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Abstract— By numerical differentiation it is meant
here approximation of the derivative at current time
t of a real valued function of a single real variable (the
time, t) which is available only through finitely many
of its past samples which are possibly imprecisely
known. Numerical differentiation is a major ill-posed
inverse problem. It has not yet received a definite solu-
tion. But it is encountered in many engineering prob-
lems. Efficient numerical differentiation algorithms
thus are key-enablers of engineering designs such as in
control system theory, specifically estimation, control
synthesis, and other practical issues. This communica-
tion presents theoretical and implementation details
on several numerical differentiation algorithms for
potential use in observation problems. In particular,
these algorithms may be used as ingredients for al-
ternative solutions to the longstanding problem of
observer design for nonlinear systems.
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I. INTRODUCTION

By numerical differentiation it is meant here approx-
imation §(t) of §(t), the derivative at current time ¢
of y : 7 — y(7), a real valued function of a single
real variable (the time) which is available only through
finitely many of its past samples which are possibly
imprecisely known, 5(tw ), (tw—1), - - -, y(t1). Very often
the sampling instants ty < tw_1 < <t =t
(W e N, W > 2) are fixed by experimental conditions,
and the samples 7(¢;) are approximates of exact values
y(ts): y(ts) — 7(t:) = F(t;). A numerical differentiation
algorithm thus is an approximation of the differentiation
operator from, say the space of differentiable real valued
functions defined on the time interval [ty ,t], into the
space of real valued functions defined on the same time
interval. It is well-known that the differentiation operator
is discontinuous with respect to norms which are usually
of interest in practice. For instance, for the uniform norm,
l|2[loc = max |z(7)]
TE[tw ,t]
on the space C!(ty,t) of continuously differentiable real
valued functions defined on the time interval [ty ¢], and
on the space C°(tw, t) of continuous real valued functions
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on [tw,t], there are functions with small norms while
with high norms for their derivatives. This is the case

fi
or ~ 2T

y(1) = esin >

e > 0.
In this case the norm of the error in the derivative

approximate of y

§) ~ ) = () = cos T
€ €
grows indefinitely while the norm of the uncertainty
on y gets smaller and smaller. Numerical differentiation
algorithm by means of the popular backward difference,
G T =T =T)
T 7
therefore is a bad approximation of the differentiation
operator in function spaces containing C!(ty,t). Actu-
ally the backward difference algorithm consists of the
differentiation of the polynomial interpolant (1) = a +
a17 on the grid consisting of the 2 instants ¢ —T" and ¢,
so that g(t) = 7(t), where t — T is a past instant where
7 is available. It follows that
y(r) —y(r) = @) =y(r)) +5(7)
= YOt -71)+7y(r)
for all 7 € [t —T,t], where 7 is known, by the mean value
theorem, to lie in [t — T, t]. At 7 =t it is seen that the
error in the interpolation of y equals the uncertainty on

Y, -
y(t) —y(t) =y(7),

hence the error in the derivative approximate is the
derivative of the uncertainty on y,

g(t) —9(t) =y(r).

For use in practice, a stable numerical differentiation
algorithm thus is a continuous operator which approx-
imates the discontinuous differentiation operator. De-
scribing efficient stable numerical differentiation algo-
rithms has been, and still is, a longstanding numerical
analysis problem, see for instance [1], [2], [3], [4], [5], [6],
[7].

Numerical differentiation is invoked in many engineering
problems, see for instance [8], [9], [10] for applications
in frequency estimation in signal processing, [11] in
pattern recognition, [12] in biomedical engineering, [13]
in mechatronics, [14] in flatness path tracking.
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It has been invoked in observation problems in [15],
[16], [17], [18], and in [19], [20] a new observer structure
has been proposed with stable numerical differentiation
algorithms as ingredients.

This communication is an attempt to collect details on
some of the various numerical differentiation algorithms
which are most relevant to control theoretic issues in
online estimation. Some of such algorithms have been
reported in previous publications of the authors (this is
the case for the popular Savitzky-Golay differentiation
scheme) and will not be addressed here. The paper is or-
ganized as follows. We first recall the formal explanation
of differentiation as a typical ill-posed inverse problem
and relate its study to regularization techniques. Among
the latter, the so-called linear filtering technique widely
used in practice as a numerical differentiation algorithm
is presented. Next, another popular numerical differen-
tiation scheme, namely the one based upon polynomial
splines is presented. We also included in this section an
averaged finite difference differentiation scheme. Finally,
numerical differentiation algorithms based upon opera-
tional calculus is included.

