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Abstract— In this paper, decentralized feedback control
strategies are derived for min-max time consensus tracking
of multi-agent systems with bounded inputs that are commu-
nicating over directed graphs. Each agent is a linear time
invariant system with distinct and rational eigenvalues. The
graph contains a directed spanning tree rooted at an agent
which generates the reference trajectory for the other agents.
This spanning tree is locally identified and the tail agent of each
edge tries to match its states with that of the head of the edge
in min-max possible time. Using recent Gröbner basis based
methods by the authors, these local min-max time problems
are solved by deriving Nash equilibrium feedback strategies
for time optimal pursuit-evasion games. The local min-max
strategies lead to global consensus tracking in min-max time
under some conditions.

Index Terms— Digraph, Pursuit evasion games, Nash equi-
librium, Switching surfaces, Gröbner basis, Spanning trees.

I. INTRODUCTION

Complex large-scale dynamical systems usually consist
of a number of subsystems each of which needs to be
locally controlled to perform some collective task. Control
of such multi-agent systems has been an area of intense
recent research and various scenarios like formation con-
trol, rendezvous problem, surveillance, consensus problem,
synchronization have been widely studied (e.g. see [1] and
references therein). The problem of consensus tracking of
multi-agent systems [2] considers the situation where a
collection of agents, through local interactions are required
to agree upon a common reference trajectory generated by
one of the agents (called as the Root). In this work, the
communication topology is assumed to be given by a directed
graph with each agent as a node of the graph and a directed
edge is present in the direction that allows transmission of
information about the states (see [3] for a justification of
directed information sharing in multi-agent systems). It is
assumed that this directed graph contains a directed spanning
tree rooted at the Root agent [4], [5], [6]. Further it is
assumed that each agent is linear time invariant system with
distinct rational eigenvalues and the input to each agent has
a fixed upper bound. The contributions of this work are
threefold:

1) Given a directed graph containing a directed spanning
tree as above, a distributed algorithm, implementable with
directed information sharing, is proposed to identify the
spanning tree.
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2) Each edge of the spanning tree is considered separately
as an evader-pursuer pair where the agent at the tail of the
edge (pursuer) tries to match the states of the agent at the
head of the edge (evader) in minimum possible time. How-
ever the tail has no information about the future actions of
the head, and hence has to guard against possible worst case
maneuvers from the head agent. Hence min-max time pursuit
feedback strategies are computed for each tail agent using
extensions of recently proposed Gröbner basis based methods
for computation of time optimal feedback strategies [7],
[8]. Though irrelevant for the consensus tracking problem,
these closed loop strategies are also shown to achieve Nash
equilibrium for the corresponding pursuit evasion game.

3) When the solution of the local pursuit strategies is
applied to each agent (except the Root), the agents on the
tree achieve consensus in min-max time, which is guaranteed
to be finite provided that each agent is stable.

The local min-max time problem (see (2) above) is a
restatement of the classical pursuit evasion differential game
where, the pursuer tries to minimize the time of capture (de-
fined here as a matching of the states), while the evader tries
to maximize it. Pursuit-evasion game was first considered by
[9] and [10], and later on developed extensively by [11], [12],
[13], [14] and many others. Positional differential games to
obtain feedback solutions were considered in [15]. These
methods required the computation of the value function
for solving the differential game. Optimal feedback control
strategies were then constructed using the computed value
function. However, it is well known that in a time-optimal
pursuit-evasion game with bounded controls, the value func-
tion is non-smooth [16]. Various authors have got around this
difficulty of synthesizing feedback controls by considering
the notion of weak solutions, commonly known as viscosity
solutions [17], [16] and v−and u−stable functions [15].
Numerical methods have been employed to compute the
feedback strategies by solving Two-point boundary value
problem (TPBVP) [18]. However, recent developments in
computing time-optimal feedback control for linear systems,
using techniques from algebraic geometry [8], [7], suggests
a novel way to compute the feedback strategies. The state-
feedback control laws proposed in [8], [7] for LTI systems
with rational, distinct and non-zero eigenvalues, make use of
the implicit representation of switching surfaces computed
using Gröbner basis based elimination method. By using
these switching surfaces, the method proposed in this paper
eliminates the need for solving TPBVP and also circumvents
the viscosity solution approach by constructing the controls
without the need for explicit construction of the value func-
tion, at the cost of assuming rational and distinct eigenvalues.
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Though the proposed method successfully computes Nash
equilibrium feedback policies for both the pursuer and
evader, the consensus tracking formulation only requires the
implementation of the min-max pursuer strategies by the
tail agents of each directed edges in the spanning tree. For
example in Figure 1b, agent 3 tries to capture agent 1 in
min-max time, while agent 1 and agent 2 independently try
to capture agent 0 in min-max possible time.

