Fine Structure

In this section, we provide a finer structure which discerns
between seemingly equivalent representations of generalized
functions. By enabling this difference at a microscopic
level, the paradoxes stemming from the basic distribution
theory can be eliminated. The methodology used is based
on generating larger sets from small sets, by considering
sequences of elements of the original set. This however may
be too rich, and may lead to other problems. Hence the
next step is to introduce an equivalence relation in this set
of sequences, allowing to group equivalent sequences into
equivalence classes. Next we extend the algebraic operations
to the equivalence classes, and show that an order relation
can be defined on this set of equivalence classes. The original
set is embedded in this set of equivalence classes. If the set
of equivalence classes of sequences is larger than the original
set, then we have extended the class of objects that may be
considered. Such a construction is for instance a standard
way to define the real numbers as (Cauchy) sequences of
rational numbers. We will utilize this first to define the non-
standard reals from the reals, the basic construction in non-
standard analysis [16], [22].

1) Non-standard reals: Consider the set RN of sequences
of reals. Define the algebraic operations of addition and
multiplication via

⟨xn⟩+ ⟨yn⟩ = ⟨xn + yn⟩
⟨xn⟩ · ⟨yn⟩ = ⟨xnyn⟩.

First let us define an additive {0, 1}-valued measure on the
set of sub sets of N.

m(N) = 1

m(A) = 0 if A is finite.

Define an equivalence relation ∼ on RN:

⟨xn⟩ ∼ ⟨yn⟩ ⇔ m{n|xn ̸= yn} = 0.

The set RN/∼ is known as the set of non-standard reals and
is denoted by ∗R [16]. The (standard) reals are embedded in
∗R by the injection R ↪→ ∗R : r → ⟨r, r, r, . . .⟩. With the
algebraic operations inherited from the ones defined on RN,
it follows that there are no zero-divisors.
Proof: Let ⟨xn⟩⟨yn⟩ ∼ ⟨0⟩. This implies m{n|xnyn = 0} =
1. But

{n|xnyn = 0} = {n|xn = 0} ∪ {n|yn = 0}

so that 1 ≤ m{n|xn = 0} + m{n|yn = 0}. Since m is a
{0, 1}-valued measure, this implies that either ⟨xn⟩ or ⟨yn⟩
is zero. �
The set ∗R is ordered by

⟨xn⟩ < ⟨yn⟩ ⇔ m{n|xn < yn} = 1.

2) ∗Generalized functions: First we define the scaling
operators, Sα : RR → RR, defined for all α > 0 by

σtSαx = σαtx = x(αt).

Consider a set of smooth functions with support (0, 1).
Construct from such f the sequence of functions ⟨fn⟩, where
fn = Sαnf and ⟨αn⟩ is an increasing unbounded sequence
of integers (e.g. αn = n or αn = 2n). The equivalence
class of such a sequence of functions will be defined as a
∗generalized function and denoted by ∗f . If g is a piecewise
continuous (regular) function with a discontinuity at t = 0,
choose f such that f(0) = g(0−) and f(1) = g(0+), and
consider the ∗generalized function g +∗ f , which is repre-
sented in a small interval (−ϵ, ϵ) about 0 by the sequence
⟨gn⟩ with gn = gχ(−ϵ,0) + fnχ(0,1/αn) + gχ(1/αn,ϵ) for
sufficiently large n. Here χI is the indicator function for
the interval I . The main idea behind this construction is that
g is represented by a sequence of continuous functions. More
generally, if f is piecewise smooth, it can be represented by a
sequence of smooth functions. Seen somewhat differently, we
can say that a raccordation between the smooth parts is made
by introducing a continuation through some “insensible”
time. The reason we coined the notion of (in)sensibility is
because the evaluation of a ∗generalized function is defined
as follows. For any t ∈ ∗R, define the evaluation functional
σt = σ⟨tn⟩ on ∗generalized functions by

σ⟨tn⟩⟨fn⟩ = ⟨σtnfn⟩ = ⟨fn(tn)⟩ ∈ ∗R.
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Times that are real (t ∈ R) are called sensible, whereas the
argument t of f in ⟨1/α, f⟩ for α > 1 is called insensible
since effectively this ∗generalized function has no interval
as support. However, this insensible time really exists, as
illustrated with the following fact: Consider for 0 < t < 1
and α > 1 the Krylov sequence ⟨tn⟩ = ⟨t/αn⟩ = ⟨1/α; t⟩,
which represents an infinitesimal in the terminology of non-
standard analysis, and the Krylov sequence ⟨αmSα; f⟩ which
represents a ∗generalized function. Then

σ⟨1/α;t⟩⟨αmSα; f⟩ = σ⟨t/αn⟩⟨αnmSαnf⟩
= ⟨σ⟨t/αnαnmSαnf⟩
= ⟨αnmf(t/αn)⟩.