II. ON REGULARIZATIONS OF DIFFERENTIATION
The rth derivative, r € IN,r > 1, of y = y(¢t) € C" (a,b)
is a solution, x(t), of the integral equation

| oo = atrar = ot

for x. We may always detrend y by replacing it in the
latter equation by

r—1

50 = (1)~ D (a) (¢~ a)

i=0
and then assume that y satisfies the initial conditions
y(a) = 0,4(a) = 0,...,y" V(a) = 0,

The subspace of C" (a, b) consisting of functions satisfying
the previous initial conditions is denoted by C§ (a, b). Let
1
(r—1)!

where T is the Heaviside function, i.e.,

Y(r)=11if 7>0 and YT(r)=0 if 7 <0.

he(t,7) = t—7)""rEt—71)

The operator H,

C%(a,b) =X —
r

Y = Cp (a,b)
H,x

with

b
(Hra:)(t):/ he(t, 7)x(r)dT .

is thus one-to-one, and the rth derivative of y € C{ (a, b)
is the unique solution of the Fredholm integral equation
of the first kind

Hazxz=y. (1)

Integral operators
b
x— Ka, tr—>/ k(t, )x(T)dT

where a,b € R, are bounded and compact (they map
bounded sets into relatively compact sets) whenever the
kernel k satisfies one of the following conditions:

(i) k is continuous on [a,b] X [a,b], in which case

b
1Ko = max/ e(t, 7)|dr
a<t<b J,

(ii) k is square integrable over [a,b] X [a, b]

b b
||k|2:\// / e(t, T)2drdt < oo,
a a

in which case

1K |2 < [[kl]2 -

(iii) k is weakly singular, i.e., it is continuous on the
subset of points (¢, 7) of [a, b] X [a, b] such that ¢ # T,
and there are reals v > 0 and ¢ such that

~y
[t — 7]t

|kt 7)] <

Linear, bounded, one-to-one, compact operators with in-
finite dimensional range are known to have unbounded
inverses (see, e.g., section 2.2 of [21]):

1K1 = oo,
where the norm is the operator norm.

The operator K ! is thus discontinuous implying that
the effect of uncertainties in y may be indefinitely am-
plified in the solution of the equation Kz = y. Such
equations are said to be ill-posed. More precisely, an
equation (or problem) Kz = y resulting from an operator
K : X — Y on normed spaces is said to be well-
posed if it has one, and only one, solution x for each
given y, and if the solution depends continuously on
the data in the sense that, given a sequence (Yn),cn »
lim,, o y» = y implies that the corresponding sequence

of solutions, (), cy, verifies lim, ;oo 7, = .

Given that the kernel of equation (1) satisfies conditions
(i) and (i) above, differentiation is an ill-posed problem.

A regularization strategy for an ill-posed problem Kz =
y is a family (Rx),.q of linear and bounded operators
Ry :Y — X such that limy_o Ray = K1y for all 4.

A regularization strategy for the integral equation (1) is
called a differentiation scheme . The regularization error
on uncertain data, ¥ =y + ¢, takes the form

K 'y—Ryy=(K'=R\)y—Rye. (2)

It is the sum of two error terms, the first one being con-
tributed by the inaccuracy of the differentiation scheme
on exact data and the second one being the result of the
action of the differentiation scheme on the uncertainty

1713



MTNS 2014
Groningen, The Netherlands

of the data. It is thus apparent that differentiation
schemes should care about two main features: accuracy
(of the differentiation approximation) on exact data,
and capability of smoothing out uncertainties on the
non exact data. These two tasks are conflicting for the
differentiation operator. In other words, when we try
to improve the accuracy of a differentiation scheme on
exact data by choosing A small, at the same time we
are most likely amplifying the effect of uncertainties in
the data by increasing the factor ||Ry||. Therefore, a
differentiation scheme should include, in the choice of A,
a compromise between accuracy on exact data and the
ability to smooth out data uncertainties.

How to choose a strategy A(7,e), for A? This depends
on what is known about y and €. The use of a known
stochastic, dynamic model for y in linear estimation
theory problems has been magnificently illustrated in the
Kalman-Bucy filter. In this communication, we assume
simpler candidate models for y which are useful in cases
where the given models for y are too complex, or have low
‘information content’ for the design of a differentiation
scheme.

Let us assume that we know that the uncertainty in y, €,
is bounded and that we know the value of its bound, o.
Then we let A(y,0) = A(7,€). A regularization strategy
is said to be admissible [21] if

)‘(ya U) — 07
o—0

sup  ||[K~'y — Ryg.oyll —— 0,
Bllg—yll<o o—0

for all y.