Game-theoretic methods for the consensus problem were
also used in [19]. However, unlike our case, a quadratic cost
is used as a value function for each agent and the objective
is to achieve consensus while minimizing the cost.

In systems theory,consensus problem was first proposed in
[20], where an estimation problem with multiple observers
was considered. It was followed by [21], [22], where agree-
ment problem in distributed decision making was dealt with.
The consensus problem for single integrators was initially
formulated in [2], [23], [6]. A consensus protocol for double
integrators with saturated inputs was considered in [24]. The
consensus problem for general linear systems in state-space
form with unbounded inputs was addressed in [25]. Various
communication topologies like directed or undirected, fixed
or switching were addressed in the literature and the details
of these can be found in [26], [1], [27] and the references
therein.

All these papers deal with designing control laws for
asymptotic convergence. In [28], gradient descent flow is
used to design a discontinuous protocol to achieve consensus
in finite time. In [29], finite time consensus problem for
multi-agent systems with single integrators is addressed,
while [30] consider systems with double integrator agent
dynamics. The interested reader can refer to [31] and [32]
for a review of all the recent work.

The remaining paper is organized as follows. In section II,
the problem of consensus tracking is formulated. Closed-loop
feedback strategies are derived for pursuit-evasion games
in section III. Then, in section IV using these feedback
strategies, decentralized local control laws are proposed for
consensus tracking.

II. PROBLEM FORMULATION

A. Basic Definitions and Assumptions

Consider a directed graph (digraph) G = (V, E) with a
finite set of nodes V and a set of edges E ⊆ V × V . A
graph Gs(Vs, Es) is called a subgraph of the given directed
graph G(V, E) if Vs ⊆ V and Es ⊆ E . When there is a
connection from node ai ∈ V to aj ∈ V , we say that the
digraph G has an edge (ai, aj) ∈ E , where ai is referred as
parent node of aj . Alternatively, node ai is called the head
and node aj is called the tail of the edge. A directed path is
a sequence of edges (aik , ajk) ∈ E with k = 1, · · · , r such
that aik+1

= ajk and aik 6= ail for k 6= l. A directed cycle is
a directed path such that air = ai1 . For ai, aj ∈ V , the node
ai is said to be connected to the node aj when there exists
a directed path from ai to aj . The distance from ai to aj
(defined only when ai is connected to aj) is the number of
edges in the shortest path from ai to aj . A rooted directed

tree is a digraph such that there exists a node (called Root)
and a directed path from that node to all other nodes in the
digraph. A digraph G is said to contain a directed spanning
tree, if there exists a rooted directed tree Gd = (Vd, Ed) such
that Vd = V and Ed ⊆ E .

Consider N + 1 agents with identical dynamics commu-
nicating over a directed graph G(V, E). These agents are
defined by linear time invariant differential equations:

ẋi(t) = Axi(t) +Bui(t) for i = 0, 1, · · · , N (1)

where xi ∈ Rn are the states and ui ∈ R is the input of the
ith agent. The 0th agent (also called the Root) generates the
reference trajectory for the other N agents. The following
assumptions are made:

i) The pair (A,B) is controllable and the eigenvalues of
A are distinct and rational.

ii) The given digraph contains a directed spanning tree.
iii) Root input is constrained by |u0| ≤ α while the inputs

of the other agents obey |ui| ≤ β for i = 1, · · · , N ,
where α < β.

It should be noted that, the proposed method also works for
a chain of n-integrators (see remark 10).

B. Information Flow

We compute a decentralized control strategy so that the
other N agents track the trajectory defined by the Root a0
in min-max time. We treat each edge of a directed graph
G(V, E) as a pair (ai, aj) of agents in which, head node i.e.,
ith agent ai is the leader and tail node i.e., jth agent aj is
the follower. The node ai acts as a leader for those agents
on which the edges originating from ai are incident and as a
follower for those agents from which the edges incident on
ai are originating. This situation is explained in the Figure
1a. Here, node a1 acts as a leader for the agents a3 and a4,
and as a follower for agents a0. It is possible that multiple
head nodes are incident on a single tail node. In this case
the follower node has multiple leader nodes to follow. For
example in the Figure 1a, node a4 has two leader nodes a1
and a2. Also, in some cases there can be a directed cycle
(see for example nodes a3 and a4 in Figure 1a). In order
to resolve the issue of multiple leaders and directed cycles,
we first propose a decentralized method to select a directed
spanning tree Gd = (Vd, Ed) from the given directed graph.
Then we solve the problem of consensus tracking for the
directed spanning tree Gd thus selected.

