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Open complex-balanced mass action chemical reaction networks

Shodhan Rao

Abstract— We consider open chemical reaction networks, i.e.
ones with inflows and outflows. We assume that all the inflows
to the network are constant and all outflows obey the mass
action Kkinetics rate law. A complex-balanced open reaction
network is one that admits a complex-balanced steady state.
We show how such a system can be modelled using graph-
theoretic principles. It is well known that every steady state of a
complex-balanced open reaction network is complex-balanced.
Using graph-theoretic principles, we provide a more insightful
proof of this fact as compared to the known proof.

I. INTRODUCTION

The foundations for chemical reaction network theory was
laid in the 70s by Maria Horn, Roy Jackson and Martin
Feinberg [1]-[3], who analyzed chemical reaction networks.
For the analysis, they introduced the notion of the graph of
complexes which is a graph whose vertices are associated
with the complexes, i.e., the left-hand (substrate) and right-
hand (product) sides of reactions and the edges with the
reactions of the network. Since then a lot of work has been
carried out in this area, (for example, see [4]-[9] among
others). In the last few years, there has been a lot of inter-
est in the monotonicity [10], [11], graph-theoretic analysis
approach [12]-[14], conditions for multiple equilibria [15],
persistence and global stability [16]-[18] of closed chemical
reaction networks.

In many cases of interest, especially in biochemical reac-
tion networks, there is a continuous interaction with the envi-
ronment. In many of these biochemical reaction networks, it
has been observed that the inflows from the environment are
constant and directed towards complexes, and the outflows
are from complexes to the environment and these obey the
law of mass action kinetics (see for example, the biochemical
model in [19]). In some models of biochemical networks,
some complexes made of single species are clamped or
maintained at constant concentrations (see for example, [19],
[20]). If the rate governing law of the reactions involving
such complexes is mass action kinetics, then it can be shown
that the system can be considered as having constant inflows
and outflows obeying the law of mass action kinetics.

In this paper, we consider open reaction networks with
constant inflows to and mass action kinetics outflows (as
described previously) from certain complexes, assuming that
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the governing law of the network is mass action kinetics. We
first add a virtual complex called the environment complex to
the graph of complexes corresponding to the network in order
to obtain an extended graph of complexes. All the constant
inflows are directed edges emanating from the environment
complex and all the proportional outflows are edges directed
towards the environment complex in the extended graph of
complexes. This idea of adding an environment complex to
model constant inflows and proportional outflows is already
known and was discussed in [1] and [21]. Although the
main result (Theorem 3.3) of this abstract is the same as
[1, Lemma 5B], we provide a more insightful proof using
graph-theoretic principles. While in [1], a general framework
has been provided which includes both closed and open
reaction networks, in this abstract we specifically focus on
the modelling of open chemical reactions networks and show
clearly the difference with modelling for the case of closed
reaction networks.

A complex balanced open reaction network is one for
which there exists a complex-balanced steady state, i.e., a
steady state of species concentrations at which the rate of
inflow into any complex including the environment complex
is equal to the rate of outflow from it. Fig. 1 shows an
example of a complex balanced open reaction network.
With reference to Fig. 1, for ¢ = 0,...,5, C; denotes the
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Fig. 1. Example of a complex-balanced open reaction network
complexes, E denotes the environment complex, v denotes
a constant inflow rate and the k’s represent the reaction
coefficients of the reactions of the network.

In this abstract, we show that all the steady states of
an open complex balanced reaction network are complex
balanced. This is done by first arriving at a compact math-
ematical formulation for the dynamics of an open complex-
balanced reaction network in terms of a known steady state.
This formulation is then used to arrive at properties of all the
remaining steady states of the network. The approach that we
use in this abstract can be considered as an extension of the
one used in [14].
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Lun(x), is defined as the mapping whose i-th component
is given as (Ln(z)), := In(z;). Similarly, the mapping
Exp : R™ — R}, z — Exp(x), is the mapping whose
i-th component is given as (Exp(z)), := exp(z;).

II. COMPLEX BALANCED NETWORKS WITH CONSTANT
INFLOWS AND MASS ACTION KINETICS OUTFLOWS

First consider a closed chemical reaction network. Corre-
sponding to the original graph of complexes associated with
the network, let m, ¢ and r denote the number of species
(metabolites), complexes and reactions respectively. Define
as in [14], the complex stoichiometric matrix Z as the m x ¢
matrix whose a-th column captures the expression of the a-
th complex in the m chemical species. Define the incidence
matrix D corresponding to the original graph of complexes
as the ¢ x r matrix for which the (a, j)-th element is equal
to —1 if vertex « is the tail vertex of edge j and 1 if vertex
« is the head vertex of edge j, while 0 otherwise.

The dynamics of the closed reaction network has the form

&= ZDv(z), xeRT, (D

where v(z) € R" is the vector of reaction rates. In case the
reaction rates v(x) are given by mass-action kinetics then,
following [12], [14], the dynamics can be written into the
form

i =—ZLExp(Z'Ln(z)), =eRT.