III. LINEAR FILTERING

In control systems literature and practice numerical dif-
ferentiation is often implemented as linear filters which
approximate the Laplace representation s of the deriva-
tion operator by rational fractions of the variable s. How
to choose parameters of such filters to make them regu-
larized numerical differentiators? This is shown below.

The discussion will be limited to the following class of
such linear approximation of the derivation operator:

S
r -
A,n(s) (AS+1)”7

where A > 0 et n € IN* and derivative is estimated as
U(s) = Fan(s) - 7(s).

Theorem 1: The estimation error by means of (3) of the
derivative of the signal ¥ = y — 7 is bounded as

(n—1)n1

|9 =3, <nA il + —— 15l @)

for n > 1 where (n —1)""! is 1 when n = 1. This bound
is minimal and is

|o-3], <2n {2 Vi i ©

(3)

for the following choice

4 (n — 1)”71

[l
nnt2 : (6)

1312

of the regularization parameter A.
Corollary 2: The operator (3) is a stable differentiation

scheme for
_ (n—1)"t |72
Ay, 7) = AL
W) =V \ il

Remark 3: The error bound of the differentiator given
by (5) is a decreasing function of n for n > 2. It is
important to notice that it takes the same value for n = 1
and n = 2, that is

It is better to take n = 2 instead of n = 1 if the resulting
dimension increase does not matter.

It is also important to notice that this error bound is
minimal for a value of n close to % That is to say that
the “best” differentiator in terms of linear filters of the
form (3) is given by a transform function of rational
order, therefore of infinite dimension. The difference
between the error bound of this fractional linear filter
and the one for n = 2 is about 8 %. The qualifier “best”
is not to be taken seriously here since the minimization
which is invoked previously is not done by minimizing
with respect to the couple (A, n) but first with respect to
A and next with respect to n.

IV. SPLINE DIFFERENTIATION SCHEME

The main idea of the numerical spline differentiation
scheme may be summarized as follows.

Referring to [22],
defined to be

Bjus(t) = (tjre —tj) [ty tipe ( =),

where ¢ € R, and (z)y = max(z,0) denotes the
truncation function, and the symbol [7;, Ti41,+ , Titk] g
designates the k-th divided difference of a function g at
the points T;, Tit+1,- - , Ti+k. The j-th B-spline of order ¢
for t verifies

the j-th B-spline of order ¢ for t is

Bj,E,t (t) =0 (t g [tj,t]‘Jrg]),

ij,t(t) > 0 (t] <t < tj+£)7
and

-1

> Bis)=1 (<t <t).

j=k—t+1
A spline function of order ¢ for t is a linear combination
s = Z ;iBj ¢
JEN

over R of B-splines of order ¢ for t.
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In a real time process a finite moving window, ty =
(tk—wstk—w—1,...,tk), of measurement sampling in-
stants is considered, where t; stands for the current
instant. In other words, t is finite, and, for the sake of
simplicity of the notations, ty will be shortened as t,
implicitly assuming the current instant to be W, and
Bj ¢+ will be designated by B;. At the current instant,
tw, the derivatives must, therefore, be approximated
by using the measurements samples contained in the
window, t. In the time interval [¢o, ty/] only the B-splines
By, ..., By might be nonzero. The splines defined on the
latter interval form a linear R-vector space of dimension
at most W+ 1. Again, in order to simplify the notations,
one component, y;, of the measurements vector will be
considered and denoted by y.

One basic existence theorem in spline approximation
states that among all splines of order ¢ = 2| for the
window t, there is one, and only one, which minimizes
the following performance index

J = /\Z( tk)) +(1-2) /ttw 90" at

where G(tr) = y(tr) + e(tr) are the measurements of the
time function y(t) which are corrupted by a white noise
e(t), and where \, 0 < A < 1, and 0y, are the regularizing
parameters. This spline will be called smoothing. It

realizes a compromise between the fidelity to the data
and the smoothness of the spline. The order ¢ = 2[ has to
be chosen in such a way as it let the spline be sufficiently
smooth.

Noting that
W, . 2
3 (W} — (7 — Ba)'D( — Ba)
k=0 ’

where B = [b; ], b; ;
and ¥ = (Yg, .- -, Uy )

!

= B;(t;), and a = (a, ..., ow)’,

and

A([ t)dt = « 'Ra

\

where R = [ri’j],

tw
m,j:/ B (B (t)at,

to

the above criterion may be rewritten in the form

J=AXy—-Ba)D(y—Ba)+(1-))d Ra

where

D = diag (5%,53,...,5‘24,) .