Consider an edge (ai, aj) ∈ Ed directed from agent ai to
agent aj . Let the dynamics of this leader-follower pair be
given by

ai : ẋi(t) = Axi(t) +Bui(t)

aj : ẋj(t) = Axj(t) +Buj(t) (2)

where xi(t), xj(t) are the states and ui(t), uj(t) are the
inputs of leader and follower respectively. For the edge
(ai, aj), the leader ai has no information about xj or
uj . Whereas, the agent aj is receiving the relative state
information xij = xi−xj from the leader ai and is required
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to reach the trajectory of ai in the shortest possible time.
The follower aj also receives a Capture Flag (say a binary
value Fi ∈ {0, 1}) when the leader ai captures (i.e. matches
the states of) the Root agent. Let Fi = 0 indicate that ai
has not yet captured the Root, and Fi = 1 otherwise. The
information flow is indicated by Figure 1b. The leader in
each edge communicates its input bound to its follower by
raising the flag. Agents a1 and a3 form the leader-follower
pair (a1, a3). Agent a1 communicates {x13 = x1 − x3, F1}
to a3.

(a) Digraph G (b) Information flow

Fig. 1: Digraph and Information flow along a directed tree

C. Problem Statements

Under the above assumptions, the problems to be solved
in this paper can be stated precisely as follows:

Problem 1. Find a decentralized scheme to select a directed
spanning tree Gd = (Vd, Ed) from the given directed graph
G.

We consider the worst case scenario wherein leader ai acts
in the worst possible way by choosing the control strategy
ui, to maximally delay consensus with the follower aj , who
in turn tries to catch its leader (evader) in the minimum
possible time. Hence we solve following problem for each
edge (ai, aj) ∈ Ed.

Problem 2. For a given pair of agents (ai, aj), compute
the control laws u∗i (t) and u∗j (t) respectively such that for
some some time Tij ∈ [0,∞), xi(t) = xj(t) and the payoff
function, J =

´ Tij

0
1dt, satisfies the following condition for

Nash equilibrium:

J(xij(0), u
∗
i , uj) ≤ J(xij(0), u∗i , u∗j ) ≤ J(xij(0), ui, u∗j )

for all ui, uj .

The decentralized min-max time consensus tracking prob-
lem is stated next.

Problem 3. Find the decentralized control strategy for each
agent such that the collection tracks the trajectory generated
by the Root agent in finite time.

III. TIME-OPTIMAL PURSUIT-EVASION GAMES

In this section, we derive the feedback strategies for
both pursuer and evader and these strategies are shown to
constitute a Nash equilibrium. Any pair (u∗p, u

∗
e) of strategies

correspond to Nash equilibrium, if for all up and ue, the
following condition is satisfied:

J(x(0), u∗p, ue) ≤ J(x(0), u∗p, u∗e) ≤ J(x(0), up, u∗e)

The pursuer and evader states are governed by the following
linear time invariant differential equations:

Evader: ẋe(t) = Axe(t) +Bue(t) |ue(t)| ≤ α(3)
Pursuer: ẋp(t) = Axp(t) +Bup(t) |up(t)| ≤ β(4)

The admissible controls of both the pursuer and evader are
given by measurable functions up : R+ → P and ue :
R+ → E respectively where E = [−α, α] and P = [−β, β].
Using the pursuer (4) and the evader dynamics (3), we define
following difference system which captures the dynamics of
the relative states i.e. x(t) = xp(t) − xe(t) between the
pursuer and the evader:

ẋ(t) = Ax(t) +Buep(t) (5)

where uep(t) = up(t)− ue(t) and x(t) = xp(t)− xe(t).
First, open loop strategies for the pursuer and evader are

derived as in [13] and [33]. Using these open loop strategies
and the method of computing the switching surfaces using
Gröbner basis methods which was presented by the authors in
[7] and [8], feedback strategies for the time-optimal pursuit
evasion game are derived.

A. Open loop Strategies

1) Min-max : For any given pursuer strategy up, let the
evader choose a control u∗e to maximize the cost J =
T (up, ue) i.e., T (up, u∗e) = max

|ue(t)|≤α
T (up, ue). The pursuer

then chooses a strategy u∗p to capture the evader in min-max
possible time i.e., u∗p is selected to satisfy

J+ = min
|up(t)|≤β

max
|ue(t)|≤α

T (up, ue)

Using difference system dynamics given by equation (5), we
form the Hamiltonian H given by H = λT (Ax + B(up −
ue)) + 1.