If f(t) = tk, the above evaluation gives ⟨αnmtk/αnk⟩ =
tk⟨αm−k⟩. This is either an infinitessimal (for m < k), tk

if m = k, or an infinite non-standard number if m > k. We
conclude that a fine-structure evaluation of the ∗generalized
function is possible. The sensible times are the R-valued
times insofar they are not times of discontinuities and/or
singularities. Analogously, we consider the f in the Krylov
sequence ⟨αmSα; f⟩ the insensible part of the ∗generalized
function. It represents the fine-structure of the representation.
Moreover, if g1 is piecewise differentiable (with left and right
derivatives defined at 0 and 1), then we define the derivative
as

D⟨gn⟩ = ⟨Dgn⟩.

This implies

D⟨gn⟩ = ⟨Dgn⟩ = ⟨DSαng1⟩ = ⟨αnSαnDg1⟩.

Although the general case above is defined, limiting the
α sequences to geometric sequences has some notational
benefits, since then Sαn = Sαn = Sn

α, and the sequence
⟨Sαnf⟩ is entirely specified by the scaling operator Sα and
the smooth function f , i.e., the Krylov sequence ⟨Sα; f⟩. At
once we can then introduce other generalized functions such
as ⟨αmSα; f⟩ for any m ∈ N, and note that

D⟨αmSα; f⟩ = ⟨αm+1Sα;Df⟩
⟨αpSα; g⟩ · ⟨αqSα;h⟩ = ⟨αp+qSα; gh⟩.

With this construction the paradox of the Heaviside functions
disappears, as Hk and H are clearly different ∗generalized
functions, their insensible parts respectively being tkχ(0,1)

and tχ(0,1). Likewise, their derivatives amount to different
impulse representations δ(k) = DHk = kHk−1δ(1),
discernible only by their fine structure.

Let us now revisit the ∗generalized differential equation

Dx = xu0δ(k), x(0−) = x0,

We show two methods to prove that for t > 0, x(t) =
eu0x(0−) regardless of k, i.e., the representation of the
impulse.
First, search for a series solution of the form x =

∑∞
i=0 xiH

i. One easily deduces that

Dx =
∞∑
i=1

xiH
i−1δ(1) =

∞∑
i=0

xi+1H
iδ(1).

Likewise,

u0xδ(k) = u0

∞∑
i=0

xiH
ikHk−1δ(1)

= u0k
∞∑

i=k−1

xi−k+1H
iδ(1)

Substituting in the ∗generalized ODE:
k−2∑
i=0

(i+ 1)xi+1H
iδ(1)+

+

∞∑
i=k−1

[(i+ 1)xi+1 − u0kxi−k+1]H
iδ(1) = 0

and exploiting the linear independence of the Hiδ(1), we
deduce xi = 0 for i = 1, 2, . . . , k − 1, and for i ≥ k, xi =
u0k
i xi−k. Note that from the initial condition, x(0) = x(0−).

We conclude that xmk =
um
0

m! x0, and xi = 0 if i is not an
m-tuple. But then

x =
∞∑

m=0

um
0

m!
x0H

mk = x0e
u0H

k

.

For a sensible time t ∈ R \ {0}, this gives

x(t) = σtx0e
u0H =

{
x0 if t < 0

eu0x0 if t > 0.

�
A second shorter but equivalent proof is as follows:

Fixing α > 1, consider x = ⟨Sα;x1⟩. Then

Dx = ⟨αSα;Dx1⟩.

Likewise,

u0xδ(k) = u0⟨Sα;x1⟩k⟨Sα;H
k−1
1 ⟩⟨αSα;DH1⟩

= u0k⟨αSα;x1H
k−1
1 DH1⟩

= u0⟨αSα;x1DHk
1 ⟩.

Hence
Dx1 = u0x1DHk

1 ,

from which for 0 < t < 1, D log x1 = u0DHk
1 , and thus

x1(t) = x1(0−)eu0t
k

.

Thus, in terms of the sensible time, 0+: x(0+) = x1(1) =
x1(0−)eu0 = x(0−)eu0 , corroborating what we already
established by separation of variables.

Finally, the Frobenius condition in the multivariable case
implies that all solutions will also be equal for all represen-
tations of the impulses, but in the absence of this Frobenius
condition we still find a unique solution xk1,...,km for each
δk1,...,km .
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B. Representation of solutions to nonlinear systems

Using diagrammatic representation, in order to to shed
light on the combinatorics, the following was proven in [28].
Theorem: Given a smooth nonlinear system

ẋ = f(x), x(0) = xo

y = h(x)

where f satisfies a Lipshitz condition, then there exists a T
such that for all t ∈ [0, T ] the solution is given by

x(t) = σxoe
tLf id

y(t) = σxoe
tLfh.
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