In other words, the problem of finding the coefficients
« of the spline is one of least squares. The solution is
readily

a=(ABDB +(1-\R) "ABDy.

A. On error bounds

A complete answer to the fundamental question of error
bounds estimate of smoothing splines is not known to
the authors. Partial results are, however available. One
concerns the interpolation case (A = 1) in the smoothing
spline:  the derivative §(V of § is the least squares
approximation to y" from some space of splines of order
¢ = 2l. For cubic splines and four times continuously
differentiable outputs, best error bounds are known:

_all < t (4)
ly—=dll < 384| 1y 1,
=3l < olePlly®]
- 24 ’
L 3
g -9l < §|t|2||y(4)||,
where || - || denotes the infinity norm over the window,
and
It| = OS%%_l(tk+l — t)

is the so called mesh size. When the sampling instants
can freely be chosen then better error bounds may be
obtained.

B. The averaged differences differentiation operator
The idea (see [23] for more details) is to take quite
standard finite difference operators

AEQJW

which approximate y(™) in the mean sense

AY) Ly =y (1) + e (kg + DT)* y ()

for some constant ¢ and a mean value (. Here f is the
sampling frequency, T = 1/f, and ¢, k, ¢ are natural
numbers. Then the estimate of the rth derivative of y is
defined as

) L N~ AC .
YO = 5 20 Akt +iT)

More explicitly, let 2 4+ 1 be the number of data points
needed in the finite difference operator Al 7, 2, koq . The win-
dow length is W = 2 ((¢k + 1) ¢ 4+ 1) . The differentiation
scheme takes the form

g(r) (tw—s)

where the matrix C' depends on the differentiation op-
erators AE, 2 k.o that are used to form the average ; C is
computed ofﬂlne once and for all. To be a regularization
strategy the parameters of the averaged finite difference
should satisfy some conditions [23]. As for the Savitzky-
Golay differentiation scheme, a formal explicit regular-
ization parameter in terms of the singular values of the
matrix C' may be defined. It is proved in [23] that this
yields a differentiation scheme according to the definition
of this notion.

=CY

1715



MTNS 2014
Groningen, The Netherlands

In practice, this scheme is quite flexible given the number
of parameters which control its behavior. It is more
involved than the Savitzky-Golay scheme, and the time
delay

§=((tk+1)q+ 0T

it introduces is generally much larger.

V. ALGEBRAIC DIFFERENTIATORS

New algebraic numerical differentiation methods ap-
peared in 2004 (see, e.g., [24], [25], [17]) and have
been successfully used in signal and image processing,
control theory (see [26], [27], [28], [25], [29], [30], [31]).
These differentiators are based on the truncated taylor
approximation of a signal. One translates the estimation,
always kept short, and operational calculus is used to es-
timate the desired coefficients. The results are expressed
as integrals over the estimation window [t;t + T.] (¢
being the current time and T, the window size) of the
signal f(t), multiplied by a certain temporal polynomial,
characterizing the differentiator. This integral can, for
instance, be computed using the trapezoidal method.
The obtained iterative formula may be interpreted as the
output of a numerical finite filter, whose inputs are the
successive integration points f(tg).

As an illustration, consider the signal y(¢) of which we
want to estimate the first derivative. Approximate y(t)
around t = 0 by a truncated Taylor polynomial until
the desired differentiation order, here 1: p(t) = ag + a1t.
Thus, the coefficients identififation is straightforward: ag
and a; are estimators in ¢ = 0 of the signal and of its first
derivative. With classical operational calculus notations
(see [32]), one gets, for t > 0:
ap a1

P(s)=—+ 5 (7)
We want to eliminate ag since we are looking for an
estimate of a;. To this end, multiply (7) by s:

and differentiate the obtained expression with respect to
s to suppress ag:

dP(s) _ar
ds = 2

Before coming back to the temporal domain, a multi-
plication by sV, with N > 1, N = 2 for instance, is
necessary to yield only integrals:

dP(s
s72P(s) + 8_1% = —s1a;.

One comes back to the temporal domain by recalling (see

[32]) that - corresponds to the multiplication by —t:

t t T
3! /Ty(T)dT*/ / y(r)drdr
to to Jto
3

3 /t () — /t (= (s

0 0

t3

3!/t (Ty(T) —(t— T)y(T))dT

— Q

3
Therefore the derivative of y(t) at ¢t = 0 is approximated
by the the above integral:

50 = % [y~ = ny(r)ar

to

For more details see [18] where the latter rough in-
troduction is lenghtly expanded and justified in more
conventional mathematical arguments.
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