Theorem 4. [13] The necessary conditions on up and ue
for the stationarity of J = T (up, ue) are given by

λ̇ = −∂H
∂x

= −ATλ λ(0) = λ0 (6)

H∗ = min
up

max
ue

(λT (Ax+B(up − ue)) + 1) (7)

The equation (6) describes the co-state dynamics and its
solution is λ(t) = e−A

T tλ0. Thus, the optimal inputs u∗e
and u∗p for pursuer and evader satisfying the above necessary
conditions are given by

u∗e(t) = argmax
ue

H(up, ue) = −αsign(λT0 e−AtB)(8)

u∗p(t) = argmin
up

H(up, u
∗
e) = −βsign(λT0 e−AtB) (9)

From (8) and (9), it is inferred that under the maximizing
strategy (8) played by the evader, the pursuer should play
(9) to minimize the capture time.
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2) Max-min: As opposed to min-max, for any given
evader strategy ue, we now allow the pursuer to choose
a control u∗p to minimize the cost J = T (up, ue) i.e.,
T (u∗p, ue) = min

|up(t)|≤β
T (up, ue). Then the evader plays a

strategy u∗e to maximize capture time i.e., u∗e is selected to
satisfy

J− = max
|ue(t)|≤α

min
|up(t)|≤β

T (up, ue)

Using similar arguments as in the min-max case, the optimal
inputs for pursuer and evader respectively for the max-min
situation [33] are given by

u∗e(t) = −αsign(lT0 e−AtB) (10)
u∗p(t) = −βsign(lT0 e−AtB) (11)

where lT0 is the corresponding multiplier. From (10) and (11),
it is inferred that under the minimizing strategy (11) played
by the pursuer, the evader should play (10) to maximize the
capture time.

B. Feedback Strategies

Let the relative position dynamics between the pursuer and
evader be given by equation (5). Now consider the following
problem:

Problem 5. Compute a control u(t) for transferring the state
of (12) from any initial state x(0) ∈ X0 ⊂ Rn to the origin
in minimum possible time tmin.

ẋ(t) = Ax(t) +Buep(t) x(0) ∈ X0, |uep(t)| ≤ β − α
(12)

The set X0 is a set of states which can be steered to the
origin using admissible controls. This set is called as Null-
controllable region (see [34], [35], [7], [8] for details about
characterization and computation of such regions) and is
defined as follows:

X0 =
⋃

0≤t<∞

{x|x =

ˆ t

0

e−AτBu(τ)dτ, ∀|u(t)| ≤ β − α}

(13)

Proposition 6. The computation of the pursuer optimal
control up and evader optimal control ue in open loop, is
equivalent to problem 5. Moreover, J+ = J− i.e.,

tmin = max
|ue(t)|≤α

min
|up(t)|≤β

T (up, ue) (14)

= min
|up(t)|≤β

max
|ue(t)|≤α

T (up, ue)

Proof: It is clear that from equations (8),(9) and
(10),(11) the pursuer and evader strategies have same switch-
ing function (for both min-max and max-min objectives).
Therefore, we conclude that when both evader and pursuer
are playing optimal strategies, the input to (5) is constrained
by |uep| = |up − ue| ≤ β − α. Hence, the order in which
players initiate the game doesn’t matter and as a result (14)
follows.

Lemma 7. Let the initial condition of the difference system
(5) be x(0) ∈ X0. There exists T < ∞ such that xp(t) =
xe(t) for all time t ≥ T , if and only if β > α.

Proof: Suppose β = α. Since both pursuer and evader
are using the same switching function, the input for the
difference system (5) is zero (by proposition 6). Hence, the
difference system becomes ẋ(t) = Ax(t) where x(t) =
xp(t) − xe(t). Now, if the pursuer (or evader) dynamics is
stable (i.e., all eigenvalues of A are in left half of the complex
plane) then the state of the difference system reaches the
origin asymptotically i.e., T is not finite. Hence there does
not exist any T < ∞ such that xp(t) = xe(t) for all time
t ≥ T .

Similarly, if β > α then the input upe for the difference
system (5) is constrained as |upe| ≤ β − α (see proposition
6). Therefore, the set X0 is a non-empty open convex
set containing the origin [34], [35]. By definition of X0,
there exists an admissible control which transfers the initial
condition x(0) ∈ X0 to the origin. Thus, there also exist
a time optimal control which transfers the initial condition
x(0) to the origin in minimum time T <∞ [33].