Here L is an ¢ x ¢ matrix defined on the basis of the
reaction coefficients as follows. For i # j define L;; as
minus the sum of the reaction coefficients of all reactions
from the j-the complex to the ¢-th complex, 7,7 =1,--- ,c.
Furthermore, define the elements L;; as L;; = —> .. L;;.
By construction L satisfies

i#]

1L =o.

Furthermore, L has non-negative diagonal elements and non-
positive off-diagonal elements, and is called a Laplacian
matrix.

Now we will extend this setting to mass action kinetics
chemical reaction networks with constant inflows and pro-
portional outflows, which means that the dynamical equa-
tions (1) of the closed network are extended to

& = ZDv(z) + ZDinvin + ZDousVout(x), xeRY. (2)

Here the matrices D;, and D, specify the structure of
the inflows and outflows. D;, is a matrix whose columns
consist of exactly one element equal to +1 (at the row
corresponding to the complex which has inflow) while the
other elements are zero. Similarly, D,y is a matrix whose
columns consist of exactly one element equal to —1 (at the
row corresponding to the complex which has outflow) while
the rest are zero. As in the closed network case, v(x) is the
vector of (internal) mass action kinetics reaction rates given
by Dv(z) = —LExp(ZTLn(x)). Furthermore, v, € R%
is a vector of constant positive inflows with £ denoting the
number of inflows, while v,y () is a vector of proportional

outflows, which is also described by mass action kinetics,
that is,

Doutvout (:L) = _AoutEXp(ZTLn(x))

for a certain diagonal matrix A, with nonnegative diagonal
elements (given by the mass action kinetics rate constants).

As mentioned in the introduction, we now add an environ-
ment complex to the graph of complexes. Corresponding to
the constant inflows we then add directed edges emanating
from the environment complex to the complexes with in-
flows. Likewise corresponding to the proportional outflows,
we add edges directed towards the environment complex
starting from the complexes with proportional outflows. We
call the resulting graph, the extended graph of complexes
associated with the open network.

The complex stoichiometric matrix (Z.) corresponding to
the extended graph of complexes is defined as

Z.=[2 0,].

The last column of Z, corresponds to the expression of the
environment complex in terms of the species of the network,
and it is quite logical to fill it up with zeros. Let D, denote
the incidence matrix corresponding to the extended graph of
complexes. Partition D, as

B
De = [BE]’

where B is a row vector corresponding to the environment
complex. This row vector has entries -1 corresponding to the
inflow reactions, +1 corresponding to the outflow reactions
and zeros corresponding to the remaining internal reactions
of the system. Notice that the matrix B can be partitioned
as

B = [D Din Dout] . (3)

Now define the c-dimensional column vector L;, as L;, :=
—D;,vin and furthermore, let L, be the c-dimensional row
vector whose i-th element is equal to minus the i-th diagonal
element of Ag,¢. Then extend the ¢ x ¢ Laplacian matrix L
of the graph of (ordinary) complexes to an (¢+ 1) x (¢+1)
Laplacian matrix L. of the extended graph of complexes as

follows
L. = L+ Aout Lin
| Low Oin |’

where 6;;, is the non-negative number equal to minus the sum
of the elements of L;,. Note that by construction L. has
non-negative diagonal elements, non-positive off-diagonal
elements, while its columns sums are all zero.

It follows that the dynamics (2) of the mass action reaction
network with constant inflows and proportional outflows can
be rewritten as

i = ZeDeve(z) = —Z.LExp(Z!Ln(z)), zeRT, (4)
where
v(x)
Ve () 1= Vin
Uout(z)
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Since the last column of Z, is the zero vector, (4) reduces
to

8.
Il

7 g [P )]

—Z[(L + Aout)Exp(ZTLn(z)) + Lia]

Example 2.1: As a simple linear example (with complexes
consisting of single species) consider a reaction network with
Z = I, x € R? consisting of one reversible reaction with
positive reaction constants k., k_, where there is a constant
inflow k;, towards the first species X; (with concentration
x1) and proportional outflow k.,;z2 out of species Xo (with
concentration o).

kin ky kou
—> X1 - X2 ~oug

The Laplacian matrix of the internal reversible reaction (split
into a forward and reverse reaction) is

I T
=[5 )
Together with the environment complex this corresponds to
the Laplacian of the extended graph of complexes

ke k. —k
Le=|—ky k_+kow O
0 7kout kin

and the following dynamics of the reaction network with
inflow and proportional outflow

T A L
v _k+ k— v 0 kouth ’

III. COMPLEX BALANCED OPEN REACTION NETWORKS

In this section, we extend the notion of complex balanced-
ness to the case of open reaction networks, and derive an
important property of such a network. We follow the method
of formulation of the dynamics of complex balanced closed
chemical reaction networks using a known equilibrium that
was introduced in [14] and show that this method can be
extended for the case of open reaction networks. We begin
with the following definition.

