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Consider a network G = (V| E), where V' denotes the set of vertices in G, and E denotes
the set of edges in G. A vertex in G is said to be a source if it is only incident with outgoing
edges, and a sink if it is only incident with incoming edges. Often, a source or sink is referred
to as a terminal vertex. A non-terminal vertex is said to be a hub if its degree is greater
than or equal to 3. In this paper, we are primarily concerned with the minimum number of
hubs needed when certain constraints on the flow demand between multiple pairs of sources
and sinks are imposed. The flow demand constraints considered in this paper will be in
terms of the vertex-cuts between pairs of sources and sinks. This can be justified by a vertex
version of the max-flow min-cut theorem [1], which states that for a network with infinite
edge-capacity and unit vertex-capacity, the maximum flow between one source and one sink
is equal to the minimum vertex-cut between them. Here, we remark that with appropriately
modified setup, our results can be stated in terms of edge-cuts as well.

More precisely, for given Cy,Cs,...,C, € N, let N(Cy,Cs, ..., C,) denote the set of all
finite networks G (see Figure 1 for an example) such that

e there are n sources S, S5s,...,S5, and n sinks Ry, Ry, ..., R, in G,

e all edges in G, except those incident with a source or sink, are undirected (alternatively,
bi-directional);

e for each feasible 7, the minimum vertex-cut from S; to R; is C;.

Now, we define

H(C1,Cs,...,0p) = sup min ?—[(@),
GEN(017CQ,...,C7L) = GCG
GEN(Cl,CQ,...,Cn)

where H(G) denotes the number of hubs in G. The above definition can be roughly inter-
preted as follows: for a given G, we try to find a subgraph G that contains the minimum
number of hubs required to satisfy the vertex-cut constraints, and J#(Cy, Cy, ..., C,,) gives
us the minimum number corresponding to the worst-case scenarios among all possible G.
At first glance, (Cy,Cy, ..., C,) can be infinite. One of the main (and somewhat sur-
prising) results in this paper, however, states that for any given Cy, Cs, ..., C,,, 7(C1,Co, . . .,
C,) is in fact finite. With finiteness confirmed, we are primarily interested in computing
the value of J(Cy,Cs,...,C,). We say a graph G is minimal in N (Cy,Cy,...,Cy), if
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Figure 1: An illustrative graph in N (2,2) with 8 hubs.

G e N(Cy,Cy,...,C,), but for any e € E, G\{e} € N(Cy,Cs,...,C,). Tt then follows from
the fact that every graph in N (C1, Cy, ..., C,) has at least one minimal subgraph that

H(C1,Cy,...,Cp) = sup H(G).
GEN(Cl,CQ,...,Cn)
G is minimal
The vertex-connectivity version of the classical Menger’s theorem [4] states that for a
network with one pair of source S and sink R with the minimum vertex-cut between them
being C', there exist C' vertex-disjoint paths connecting S and R, which immediately implies
that 22 (C) = 0 for any given C. The above-mentioned finiteness theorem states that for

any given G € N(C1,Cy,...,C,), one can always find a subgraph G of G such that ’H(CA;)
is upper bounded by a constant, which is independent of the choice of G. In some sense,
this result can be viewed as a generalization of the vertex-connectivity version of Menger’s
theorem.

Mathematically, the proposed problem of computing 2 (C1, Cs, ..., C,,) is a natural com-
binatorial optimization problem. On a more practical side, hubs in networks naturally cor-
respond to more costly vertices. For instance, in a transportation network, as opposed to
“relaying” vertices with degree 2, hubs may have to be better equipped for traffic schedul-
ing; for this reason, when designing the route map, an airline may need to avoid running
too many airline hubs to reduce the cost. So, as might be expected, J(Cy,Cy, ..., C,) is
of significance to cost-minimizing resource allocation in transportation networks. Roughly
speaking, our results suggest that for some given flow demand constraints, not too many
hubs are needed in a network.

To the best of our knowledge, the proposed problem of computing or estimating .77 has
not yet been examined previously and there is little related work in the vast literature of
graph theory. On the other hand, to a great extent, this work is motivated by the study of
network encoding complexity (see [3] and references therein), where the number of encoding
vertices in directed networks is of primary concern. Moreover, our approaches to tackle the
problem are influenced by those in network encoding complexity theory, particularly, to a
greater extent, those in [2, 5].

The contribution of this paper can be summarized as follows:

e We give necessary and sufficient conditions for a graph being minimal in N (C1, Cy).
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e We introduce the notion of a representation of a graph in N'(C1, C3) and we present the
structural decomposition theorem for representations of minimal graphs in N (Cy, Cy).

e We introduce a novel path-searching algorithm, the analysis of which will aptly produce
an upper bound on s (Cy, Cy) for any given Cy, Cs.

e We derive the value of 52 (Cy, Cy), which is a primary result in this paper.

e We establish the finiteness (another key result in this paper) of 2 (Cy,Cs, ..., C,),
n > 3, through a recursive bounding argument.

e We also derive the values of 5 for some special parameters
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