Assuming rational, distinct and nonzero eigenvalues for
the matrix A, computation of switching surfaces and con-
struction of the state-feedback control was presented in
[7], [8]. These assumptions are relaxed to include a zero
eigenvalue in [36]. Due to space constraints, we omit the
computation of switching surfaces for systems with zero
eigenvalues and present briefly the computation for rational,
distinct and non-zero eigenvalues only.

1) Computation of switching surfaces : In this section, for
simplicity, we will drop the subscript from the control upe(t)
and denote it by u(t). Without loss of generality it is assumed
that |α − β| = 1. The control u(t) must drive the states of
(5) to the origin at some time t ∈ [0,∞). It is well known
that optimal control which transfers the state of system to
the origin in minimum time is bang-bang i.e., it switches
between +1 and −1 at no more than n−1 switching instants
[33], [34]. Thus, we define following functions characterizing
those states which can be steered to the origin using a bang-
bang (u(t) = ±1) input with (k − 1)-switches:

F+
k (t1, ..., tk) =

(
−
´ t1
0

+
´ t2
t1
−

... +(−1)k
´ tk
tk−1

)
e−AτBdτ

F−k (t1, ..., tk) = −F+
k (t1, ..., tk)

 (15)

Define the set Vk := {(t1, t2, ..., tk) : 0 ≤ t1 ≤ t2 ≤ ... ≤
tk <∞} for k = 1, ..., n. Then the set of states, which can
be steered to the origin in (k − 1)-switches with u = +1 to
begin with, is denoted by M+

k and is defined as follows:

M+
k = {x : x = F+

k (v),∀v ∈ Vk} (16)

Similarly, starting with u = −1,

M−k = {x : x = F−k (v),∀v ∈ Vk} (17)

Thus, the set of all states which can be steered to the origin
in (k − 1)-switches is defined as follows: Mk = {x :
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x = F±k (v), ∀v ∈ Vk} i.e., Mk = M+
k ∪ M

−
k ∀k =

1, ..., n. Now, the set of initial conditions which can be
steered to origin with only bang-bang inputs (with at most
n − 1 switches) is equal to X0 i.e., Mn = X0. The set
X0 is divided symmetrically into two parts M+

n and M−n
by Mn−1. Further, Mn−1 is divided into two parts M+

n−1
and M−n−1 by Mn−2 and so on [34]. In general, we write
Mk = M+

k ∪M
−
k , ∀k = 1, ..., n and X0 = M+

n ∪M−n .
Thus, the structure of set X0 obeys the inclusion relation
M0 ⊂M1 ⊂ ... ⊂Mn.

Remark 8. We further assume that A is diagonal because
of following reasons. For any real similarity transformation
x̂ = Tx, the corresponding set M̂+

k = {x̂ = Tx : x ∈M+
k }

and similarly M̂−k = {x̂ = Tx : x ∈ M−k } [34]. Thus, it
is enough to compute M+

k and M−k for the diagonalized
system. The corresponding M̂+

k and M̂−k for all similar
systems can then be computed accordingly.

It is clear from the description of the set X0 (or Mn)
that optimal control u(t) is such that, if x(t) ∈ M+

n then
u(t) = 1 and if x(t) ∈ M−n then u(t) = −1. We also
know that Mn is divided into two parts M+

n and M−n by
Mn−1. Therefore, to decide whether the state x(t) is in
M+
n or M−n , we use Mn−1 (which henceforth will also be

referred as the Switching Surface). However, we have the
parametric representation of Mn−1 which depends on the
switching instants t1, ..., tn−1 and is not useful for state-
based switching. Hence, we eliminate the dependence of the
set Mk (defined by (16) and (17)) on t1, ..., tk and convert
the parametric representation into an implicit representation
which depends only on the state variables (x1, ..., xn) as
follows. Assuming A to be diagonal without loss of gen-
erality (see remark 8 above), each component of state x
(xi, i = 1, .., n) can be written as some other function
denoted as f±ki, with arguments e−λit1 , ..., e−λitk for all
i = 1, ..., n. Here f+ki corresponds to F+

k and f−ki to F−k .
Thus, xi = f±ki(e

−λit1 , ..., e−λitk) ∀i = 1, ..., n; λi ∈ λ(A).
Under the assumption that eigenvalues of A are rational,
the denominator of λi is denoted by di (i = 1, ..., n).
Let the least common multiple of denominators di’s be
l = lcm(d1, ..., dn). Substituting zi = e−

ti
l ∀i = 1, ..., k,

converts the parametric representations of xi’s (with ti’s as
parameters) into a representation in terms of zi’s. Observe
that if the eigenvalues of A are of same signs, then the
substitution will express xi’s as polynomials in zi’s. On the
other hand, if the eigenvalues of A have mixed signs, then
we get rational parametric representations of xi’s. After the
substitution, set Mk is given by

M+
k ={(x1, ..., xn) : xi =

N+
ki(z1, ..., zk)

D+
ki(z1, ..., zk)

(18)

∀i = 1, ..., n, 0 < zk ≤ zk−1 ≤ ... ≤ z1 ≤ 1} (19)

M−k =−M+
k

where N+
ki and D+

ki are polynomial numerators and denom-
inators of fki respectively.