Definition 3.1: An z* € R is called a steady-state for
the mass action kinetics reaction network with constant
inflows and proportional outflows (2) if

Z[D'U(.’E*) + Din’l}in + Doutvout(x*)] =0
and a complex-balanced steady-state if
DU(IL'*) + Din’Uin + Doutvout(x*) = 0.

Furthermore, we call the reaction network with constant
inflows and proportional outflows (2) complex-balanced if
there exists a complex-balanced steady-state * € R".

The condition for a complex-balanced steady-state z* can
be succinctly written as Bv.(z*) = 0. We have the following
crucial observation.

Proposition 3.2: x* is a complex-balanced steady-state,
i.e., Buo(xz*) = 0, if and only if D.v.(z*) = 0.

Proof: D is the incidence matrix of the extended graph
of complexes. Hence 17 D, = 0, and thus the last row of D,
is dependent on the first ¢ rows, that is, B. Hence v.(x*) €
ker D, if and only if ve(z*) € ker B. ]

If the network with constant inflows and proportional out-
flows has a complex-balanced steady state z* then, similarly
to the developments before for a closed complex-balanced
reaction network in [14], we define the diagonal matrix

Ke(x*) = dlag (exp(ZiTLn(x*)))izl v e+1
_ |diag (exp(ZiTLn(a:*)))i=1 e 0]
- 0 1]

ad

where Z; denotes the i column of Z. Rewrite
T T
D.ve(z) = —Le(z*)Exp [Z LB(I* )]

T e

erety = 1eie) = [ L ] o

Note that

TP (2
Exp(Z 1Ln(z* )| = 1.41. Hence, the existence

of a complex-balanced steady state z* implies by Proposition
3.2 that
;Ce(x*)]lc+1 =0.

Note that £.(x*) has both row sums and column sums equal
to zero and has all diagonal elements positive and all off-
diagonal elements negative.

We now state and prove the main result of the abstract.

Theorem 3.3: Every steady state of a complex balanced
open reaction network is complex balanced.

Proof: The proof of this theorem relies on the following

lemma

Lemma 3.4: Define L.(x*) as in equation (6). Then

Ve Le(2*)Exp(ve) =0

for all v, € Rt Moreover v/ L.(z*)Exp(7.) = 0 if and
only if DT = 0. Furthermore, if 7. has last component

zero, i.e., is of the form
Ye = m )

then equality holds if and only if BT~ = 0, or equivalently
DTy =0,DLy=0,DL v=0 (8)

mn

Proof: Performing the same computation as in [14,
Lemma 4.2], we obtain

Ve Le(z*)Exp(ve) = (Le(z*)1)Exp(7e) = 0,

with equality if and only if D]~. = 0. Clearly, if . is given
as in (7) then DX+, = 0 if and only if BTy = 0. [ ]
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Now consider a given open reaction network with a

complex-balanced steady state z*. Assume that x** is an-
other steady state of the network. Then
x**

Z.Lo(z*)Exp (ZeTLn ()) =0. 9)
Cﬂ*

We prove in the following that z** is complex balanced.
Define v (x**) := ZI Ln(z** /z*). Premultiplying equation
(9) with Ln(z** /z*)T, we get

Ye(z*)T Lo (z*)Exp (Ve(x**)) = 0.

From Lemma 3.4, it follows that DT (z**) =
DI ZTTIn(z**/2*) = 0. Since the last column of Z, is the
zero vector, we get

kk
BT ZT1n <”’> - 0.

¥

(10)

We prove that z** is complex balanced. BT~ (z**) = 0

is equivalent to (8). In particular, Dj,y(z**) = 0 and
Douty(z**) = 0, and thus the components of ~(z**)
corresponding to the complexes directly linked to the envi-
ronment complex are zero. Since BT~y (x**) = 0, it follows
that the components of ~(z**) corresponding to each of
the remaining connected components of the extended graph
are equal. Since L.(z*) can be partitioned as L.(z*) =
diag’_, (L..;(x*)) with £ denoting the number of connected
components of the extended graph, and L. ;(z*) denoting

the weighted Laplacian corresponding to the i connected
component and since L. ;(z*)1 = 0,

Lo(a*)Exp(y(a*)) =0,
i.e., ** is complex balanced. ]

IV. CONCLUSION

In this abstract, we have extended a key result of our
previous paper [14] for the case of open reaction networks,
i.e., reaction networks with constant inflows and mass action
kinetics outflows. In [14], a compact mathematical formu-
lation in terms of a known fixed point was obtained for
closed complex-balanced chemical reaction networks. This
formulation helped us in obtaining elegant proofs for well
known properties of equilibria of closed complex-balanced
chemical reaction networks. In this abstract, we showed that
introduction of an environment complex in the graph of com-
plexes of the network helps us in extending the approach of
[14] for open complex-balanced reaction networks. We have
also shown the difference between the modelling of open and
closed chemical reaction networks and the changes in the
Laplacian matrix corresponding to the graph of complexes
due to addition of constant inflows and mass action kinetics
outflows. As future work, we wish to see the effectiveness of
the model reduction method introduced in [14] for the case
of open reaction networks.
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