To eliminate zj , j = 1, ..., n − 1 from the parametric

representation of switching surface Mn−1,which is given by
(18) for k = n−1, we will follow the standard implicitization
steps (please refer to [37]) described next:

1) Form an ideal J+
n−1 = 〈D+

n−1,1x1 − N+
n−1,1, ...,

D+
n−1,nxn −N

+
n−1,n, 1−D

+
n−1,1D

+
n−1,2...D

+
n−1,ny〉.

2) Compute Gröbner basis G+
n−1 of J+

n−1 w.r.t. lexico-
graphic ordering as y � z1 � z2 � ... � zn−1 � x1 �
... � xn.

3) The element g+n−1 ∈ G
+
n−1 ∩Q[x1, ..., xn] defines the

smallest variety containing the parametric representa-
tion xi = f+n−1,i.

We also need to eliminate the dependence of condition (19)
on z1, ..., zn−1 and express it in terms of x1, x2, ..., xn only.
To do this we solve each zj in terms of x1, x2, ..., xn and
then impose inequality (19). Let us denote the Gröbner basis
obtained by using ordering .. � .. � ... � z+j � x1 � ... �
xn by G+

zj . Let the elements of G+
zj which are polynomials

in the variables (zj , x1, ..., xn) be g+1 , g
+
2 , ..., g

+
m. Now, it

might be possible that z+j appears linearly in at least one
polynomial among g+i = 0 (i = 1, ...,m), and hence z+j can
be expressed as a closed form expression of (x1, .., xn)).
Otherwise, since the state values are known, we substitute
(x1, .., xn) in to any one (usually the simplest) of g+i = 0
(i = 1, ..,m). This single variable polynomial is then solved
numerically for z+j . Lastly, we check whether any one set
of solutions z+j (j = 1, ..., n−1) satisfies the corresponding
inequality (19). The method works similarly for each z+j ,
j = 1, ..., n− 1.

Now that we have a complete description of the switching
surface in terms of state variables, algorithm 1 defines the
optimal strategy for both the pursuer and the evader.

Algorithm 1 Switching Logic
Given: {current x(t) and u(t) }

If {x(t) ∈Mn−1} Then { u(t+ δ) = −u(t)}
Else {u(t+ δ) = u(t)}

Remark 9. Note that the expensive Gröbner basis compu-
tation is performed off-line. The only computation that is
required to be done on-line is evaluating the polynomials and
in the worst case, solving univariate polynomial equations.

2) Computation of Capture Time: Recall that X0 is di-
vided in two parts viz. M+

n = {xi = f+ni(z
pi
1 , ..., z

pi
n )∀i =

1, ..., n : 0 ≤ zn ≤ zn−1 ≤ ... ≤ z1 ≤ 1} and M−n . To
compute the time required for transferring the initial relative
position to the origin, we must first compute zn given the
initial relative position x(0) ∈ X0. For that we use following
procedure:
• Select g+n ∈ G+

n [zn, x1, ..., xn] and solve g+n = 0 for
zn.

• Select g+n−1 ∈ G+
n [zn, zn−1, x1, ..., xn] and using val-

ues of zn obtained in previous step, solve g+n−1 = 0 for
zn−1.

•
...
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• Finally, select g+n−1 ∈ G+
n [zn, zn−1, ..., z1, x1, ..., xn]

and using values of zn, zn−1, ..., z2 obtained in previous
step, solve g+1 = 0 for z1.

Now, as the initial relative state may lie in either of the
two sets M+

n or M−n , repeat the above procedure for G−n
and identify combinations of z1, z2, · · · , zn such that the
inequality 0 < zn ≤ zn−1 ≤ · · · ≤ z1 ≤ 1 is satisfied. The
value of ti = −l log(zi) gives the corresponding switching
instants t1, t2, · · · , tn and the optimal capture time is

T = tn = −l log(zn)

Remark 10. It is well known that for a chain of integrators,
the parametric description of switching surfaces is already in
polynomial form [38], [33]. Hence the implicitization step
and the capture time computation procedure is applicable to
chain of integrators also.

IV. CONSENSUS TRACKING PROBLEM

In this section, we first solve problem 3 for a given directed
spanning tree using the methods developed for problem 2 in
section III. Next a decentralized method to select a spanning
tree from the directed graph is proposed (problem 1). The
decentralized control scheme developed for directed trees is
then applied to the selected spanning tree.

A. Consensus Tracking Over Directed Trees

Let the communication topology between agents be given
by a directed tree over N + 1 agents which has exactly N
communication links. Thus, each agent ai (i 6= 0) other
than the Root has exactly one parent node i.e., only one
incoming edge. The Root generates the reference trajectory
for other agents to follow. Agents other than the Root,
choose their control action based on the information received
from their respective parent nodes. Those agents which are
connected by a directed edge form a leader-follower pair.
Since corresponding to each follower there is a unique leader,
each pair of leader-follower can be treated separately. We
propose to apply the min-max policy computed in section III
to each agent except for the Root agent. For e.g., in Figure
1b agent a1 applies the min-max policy for the a0-a1 pair,
while agent a3 applies the min-max policy for the a1-a3 pair.
Similarly agent a2 applies the min-max policy for a0-a2 pair.
It is evident from Lemma 7, that the available input bound
for each agent plays a crucial part in the local finite time
capture and consequently in global finite time consensus.

1) Root Agent as Target (Capture Flag Fi = 1): As
described in section II, the Root dynamics is given by (1)
for i = 0, and it generates a reference trajectory by using
input u0 which is constrained as |u0| ≤ α. The input of
other N agents is constrained as |ui| ≤ β for i = 1, · · · , N ,
where α < β.Hence, if any agent connected directly to the
root agent is trying to capture the root, the input difference
β − α > 0 leads to the difference system 5 having a non-
empty Null-controllable region X0 (see equation (13)) about
the origin [7]. It is also known that the set X0 is a bounded
convex set containing the origin for unstable systems [34],
[8], [7] and Rn for stable systems. According to Lemma 7,

β − α > 0 leads to finite time capture if the initial relative
state x0i(0) = x0(0)−xi(0) between the Root a0 and agent
ai satisfies x0i(0) ∈ X0.

Example 11. Consider five agents communicating over the
digraph given in Figure 2b. Input to Root a0 is constrained
to be in the interval E = [−1, 1] and the inputs to other
agents are constrained to be in the intervals Pi = [−3, 3]
for i = 1, 2, 3, 4. As can be seen from the figure, agents
a1 and a2 are directly connected to a0 and therefore the
inputs to difference systems formed by (a0, a1) and (a0, a2)
are restricted to the interval [−2, 2]. By proposition 6, the
agents a1 and a2 catch up with the Root in finite min-max
time.

2) Any agent other than root as the target (Capture flag
Fi = 0): Consider Figure 2b in continuation of the last
example. Initially, before agent a1 captures agent a0, the
difference system formed by (a1, a3) has input zero. In other
words, both the agents a1 and a3 might have input β with the
effect that the min-max capture time under such condition
might be infinity, as argued in Lemma 2b. However, in this
situation, such a policy for agent a3 is still the min-max
policy, and one that should be followed to take advantage of
possible deviations of a1 from the worst case policy.

The (a1, a3) pair will continue this status quo until agent
a1 captures a0. At that instant, agent a1 passes on the new
capture flag value F1 = 1 and the input bound α to agent a3,
thus informing that from that instant onwards, the dynamics
of agent a1 will be approximately same as agent a0. Now,
as agent a3 knows that the input bound for agent a0 is
α, it computes the optimal policy using switching surfaces
corresponding to β − α. In effect, thereafter, agent a3 will
target the Root agent a0, and the dynamics will evolve
according to the Fi = 1 case described above.

Initially all agents other than the Root start in Fi = 0
mode. However, as agents in each level catch up with the
root, their capture flags change and this situation propagates
down to the lowest layers in the tree. Obviously, the descrip-
tion pertains to the worst case scenario. It may well be the
case that, even in Capture Flag Fi = 0 situation, some of
the pursuing agents capture their targets before their Capture
Flags change to Fi = 1. However, it should be noted that
consensus cannot be always achieved for unstable systems
with bounded inputs.

3) Sufficient condition for consensus : Recall that if the
matrix A is unstable then, the set X0 is a proper subset of
Rn i.e., X0 ⊂ Rn. Now, in Figure 2b for example, it is
possible that before the status quo between the pair a1 − a3
gets resolved, the relative state, x13 = x1 − x3, between
the follower agent a3 and the leader agent a1 on the edge
(a1, a3), may exit out of the set X0. In that case, consensus
tracking of the leader agent a1 by the follower agent a3 is
impossible. However, for stable systems, since the set X0 =
Rn, the above situation does not arise. This leads to the
following lemma:

Lemma 12. If all the eigenvalues of matrix A are negative
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then there exists T <∞ such that xi(t) = xj(t) ∀ (ai, aj) ∈
Ed for all time t ≥ T .

B. Spanning tree selection
We consider the graphs with directed spanning trees.

Distributed methods to select a spanning tree from a given
graph were considered in [39], [40], [41]. Here, as the root is
already known, we propose a simple local method to select
the rooted spanning tree.

In a general directed graph, each agent may have more
than one parent. If G contains a directed cycle, arbitrary
selection of a parent as the leader does not guarantee that
the resultant graph will be a spanning tree. Therefore, each
agent has to choose a leader among its parents, using only
local information, so that the resultant subgraph is a directed
spanning tree. In some cases the improper selection of a
leader may lead to the resultant subgraph being disconnected.
For example, in Figure 1a, if the agent a3 selects a4 as the
leader and vice versa and rejects all other nodes connected
to it then the resultant subgraph becomes disconnected. We
propose the following algorithm (Algorithm 2) to make the
given graph acyclic using only local information.

Algorithm 2 Selection of acyclic graph
Step-0: The Root agent ignores all the incoming edges and
raises a edge-select flag.
Step-1: Then the agents which have an incoming edge from
the Root ignore the edges coming from all the agents other
than the Root and raise their edge-select flags indicating they
are connected to the Root. These agents are said to be at
level-1 of the hierarchy.
Step-2: The agents having incoming edges from level-1
agents ignore the edges coming from all the agents other than
those at level-1 and raise their edge-select flags indicating
they are connected to the Root. These agents are said to be
at level-2 of the hierarchy.
...
Step-j: The agents having incoming edge from level-(j −
1) agents reject the edges incoming from all the remaining
agents and raise their edge-select flags indicating they are
connected to the Root. These agents are said to be at level-j
of the hierarchy.

Algorithm 2 continues until all the agents have raised their
edge-select flags. Agents only retain those parents which
are at same distance from the Root. Since agents ignore
incoming edges from the agents on same or higher level,
no loops are formed and therefore cycles are eliminated.
However, in the resultant subgraph some agents may still
have multiple parents. Agent ai chooses as its parent, the
agent aj , which is at the least distance ‖xji‖2 from it.

Example 13. Consider a system with 5 agents communi-
cating over a directed graph G as shown in Figure 1a. The
dynamics of each agent is given by

ẋi(t) =

[
−1 0
0 −2

]
xi(t)+

[
1
1

]
ui(t) for i = 0, · · · , 4

|u0(t)| ≤ 1 and |ui(t)| ≤ 3 for i = 1, 2, 3, 4.

(a) Graph after Algorithm 2 (b) Directed spanning tree

Fig. 2: Communication Graph

After execution of Algorithm 2, the digraph reduces to
Figure 2a. In this graph, a4 has two incoming edges one
from a1 and a2. Agent a4 has to choose one of the two
parents as the leader. In this example agent a4 chooses a2 as
its leader and the resultant directed spanning tree is shown in
Figure 2b. The switching surface for all agents k = 1, 2, 3, 4
after their respective leaders have raised the capture flags, is
as follows :

Sk =

{
1
4x

2
0k1 + x0k2 − x0k2 for x0k2 > 0

−( 14x
2
0k1 − x0k2 + x0k2) for x0k2 < 0

where x0k = (x0k1, x0k2) are the states of the difference
system defined by agents (a0, ak). The control inputs are
chosen according to algorithm 1. A sine wave input is given
to a0 and the simulation results are plotted in Figure 3.

V. CONCLUSIONS

Feedback strategies are derived for time optimal pursuit
evasion games using the switching surfaces computed using
Gröbner basis methods. For a directed graph, a procedure to
locally select a spanning tree is proposed and the problem of
min-max time consensus tracking over the selected tree for
linear time invariant systems with bounded inputs is solved.

Fig. 3: States v/s Time graph

MTNS 2014
Groningen, The Netherlands

536



The method proposed works identically for a chain of n-
integrators. The method is currently applicable to control-
lable and diagonalizable systems having distinct and rational
eigenvalues. Relaxing these assumptions is the subject of
future research.
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